DOCDIEIT lESOBI 



ID 160 «62 



$1 025 111 



ROTH OR 

TITLE 

INSTITUTION 

SPOHS ;.GQiCY 
PUB DATE 
NOTE 



EDBS PRICE 
Dl SCRIP TORS 



IDBNTIPTEES 
MSTRACT 



Buck, R. Creightoni IdS Others 

Froqrattea First Course in ilgitrap Revisid Fori 

Student's Tixt^ Part II, Ocit 61, 

Stanford Oniv, , Calif* School Hathesatics Study 

Group, 

National Science Pousdatl-i^ Waihington, C* 

65 

599p*i For related docuwctSr ^ee SI 025- 140-^ 1*43| 
aval?.able in hard copy due tc fflitgiral Itgitility 
original docuoent 



Not 
cf 



HF-$ni6 Plus Postage, HC Kct Available froa ICRS. 
♦Algabra; Curriculum; *lnstructicnil Materials; 
Mathenatics Education^ ♦Prcgiaied Instruction; 
Secondary Educationi ♦Seccncary Schccl MatheBaticsi 
♦Teitfcocks 

^school Sat hematics Study Group 



This is part two of a tic^Fart S^SG frogramed Algefcra 
ezt for high school students* The gentral plan of the cccrse is tc 
build upon the student's experience nith arithietic. This part begins 
with factorization of positive integers and ther develcfs the 
aanipulatiTO skills of fractions^ exponents, radicals, and 
polf nonials* The text then lOves to icre advanced topics including 
rational expresrions, eguivalent eguatlonsp and inequalities. Chapter 
topics Includei factors and divisibility ; fracticns; exponents; 
radicals; polynomials and factoring; quadratic pclyncmials; dividing 
polynomials; rational exprsssions; truth s€ts of open sentences; the 
graph of a linear equation; graphs of ether oper sentences in two 
variables; systems of equations and inequalities; graphs c£ guadratlc 
polynomials; and functions. Response sheets are contained in the 
separate "Student's Response Booklet," |HE) 



• Reproductions supplied by BDRS are the best that can be made ♦ 

• from the original dccument, ♦ 



ERIC 



Programed First Course in Algebra 
Revised Form H 

Student's Text, Part II 



Pfepared und^r the supervision of the 

Panel on Programed Learning 

of the School Mathematics Study Group: 



R. Creighton Buck 
E. E. Hammbnd, Jr. 
Lawrence D. Hawkinion 

James G. Holland 
William J. McKeachie 
Holbrook M. Mad^eille 
Henry O. Pollak 

Donald W. Taylor 



University of Wisconsin 

Phillips Academy, Andovefj Masaachuset^ 

George Washington High School, 
San Frandsco, California 

Harvard Univereity 

University of Michi^n 

Case Institute of Technology 

Bell Telephone Laboratories, Murray Hill, 
New Jersey 

Yale University 



Stanford, California 

Distributed for the School Mathematics Study Group 

by A. C Vfoman, Inc., 367 Pasadena Avenue, Pasadena, California 



Finandal iuppon for School Mjthemjrics 
Study Group has been provided by fhe 
Nafiona! Scientrt Foundarion. 

Perfnission to make verbarirri use of niaferiiil in chii 
hc^k must be secured from the Direcror of SMSG. 
Such permission will be g ranred except m unusual 
circumscances. Publications incorporatinj SM^3 
materials must include both an acknowledgment of 
the SMSG copyfi|ht (Yale Universify or Stanford 
University^ as the case may be ) and a diKlaimer of 
SMSG endorsement. Exclusive license will not be 
granted save in exceptional circumstances, and then 
only by specific action of the Advisory ^atd 
of SMSG. 

^' 1965 by The Bgard of Tr^^tecs 

of rhe Leland Stanford Juriiof Universit>\ 

All fi|hES reserv^ed. 

Printed in the United States of Anteric.i, 



4 



4 ^ 



ERIC 



;r r-_ r-: . .r:^cr-;,: y: . vl:-:. aJiltlo:-:!: roaJl:^^ 
Ur. Lj. . ;.t Io:;e J in ti.e teX". ^;.^f llJt 'i^w^ Oil the 

-\.zz' un : lulli.iAi Vy IL- Jjhool Mathe!:atica ^ 

•-^^y-_-:\;v. LC-: i;^ no :;.e;u;n z : :::\.\k:ZO ^ wc hero that tliey 

^yr:V.;^iny iltnnticn to nv^ii.'iilG literature at the 

T;, z':.-: -Lu^nur^* jo:::;.cnia:v=^ -.h:ition:C lint oi" 

nn.n t ni;n viiL^h 02^0 net nocc-nna2'ily innnuded in thie 



^^^\Z± i'-i. 



iih h r:- :;y^(";: :":v::h 

I 

j^h.^ Ch irh^ThTyY 

:"]-:t^ :ivh:.:hOh:-vr:"i': 



CG:r.i:ruL:: h:-j.do::r 

Gr^a^Hn /ah ^IIKIH UC 



11 



HUNGARIAN PROBia BOOK I 



12 HUNGARIAN PR01I£M BOOK II 

13 Aaboe^ Asger 

^ISODES FROM TEE EAELY HISTORY OF MAIHmiTICS 

1^ Grossman^ I* ai'd W, Magnus 

GROUPS MW raEIR GRAPHS 



Following each topic listed below is a Get of number pal-^' such as (l ^ 3), 
The first numer^ refers to the volume in the series^ and the second^ in most 
cases, to the chapter in that voliime* Kius^ (l ^ 3) refers to Vol™© 1^ 
Chapter 3, In the case of Volume 6, vhlch is divided by section instead of by 
chapter^ the second numeral refers to the section specified. Volumes 11 and 12 
are collections of problems of the ffitvgs Competitionn for the yeaxD l39^ 
through 1926* rnese are printed in chronoJ ogical ord.ei , For these^ the 
reference fll ^ l899/3)^ for exan^le, indicates Vorume 11, Probli^m 3 of the 
1899 con^ietition. Those references which we consider to be challeniriiuT have 
ail asterisk to the left of the reference designation* 



References 



Composite n"umberE 
Decinial representation 

Divisibility 

Equivalence relation 

Identity element 

Inequalities 

Graphs of inequalities 

Linear equations 

Natural nmbers and integers 

Periodic decimals 
n 

Primes 



(T , 1) 



(6 , 20) 



(1 , 2), (1 3), (12 , 19 . 
(12 , 1917/2), (12 , 1925/2), 
(12 , 1927/2) 

*(11 , 1899/3), (12 J 1925/1), (6 , £0) 

*(10 , 7) 

(1,1) 

(1 , 3), (3 , 1), (3 , 2), (3 , 3) 
(3 , 3) 

(fa , 22) 

(1 , 1), (12 , 19O0/3), 
-(12 , 1913/1), (12 , 1926/2) 

(1 , 2) 

(6 , 19) 

(1 , 1), (1 J Append A), 

(6 , 20), (13 , 2) 



ft-oofg 



(1 , 2) 



6 



Prep*. vtLcr z;" : 



real ni;i::terr 

VilTAe farxorization 



1 . 5) 

1 , 3). Hi . ^) 
1 . 5) 

1 ^ Append E) 



Qiapter 

12. FACTORS Aim DrVlSIBlLm 

^ 12'-1* lectors p ^ ^ ^ 

12=2, Teats for Divisibility 

12-3. ^ime Iftjfflbere and ftime JlLctorization . , , • 

12-i* Some F^cts About Fantore , , , * . 

13 p.=-OTACTIOTS 



13=1* B^ltlpllcation of Practlona , * 

IS-S. Dlvieion of Fractions , , . 

13-3, Addition and Subtraction of fractions . . . . 

13-ip Cmimyary and Review 

lU . Hpomras 

II4.-I, Introduction to Exponents 

lk^2, PDsltive Integers as Ej^onents 

1^-3, Non-Positive Integers as Exponents . * . , , 

ik^k. Using acpenents . * 

li*-5 , Suflsnary and Review ^ , 



15=1. Hoots P . ^ ' ' 

15-2* Irrational Numbers 

15-3, Sin^Iification of ^dlcals 

15-^, Simplification of Radicals Involving Itactioni 

15-5. Approximate Square Roots of Numbers Between 



13-6. Approximate Square Roots of Positive rAambers 

15=7 • SunTOary and Review , ♦ 

16. POLYNGHIALB AND FACTORmG 

l6-l. Polynomials • • ! 

16-2, ftctorlng by the Distrlbutlvil'^ ft^operty * . * 

16-3 » Differance of Squares ... 

16-^. ^rfeet Squares . p , . 

16-5. Factoring by Completing the Square . . * . , 

16- 6. Sunmary and Review * 

17 . QUA^ATic mtmmiMB 

17- 1. I^Qtorli^ by iispeGtion 

17-2.' ftctorli^ by Inapectionj Continued 

.\17»3. I^ctorlng over the Real Nimbers 

17-14'. ^adratlc Equations * , , . 

17-5 • SufliMry and Review 




15. 



RADICALS 



1 and 100 



I 



Chapter 

ib-l. Division of Pol;. norTLLal y . . , , . ^ * . , h"^ 

Division of Polynomials, Conciude;! okj 

l3-3. Products and ^otlents InvQlvinp PolynonlB2.r 6^,2 

Rational Expreggione 

15-5- BuiPir.Bry and Beview 6-6^ 

1'. TRUTH SET'S OF OPHJ EElTnTCES 

1--1. -Equivalent Equations on? 

19-2. 'Fraetional S^uationE^ . ! ! ! oTn 

19-3 • Squ^ing Both Sides of an Equation ! ! ! 685 

19-^* ^Inequalities . T ...... , . ! ! 691 

19- 5. Sumnary and Re%^iev 701 

20. TEE GRAPH OF Ax + ^/ + C ^ 0 

20- 1. nie Real Itoiber Plane 70^ 

20-2. nie 3-'-Forni of = the Equation of a Line , . 717 

20- 3. Definition of Elopf^ and y-Inter£^e^t [ ] 

20^^. Applications of tht Slope ana InterL^e-t 7^^ 

20^5. SunmajT and Beviev . , ^ . . . . , \ \ ji^'r, 

21. GMHS OF OTira OgOT SmTCTCEB IN Tl-70 VAFIABIZL' 

21- 1. Graphs of Inequalities 7f>l 

21-2. Gr:^phs of Open SentenceE Involving; Absolute Value. , . 760 

21- 3. Graphs of C^en Sentenees Involving Inte^rert- Or.lv . . , 77-. 
,21-U. Sun:r:ary and Review ....... i,, ^ ^ :^ 

22. SYSIM OF EQUATIONS MD IFE^UALIIIES 

22- 1. Systems* of Equations ^ 739^ 

£2-2. Systems^ of Equations^ Continued, , 793 

£2-3. Parallel tod Coincident Lines; Solution hy 

^Substitution , . . . \ . ^09 

22^k^ Systems' of Inequalities , \ . \ §20 

£2-5. ^Reviev ^ ^ ^ gjg 

£3, GRAPHS OF ^ADRATIC POLYNOICALS 

23- 1. Graphs 01" EquationH of the Form y ^ ax^' + k , . , . , 835 
23-2, Graphs of EquationE of the Form y = a(x ^ h)£ + k . . 8^7 
23-3» Quadratic Pol5momials of the Form y = ax2 + bx + c.\ 85U 
23-I4., Sunmary and Review , , QSO 

2h, FmJCTIONS 

2if-l, I^e Ftmctlon Concept ..... 863 

2i^^2. The Function Notation 875 

2^-3. Graphs of FHinctions. 883 

2k^k, Linear mC Quadratic Functions 891 

MSWm KEY 1 

INDIDC ^-^^-^^ 



Chapter IS 



FACTORS Mm DIVISIBILITY 



12^1-. Fa.:tor; 

In his will a farmer left 11 cows to his 3 sons, -The will 
provided that ^ of the. 11 cows should go to son Phil, 
. of the 11 ' cowi to son Dave, aiid ^ of the cows to Billp 
Tile £ons ariued about t-hla^ Deca\..:e nnne of them wanted Just 
a pie-e of a cow, as the will seen;-?d to require. As they we^e 
arguing^ a str&'^er cmm alon^, leading a cow to market* T^e 
stranger heexd the boys* plight and sald^ ''That's sinrole, 
IncludG rrcr^ cow with yours and try again,'* T^e boys were 

delighted, for they now had 12 cows instead of 11, Phil took ^ =^ 

one-half of these , or 6 cows, Dave took one^fQurth of them^ 

that i£, 5 cowb^ Bill took one-sixth of them, or 2 cows* 

The 11 cows which the f armer had willed were now happily ^ . 

divided. Tlie ^tranner took his own cow btja 3^ent on his way. 

The outcome of thi:: i'lovy nay cause you to think that each coy did not get 
his fair '\\Hr^^ . i.r^\ ■ oT-h hoy received more than tl^'v will provided 



since 



.11 , . n 



Even so, there murt be sorvjth Ln.^ ''fishy'* about the story. 



1 


Add: ^ 4 ^ i. -v: . 






[A] 


less thaji 1, 






equal to 1, 




[C] 


greater than 1, 



tCha sum is [A] is correct* Eiusj the famar*s instruetione 

for distributing his property still left ^ to,b# dlitritea^d* 



Reijardless of the larmer's aritiimetlc, this anecdote lllu^rates on^ 
point. In this problem the number 1^ was easier t^ deal with ^miLJ^Q the 
number 11, T\w reason is that when y divide 12 by 2, or by or by 

6j we obtain, in each case, a result which is an integer * Tiie same does not 
occur when, for exan^le^ we divide 11 'by 2^ or 6. 

In the discussion that follows in this section we shall confine our 
attention to the domain of positive integers. We are goiiie to be particularly 
intei-ested in products of positive integers, 12 is the product of 6 euid a 
positive integer, sinee 6x2 12, We shall say^ therefore, that 6 is a 
factor of 12; likewise, 2 is a factor of 12. Similarly., h is a factor 
of 12, since h x ^ ^ 12* 

kOl 



12-1 

























factor 
















no 








:n not 














^ -- . : A 

















Orjei"%'e thai 4 * I_ - 1:^^ ro 1 ii:; ; --.i 












:"artorr oi" 12. Ir; Ca^i, ever;.' roriTi'rc -i.^r 


' V V \ . a r 


















_ 

-J 
















Thus;, 1:1 ^lc ^r hav':- tvc i^a^torrr ':h^ ;/ a^^o ih^ 


:at^.-:-.-a- 










a!i -i 












ractorr 01' a po/iT Lvo l:■!te^^ i", eiv.^-f-: t 












interer itrrlf arvi 1, ai^t -rail'-l ]/r' t' '^ ^'a 












that inte;:or. \ 












5^5^ 2^.3^ -.J 12 are oil faHorr Oi 


:2. or 






10 




theoe, . 2, 2,^ and ai>e * ,;:a?torr: 


cl' P. 




proper 






iate0er 11 har two factorr, 11 a:i ; 


hui it 






11 




has no factorr, 












l^^iich one 0" th&: ni-i^hcrr '2 , ^ . a:;: h --^^r a 


proper 






12 




fa?tq-? 






h 






VA:1 -h on-- rt " - -ir^y- :.r^ h^/r-- ^g;y 








1 3 










1 






I*ow w^j ai^e ruaii;, i\ r r';ort r ?-o ^ i re ■ie:'lnl"^on 


o:' Pa.^1^^?- 










Tlie poritlvo inter-r v:. Ir :i :'u -ten of iii- po 


■ It Ive Intep 


QV V. i 


ic 


y 


poritlve integer ; rurh thot r:q ii, IP :u 


Joor not 


c 


pi a .: 1 


we 


QB^ that n ir a prop<-r la^nor o:^ n. 
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so 

21 
22 

2h 
2l> 



^26 
27 



1 il 



I'^'^'Oi' 2V then - - .] 



a p: 



1:-. .^c::- ra. i li 



(yer ,no) 

I. — (that i;, ■:) a factor 

ir a factor of tih-n ^ ic 

^"or T'- , ai^r^h'. :' r-v=tor o/' 



^ 1/ u i^actor oh '^0, aJiothnr i'a^toi" of ^^0 
i- ; that ir, i:. 

ti;_. 



To expreGG the fact that is a factor of 15 > w© 
sometimes say tnat ^ dlvldeE Ip, 

ci-ilarly, to ind'-a+e that ^ Ic a factor of 2^, m 
niay nay that c ^ 2^* 

In t:eneral: if m and n are posJt ive; intm^mTG and 
if n: ic a fajtor of we Gay' that m divide e 

T>u;e^ wo say that 3 ^0, 

W@ af £0 jay p -UO, 

Lance 20 ^ ^ 40, 20 divides i^-O, 

Ai^e there other numbcrc whiv^h divide ^0 ? 



Mternatively^ when m divides n, ws oometimes say 
that n iz ^visible by m* 

ThuBj we say that 2^ ^* 

Similarly^ 40 ____ " 8. 

_ " i ■ 



yea 



yes 



24 



1^0 



dividee 
n 

divides 
divides 

20 • a 

yes 



is divisible by^ 
Is divlslblB by.; 
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If m and n are p^aitlv e Integai's and If m Is a factor of n, w« 
say that m divide 6 or n it dlvlal'ble by m, 

■ We have heen limiting our dlacunBlon to positive integeri. However j it 
is sometlmeB coi.venlent to use the voeahulary of "faotorB" and "dlvlslblMty" 
In speaking of 0 as well as the positive integers. 



28 

29 

30 
31 

32 



3!^ 



if a Is any poiltlve integer^ a( ) ^ 0 , 

Since a(0) m 0^ for all poiitive integers we 

ihall say that "a a factor of 0", 

( is J is not) 

^UBf every positive integer is a factor of 
8(0) m ^ hence 

is a faator oi^ 0* 



Since 8 is a fag tor of 0^ we shall say that 
divides 

Since every positive integer, is a factor of 0^ 

we jShall say that a 0. 



is 

0 
0 
8 
y 

8, 0 ■ 
divides 



In suniiEiary^ we shall say that 0 is divisible by every positive integer^ 



but 


0 does not divide iuiy nim^ers Division by 0 


la not 


deflneds 




la 2 a factor of 


2k ? 


g since ' 




Yea J 


36 






(Yes.WD) 






37 


Is 3 a, factor of 


2k ? 








. 38 


Is 4 a factor of 


2^+ ? 






yes 


39 


Is 5 a factor of 


2k 7 






no 




5 is not a factor of 2^+ 
--integer q such that ( 


■ since there is no pos 

)(q) = Bh. 


itlve 


jC5)(q) - 2k _ 


hi 


Th^ set of all facto 


of 


la I , , , , , , 


, ). 










ks 


Divide 89 by I3* 


r 

Is the result aui integer? 




no -ij 


•■'*3 


Is 13 a factor of 


89 ? 






ESQ • ■;--'| 


kk 


Does 13 divide 89 


ft 






& . • ^ 
no . ■ 




mvide 91 by I3. 


13 X 


= 91. 




13 X 7 - 91 i' 


k6 


13 ' a factor of 91* 
{is^ie not) 







km 



hi 


91 


13. 




t.Q 


13 


XdiviaeB^dDei not divlda) 


divides 


h9 


Ii 


2 a factor of. 86 f __ 


jrts: 


50 


Ii 


^ a factor of 2,179 t 




51 


Is 


U a factor of 10,136 ? 




58 


la 


5 a factor of 8,965 ? 




53 


Is 


6 a factor of 133*T0U f ^ 




i 


If tei' Integer has proger fftotors, we Bhall call it faotorfttle, Ihus, 



is factorable. Blnce, 11 has no proper factors^ 11 is not factora'ble. 



5^ 


— — 

Which of the following lists oonslats 


ontlroly of Integers 


which are 




not factorable? 








[A] 65, 89, 93, 9k 


:c] 51, 29, 61 






' [B] 51, 29, 9k, 61 


;d] 29, 37, 61 






Since 85 = 5(lT)>'-5i •■3<i?), 


93 - 3(31), «i4 





[A]^ ^tl], ana [of eont.aln ititagtri which faetoi^afcle* ^ the 
other hasd^ thert aare tio proper f aetata of 37^ ot m^^j 
^ [B>J if aon'tati ^^^^^^ : V 



12-2, . Tgstg for ^visibility 

I^era are many Qacaslons when we wish to determine whether a given positive 
integer is or not factorable, Unfortunately^ 4t is not alw^s easy to do 
so. For exan^ple, 7i*j329 Is factjrable^ since it is divisible by 31I5 hut 
^ cannot quickly .see that ^ 7l+,329 = 311 x 239, On the other hand; our es^er- 
lence with aritt^tic enables us to ^ell at a glance that 10 is a factor 
of 319>^^0* ^ 

You* probably alrea^ know tests for divisibility by 2 ' smd by 5| as 
well as by 10, We shall state these tests^ ^d we shall develop tests for 
divisibility by 3^ by by 6^ and by 9* 

All of these tests depend on the fact that we ordinarily write a positive 
integer in decimal notation, Kiat Is^ 3286 mems 3(lOOO) +y(lOO) +8(lO) +6. 
We refer to 6 as the last fllglt (or the units digit) of 3£86; Moreover, 



/ 



km 

I. 



12.2 



every positive Integer n may bIbq vritten In the form 

n = 10a + t 

where a and b are integers ond 0<a^ 0<t<9, 
For exaajplei 

3286 ^ {10)(328) + 6, 
ana 765 . (10) (76) + 5. 

In what follows in this section^ we shall think of all niimbers under 
diicuieion as witten in decimal notation . We shall thus he able to use such 
phraees as "the last digit of the lnteger*% meaning the last digit If the 
number is witten in decimal nQtatlon. 



2 

3 



You have already learned, from es^erience, that an 
integer is divisible by 2 (has 2 as a ) 
if the last digit of the integer Is 0, 2^ 6^ 
or . 

C^hervisei the integer is not divisible by * 



For mKample^ the only element of the set 

{800^ 1215, 11+92, 1776) that does not have 2 as a 

factor is 



f ■ 



Although we are familiar with this "test" for divisibility by 2^ it is ' 
Interesting to prove that the test is correct. Our proof offers a pattern for 
developing other "tests". 



6 
7 



Starting with a given integer n^ we may write 

n - 10a + b CO<a;0<b< ) 

We have seen in Section 12»1 that in order to determine 
whether 2 is a factor of n we need to determine 



whether is sin integer. 



We see that 



10a + b 



- 5a + 



n is dlviiible by 2 if | is ^ 
^ is an Integer if S is integer,* 



0 <.^.<'"#- 



1^ 



ko6 

5 



12.2 



^ere are ten possible values of b. We shall septate 
these poo sib Hi ties into two cases* 

Case 1, If b is 0, 2^ 6^ or 3, 

then I is 0, 1, , , or k , 



11 mi iL'itiii^iir (Mid 



and thus — is an inteoer 

NoWp ^ is an inte^^erj 
an integer* 

Hence J 5a + ^ an integer > because oi' tlie clocui'e 

property of the set of integer s under addition, 

- b n _ n . 

But^ from Item 6^ + ^ - -g* Hencej ^ 



It follows from the fact that 
2 is a of n. 



is an intefifer that 




In fact, i is , , or 



Since 5a is an inte£er aiid ^ is not mi inte^^erj 
which 
an intener. 



n b 
we see that which e quale 5 a + 



(iSjis not ) 

In conclusion, sinee | Is not an Intecer, £ i^ 

not a of n. 

Therefore J we have proved that our test for tiivisibillty 
by 2 is correct. 



0,1,2,3 or h 



integer 



factor 



Intofrer 



i 3 5 1 or I 
2^ 2^ 2^ 2 S 



IE not 



f aetor 



We shall not attempt such a detailed proof for the other tests for divis, 
ibility as we discover them. We thall inerely inJIuate for each hov iho pjooi 
might be c^ried out. 



15 
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You know how to recognize whether an integer has 5 s 
a factor. 

An integer divisible by 5 has either 0 or 
as its last digit* 

Thus^ 25, 6070, 1115, and h2'i'20 are all divisible 
by . 



hOi 



12.2 



IT 
13 



n9 



*20 



*21 



To determine whether n is divisible by 5, we 
examine the l&st digit of n* If this digit Is 
_ or _ we know that 5 is a factor. 

Otherwise I 5 is not a . 



To prove this test for divisibility" by 5^ we can" 
follow the pattern of the pi'oor for the test for 
divisibility by 2, , * 



10a + b^ a Bdid 



integers^ 0 < ^d 



Vniether 5 is a factor of n depends upon whether 
b . ^ 



10a + b 



^ 2a + 



■i 



0, 5 
faotor 



You should be able to coTOlete the proof* What value(s) 

imiyt b have In order to make S an inteHer? 

5 " " -^^^ 



Integti* 



2a + i 

5 



0, 5 



26 



If an integer n is divisible by 10^ then 

n ^ lOq 

whore q an i^^teger, 

n ^ lOq 

S ^ 2 ^ — -- 



Since - is an int'sper (namely, 5q) n is ^dlvisiblf 
by 2. 



Likewise , £ ^ 



^ and gq is em integer. 



From thia we conclude that n is divisible by 



V/e have founds If a nimber is divisible by 10^ then 
it is also divisible by 2 and , 



5q 



1^ 2a 



It happens to be true also that if a nmber is divisible by 2 and by 3 
then It is divisible by 10, We shall see why In Saction 12»3, 

lat us take this fact for granted for the moment, ^en, since we have 
tests for llvisibility by 2 ■ etfid by 5, we have a "ready-jnade-' test for 
divisibility by ^ 10, For n to be divisible by 10 it must be divisible by 
both 2 ajid 5, 

408 

. I > 



17 



1 



Consider n - 10a + a Id Integers, 0 < b < 9. 

For n to be divisible by 2, b must' be an element of 



P = [O.g. . . 



For n to divisilsle toy 5j t Bust be an element of 

« - ( , ] . 

For n to be divlalble by lO, b must be an element 
both of set P and of set Q* ThSxB^ b must be an 
element of PHQ* POQ - ( } , 

TOerefore^ n Is divisible by 10 If and only If the 
last digit of n is 



Let us try to dlecover a teat for dlvieibllity by h* 

Divide each of ^ 128, 528, 1028, and 23^,528 by k 

Each of these _ divisible by k* 

(is, is not) 

Consider: I6, 2l6, 9l6^ 38I6, and 10,016. 



Each of these 

k _ 

lis, is notj 

10,018, 



divisible by 4* 



(is, Is not) 
a factor of: l3, II8, 518, 2818, or 



Scamine the nianbers abOTe, some of which were divisible 
by k and some which were not divisible by Try to 

state a rule for divisibility by k» 

It appears that divisibility by k is connected with 
the divliibility by k bf the number formed by the 
last two digits* 



is 



is not 



A positive integer n is divisible by k if and only if the number 
represented by^ the last two digits of the integer is itself divisible by 
For a proof of this rule, see Items *35-*38, 



h09 



X 



3^* 



Wnlch of the follovinc three sets con.^istc entirely of integei^s whi^h 
are divisible hy 

[A] (8, 316, 1+12, 538} 

[B] [k, 606, 320, 1000) 

[C] {12, 32k^ 692^ 1016) 



*35 



*36 



*3T 



*38 



538 «id^606 both dlviilble by 2, but not by (w# knw 

this iince neither 3B nor 6 is divisible by ^4^. ) [0] is th# 
eerreet choice, . ^ , 



3286^ 3200 + 



- (100) (32) + 86 

We have witten 3286 as the sum of a rrmltiple of 
100, (100)(32), and a positive integer, 36, which 
is leDs thari 100, 

In fact, any Integer n may be vrltten as 

n = lOOa + b^ where a and b . a^e integerG 
and 0 < a, 0 < b < 

To decide whether n is divisible by k we nrust 
decide whether -2 is an 



n 



100a + b 



is an integer provided b is one of the ftiambers 
kp Bp 12, 16, 96* You might complete the proof 

by yourself. 



86 



0 < b < 99 



integer 



It is possible to develop a simple rule (test) for dlvisibiXity by 3, 
^ careful exami. nation of the following ex^ple, you discover thii rule, 
The test makes use of the fact that 10 ^ 9 + Ij 100 99 + 1, 1000 m 999 
etc*^ and that each of the numbers 9^ 99^ 999# etc*, is divisible by ,3* 



* 1. 



13 



i+10 



12-2 



39 
1^0 



hi 



k2 



^3 



U4 

k6 



51 



537 - 5(100) + 3(10) + 



- 5(99 + 1) + 3( + 1) + 7 

- 5(99) + 5(1) + 3(9) + 3(1) + 7 
^ (3 * ll)(9) + 3(9) +5 + 3 + 7 

- ((5 ' 11) (9) + 3(9)) +5 + 3 + 7 
^ (5 ' 11 + 3)9 + ( + ) 

Clearly^ (5 • 11 + 3)9 is; divisible by 3^ since 9 
is divlsilDle 3* 



To determine whethei^ 53? Is divisible by 3^. we need 
to decide whether 5 + 3 + 7 Is divisible by 

5 + 3 + 7 ''looks farnjliar* We started with the 
integer 

5+3+7 is the Bum of the digits of the oriolnal 
integer* 



5 + 3 + 7 ^ 15 
+ ^ + 7 



537 



(iSjis noil 

divisible by 2** 



diviEible by 3. Hencej 



^rs^is notj 
1237 - 1(1000) + 2(100) +. 3(10) + 



1(999 + 1) + 2(99 + 1) + 3( ) + 7 
1(111 • 9 + 1) + 2(11 • 9 + 1) + 3(9 + 1) + 7 
(1 * 111 *9 + 2»ll*9+3'9) + 1+2+3+7 
(1 - 111 +2 • 11 + 3)9 + (1 + 2 + + ) 



1 + 2 + 3 + 



hence J 1 + 2 + 3 + 
a factors 
Therefore J 1237 



I3 is not divisible by 3^ 

_._ have 3 B.B 
(does^does not^ 

divisible by 3- 



(Is^is not) 



7- 

(9 + 1) 



(5 + 3 + 7) 



537 



4& 
Is 

9 



1 + S + 3 + 7 

3-3. 

toss not 



la not 



kll 

O 
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llie general riae isi 

An integer n is divisible by 3 if the Bmi of the dlgiti of 
n^ written in decimal not-ition, is divisible by 3, 

Do you recognize (from studying the exaji^les) that we also have a jule 
for divisibility by 9 ? 

An Integer n is divisible by 9 if the sum of the digits of 
written In decimal notation^ is divisible by 9, 3867 is not divliible by 
9 since 3+8+6+7=2^ mid 2h is not divlaible by 9. 



52 
53 
5^ 



Which of the followii^ are divisible by 3 ? by 9 ? 
n Wvisible by 3 Divisible by 9 



m 

IU19 
U2739 



Yes 



No 



We shall see later^ in Section lS-3^ that if a niunber is divisible by 2 
and 3^ then it is al^o divisible by 6, ThuB^ having a rule for divisibility 
by 2 end another rule for divisibility by 3^ we may state the following 
rule for divisibility by 6. . ' 

n ic divisible by 6 If the last digit of n is 0^ 2> 
6, or 8 and if the sum of the digits of n is divisible by 3. 





Which 


of 


the following 


V _ 

are divisible by 


2 T by 3 ^ 




by 6 












n 




Divisible 
by 2 


Dl/i Bible 
W 3 


Divislblt 
by 6 


.-^'^ 


729 






yes 


no 


56 


kook 










57 


3111 










58 


5111 










59 


123,^-^5 


6 





















y^g, - w^j no 
noi mi TO 



14.12 



21 
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60 
61 
62 



Apply the teztz: qLy^t. 



to 



answer the followlne (|iiestions without actually per- 
forming the division. 

Is 3 a factor of 101,001 ? 

Is 3 a factor of 37,199 ? 

Is 6 a factor of 151,821 i 



Jfo Est 7* 1*^9^29 J 



We have precentgd tests (or rules) for divisibility by 2^ 3, 5, 6^ 
wid 9. Why not similar tests for 7 and for 8 1 

Actually^ to deLU£:n a test for di visibility by 8- is not too difficult* 
If you study th^ proof for the test for k in Items *35-*38j you may get the 
hint for a proof for divisibility by 8, Briefly, m integer is divisible by 
8 if the number represented by the last three digits of the integer is 
divisible by 3, Note that it is not sufficient for a niiinber to be divisible 
by 2 and by k to be divisible by 3* 1J2^ is divisible by 2 and 
yet it is not divisible by 3* ^ 

For divisibility by 7 the problein is different*-- there are tests, but 
there are no simple tests* If you find the work of this chapter especially 
interesting, and would like to investigate some of the topics more thoroughly^ 
you will find it worthwhile to do some reading in tenber Theory. 

On page £9 of the S>SO Stud^r Guides in ^thematl c s is a bibliography 
which najnes several boAs on this topic ^ some of which be in your school 
library. Also, . there is a reference to divisibility in the SUGGESTED REFHCTCES 
at the front of this book* 

We conclude this section by developing one further result which is useful 
later. 



63 
6k 

66 



From your multiplication facts you know that, 
the product of two even integers is 



^ and 



the product oi two odd integers is , 
In particular, 

the squiure of ^ ^^__„ integer is even, and 
the square of an integer is odd,. 



WOT 

add 



^e question we ask Is- If we know that the squ^e of a certain Integer 

ii even, may we eonclude that the Integer is even? That ie, if we assert that 
2 

X li even, does it follow that x is even? 

The, wiewer to the question is "y^s". Let us examine the reaioning we 
night use to justify this answer, 

1^13 
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67 
68 



69 

70 
71 



Either x is even or x is 
We wish to prove that x is 



Let us "assume" that x is odd wid. see where the 
assuii^Jtion leads. 

... 2 3 

If X is odd| then x is . 



But this contradicts our original assertion that x 

therefore^ x ■ odd hence ^ 

^is^ls not) 



'■v:>i 

odd 

Is not 
€ven 



The method of reasoning used in Items 67-72 is of great In^ortance in . 
mathematics* This type of argument is called an indirect arguMnt or proof 
hjf contradiction. To prove that a cert^n statement is true^ we "assume" 
that it is f^se and then show that this assun^tlon leads to a contradiction* 
We will see other indirect proofs throughout the remainder of the course* 



12' 3* R'ime Niimhisrs ajid Prime Factorization 

We have been talking ahout factors of positive^ integers which are them- 
selves positive integers. That Is^ when we write mq = n we have heen 
restricting m^ q, and n to the domain of positive integers* 



If we start with the positive Integer 15 j we refer 
to 3 smd 5 proper of 15* 

Rie.. factors 3 5 are hoth positive * 



3 and 5 are the only positive integers which ta-e 
proper factors of ■ 

When we wite 15 ^ 3 * 5 say we have factored 1^ 
into proper factors oyer the set of positive ^, 

Factor 77 into proper factors over the positive 





12-3 



We could^ of course I find oth^r factors of a positive 
Integer If we allowed negat integers as factors* 

Kills, 15 - (-3)( ). 

3 J J ^ and »5 are all integers which 

are proper factors of 15 if >^ iilow negative 
integers as factors. 

If m Is a positive intee^er and if m is a factor of 
the positive integer n, then is also a ^^^^^^ 

of n* 



-5 



f ayetor 



Suppose we are asHed to list all the integers which are factor a of a 
given positive integer » &ir list would, contain the poiitlve factors mn^ their 
oppoiites. ^us^ if we pemrit negative integers as factors, we really don't 
discover any essentlaily "new" fetors* 



10 

11 



The set of integers which are factors of 6 Is 

This set consists of the positive factors of 



nmely, 
and the 



of these* 



.£1, 



Mien we limit ourselves to positive integer factors we say we are factor- 
ing over the set of positive integers, 

^at li* we allow the set of ration^ nmbers as the domain in which we 
^ok„for factors of a given positive integer? In other woj*de, what if we 
fsjctor over the rational niaribers^ Let us try an exairple^ Wiat rational 
niunbers woiCLd he factors of 15? 



12 
13 

Ik 

15 
16 



When we think about factoring I5 over the ration^ ' 
numbers (using rational numbers as factors) ve see many 
possibilities. 



In this sense ^ is a 



(|)( ) - 15 



of 15, 



since 



(15 ^ ^ 
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17 



l8 



The set of rational factors of 15 would he 



set. 



^Inite^ infinite } 
In fact^ over the rational numbers eveiy rational 
number axeept 0 vould be a factor of IJe'^^us^ 73, 
for exaiT^le^ would ^so be ^factor of Ip^ 
since 73(=^) - 15. 



laflnlte 



IJ 
71 



In the eame way^ every rational number except 0 would be a factor of 
every positive integer, Thus^ factoring over, the rationaLl numbers will not 
be considered further. Usually^ factoring over the positive integers gives 
us the most interesting results^ and ^so when we speaJc of ^Jj^actoring-' a positive 
integer j we shall always maan factoring over the poslti^ integers. 



19 



Which of the following lists contains o|ily niimbers which , have no proper 
factors? 

[A] 2, 3. 5. 7, 11, 13 

[B] 3, 3, 7, 9, 11, 13 

[C] 2, 3, 5, 7, 10, li, 15, 15 



are no nurters in 11^^ [A] ^/^ii-h : 
Mat [B] contain- 9* ti^st \Z\ co/itMii^ 
9, 10, 15 havt .proper factor's * 



90 
21 

22 

23 
2i+ 



Ihe set {£,3,5,7,11,13,19} contains no number c which 
^^^^ ' factors s 

Are there integers between 1 aiic] 20 which have 
no proper factors and which m^e not in the 
Bet {2, 3,5.7,11^3, 19)? 

4, 6, 8, 10^ 12, lU, and 16 do not belong since 
each - of these numbers is divisible by 2 ai^.d thus 
contain a proper factor of , 

9 and 15 do not belong t;ince each contains a factor 
of , 

belongs, in the set since it has no praper . 
factors* / . ' 



proper 



ye£ 



17 



25 



I'd- 3 



26 
27 

28 



is the set of all positive integers 



grtatar than 1 and lesi than 20 which. contain 
no proptr factors. 

Mambers greater than 1 which have no pi'oper factorc 
ai'e called prime niL^bei'v, 



2 and 3 
axe not 



ar e p r i nie niu :\ i_ c 
nimiberE , 



17 a prin 

(ic^is not7 

(2,3,7>ll>13il7,l.i} 



A prime num'ber is a positive ir.ts 
f ftctor. 



29 

30 
31 

32 
33 

■35 
36 



There are 



(how maiiy) 
Kie prime riUribers I&cn ti.o:. 

The next prime nujTiber ai'tej* 

A prime num'ber is a posit Iv 
than 1^ and which hac ],d 

All even numbers great oi' x]a 
factor of j tiiOi-c^o: 

than 2 can be a la 



The n™ber 2 is a prlr 
prime number. 



All positivi odd nurnbei'.: 

[A] true 
[1] 'fa3.se 



ifteluded as a wime riiLTiberi 



yjhmn there is no posr^dbilil;/ o;' 
number singly as a "prime", ilau.:, 
Rules of divisibility will be ol" ror:.-^ 
is or ±B not prime. 



; + 3 ^ 12, thei'f?fore, 93 divisible ty 

Jl prime, 
(Ir^iG not) 

J lute vhethor each of the following prime or 
not rrl::.- , 

(prliiie J liOt pi'irne) 



ic 



/ is a prime factor of 1^*=^ cinee 7 is a prime 
aiiu 7( ) ^ 1^^ . 

2 is also a prime u: I'f. 

lU ha- 



prime factoi's? 
(how msiiy) 

IXreinr proper factor of lU is also 



factor . 

- - - 



On the other haiiu^ 3O hac 



proper factors , 



Xhov mm^y) 
mr^ the proper i^a.-tor:: of jO* 

Of these, the factors ^ _ are prime* 

If you were agkeu to wi'ite 30 ar m\ IndlcatGd product 
01" proper factors^ you ni^:ht va-itc a- pocciLle answers! 

(3)( ) . 

( )(6) . 

and (2)(3)(5).^ 

Each of these m^- he called a factorization of 3O, 
Tlie last of thece, (2)(3)(5); U c:' particulm^ 
interast^ since each factor in this product is a , 
- factor. 



is not 



not prime 

prime 
not prlM 
prime 
prime 
not prima 

7(2) n 1^ 
fact 02' 
2 



prime 

V 

6 



2, 3, 5, 6,10, 15 
2,3,5 



(3)C10) 
(5) ('5) 



prime 



2Q& 



12- 



or ^0. 



In v;.ew cr tLc r\::. 



P04:it :^ 



' i r:S-:;o, .'vi>; fl:;:; the 
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53 

60 

O 

. 6a 

6- 

6- a: 



66 
67 
68 
69 
TO 



However, -^J L: 



^ the :.e:-:t 



let u.: 



L.: t:.v ..:\L. 



rG.jto:^ 01" 



;GtlGi- X;: 



prl:::': I'u 'IC r ' . Lit • o:. - ■ ( )( )( ) , 



8 . 3 * P 



100 - 



if 19 



5 



(3)(^)(7) 



2 . a . 2 

a • 3 • 3 • 3 

8 . a • 5 . 3 

2 . B • 2 • 3 , 



12-3 



tet us flna the prime factorization of 3?76 making full use of our 

tests for divisiMlity, 



We know that 2 divides 3S"Sj since the last dieit, 
6^ is divisible ty * 
Divide 3276 by 2. Trie quotient 



2 is also a factor of 16^3, Divide 1638 by 2, 
The quotient is * 

Cince 2 ic not a faotor of 3l:>, we ^ply our test 
for divisibility by 3: 

8 + 1 + 9 = 



which is divisible "by 3. 



Hence, 3l9 is divisible by the prime nuiiiber 3* 
DivicUng 819 by 3 gives the quotient . 
divide 273* 

( doe does not) 
Divide £73 by 3. The quotient is ' 



91 is not divisible by 3, since 9 + 1 ^ > 
which is not divisible by 3. 

91 is not divisible by 5> sii^^® not end 

in 0 or « y 

Trying the next l^B23:%^im after 5. see that 
■ does divide 91- 



In fact J 91 divided by J give:3 the quotient 
which is a prime number. 

izine, 3276 ^ 



. (2)(2)(8l9) 

. (2)(2)^3)(273^ 

. (2)(2)(3)f( )(91)) 

. (2)i2){^)(^)(( )(13)) 

^ (2)(2)(3)(3)(7)(13) 

"This last product is the prime factorization of 3276* 



2 

1638 
819 

18 : 

a73 

10 



7 

2(1638) 



(2){2)C3)(i 
CS)(2)6)((7 



^ 0 



it 1;: t;.e :'ollov:::r. 
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and the sucrezplve ni:oti©nt£ ai^e ^hovn reneatii ea?h Qti.^r. ilig rr 
continued until a quotient o:^ 1 iz oltalned, H-ier; li.s prir::^ 
can be read off fron; the factors in ths oolu::u. on the riir::t. 



-criiiai::?:- 



85 



Si^pDse that the process hag ceen carried out for 25 5 i 



Ilie prii::e factorization ol £^0 is 
[A] S • 3 . Ll 



:C1 2 



gl_l of thecs 



It is true that 2 ■ 3 * ^3. 3 • ^ - -^3> ai:a 2 * 3 * i^j • x 
all name ^8* We must rene^er, hoverer^ that t is not a 
prime, Hence^ [C] is net correct. Ihe ord.er of ths fajtor^; 
IS no differeries* Hence ^ either : A] or [Bl is ?orrect. 



FinJ, the smallest prim© factor of each of the follovinr 
nuiiOjers* -Insofar as possible^ use the rules of ^divis- 
ibility which you have learned. 



•66 


115 


87 


135 


88 


321 


89 


kBh 


90 


539 


91 


m 



1: 



421 



100 

101 





















rrlr;c : 




ion or :'0j vo ::-i=:Kt5 




















( )( )( 


)( ). 














.■c- ( 


)(io) 






r(.,)(3))r( )( )^ 














Ci' l^at Ion 


w'.th the one In Item 'fl ^ 








:^ Oi'jei^ or %\\^ ;a-Jtoi'c la 








0::::^:nti&lly tnO cejiie result. 










uua^ if 






in tlie prime I'actoi'ization 




x z use J a:: 


a factoi' 




3 


is used as 


a factor 




:3 


is used as 


a factor 





a • 7 * 7 

^, 2, g. 2*3*3*3 

3 ' 5 • 5 * 5 

3 • 5 • 5 * il . 



(9;(10) 

^(J)(>))^3)C5^ 



twice 
once 



'Ilie Fimdajnental Tlieorem of Arithmetic Is illustrated by this example. 
Two dLfferent ways of finding the prime factorization always lead to the same 
factorization, slthough possihly the order of the faetore is different. 



31 



102 

103 
104 

105 



106 
107 

108 

109 

110 

111 



Find the prime factorization of 176^1= , 

Since the n\arn"ber represented by the last two digits of 
1764 Is divisible by ^ 

1764 = ( )(kkl) 

- (a)(a) r( )i'^9)) . Since ^ + 4 + 1 ^ 9^ 
9 divides 441, 



Find the prime factorization of eachj using ajiy 
convenient method* 



436 . (_ HSi) 



aiiu J divide 436* 



4840 = 

1455 - 
1096 = 



iMmmmmi 
(3) (5) cm 

{S)a3T)CS)(S) 



Suppose ve know that y. ^d 



are positive integers such that 



X • y • z ^ 66 and that 
X / 11^^ y ^ 2j then we can conclude that 
z has which of the following values? 



[A] 



[B] 11 



[C] either 3 or 11 



aSifl prine faetorlzatlon of 66 ±b {s)(3)(11), Qnm^ gt the a™b#rs 
Xj y, or z must hm 11 beoaiise tAa prime tm%orimtton qC 66 
le unlqua. Since x ^ 11 and y ^ It fo3iWi: that e ^ 11* 
[Bj is the correct choice. 



112 



113 



In finding the prime factorization of 300 ve might 
think: 



300 ^ (2)( 



or we might ^hlnk: 



300 . (3)(. 



The prime factorizations we find will be the sa^ in 
either case (ejccept for the order of the factors, which 
doesn^t matter). 



150 



100 



i^23 



12^3 



115 



Frori Item 112 we can coneliide that the prime factorisa- 
tiun in^'liuer the prine niunber 2 as a factor at 
lea-t once* 

Likewise^ rron; Item II3 we conclude that the prime 

ivjricer appeal's in the prime factorisation 

o WW # ^ 

Thus ^ if we know ■ only tnat 2 and 3 both factors 

of xOO* we cBi\ .:oncliuie that the prime factorisation 
of jOO has thiz general fonn: 

500 ^ (2)(3)( _ _ .) 

£o::.e pri::;e^ 

Hence ^ if we know only that 2 and 3 ai"e factors of 
300j we 'can conclude: (£)(3)j or 6^ is also a 
factor of 300. 

In fact^ precisely the sa:r,e reasoning shows that if miy 
Integer n is divicihle by 2 and 3^ then 1^ is 
divisible by 



116 



117 



Likewise^ we can conclude that if 2 and 5 are toth 
factors of a nurnber^ then so is ( S^) ( ) ^ or 10» 

Moreover^ if is a factor of a number^ then we can 
conclude thatj in the prime factorisation of the number 
2 appears a factor at ^east 



Tnus^ if h and 



(how many tinics) 
3 are both factors of a number 



then the prime factorisation of n has the form 
n = (2)(2)(3)( ) 



Hence, such a number n 



come primes 
must have 12 as a factor. 



(a;{5; 



twice 



118 


If a number n 


is 


divisible by 6 


and 3^ can we conclude that it le 




divisible by 1^. 














[A] yes 


[1] no 



If a nimbtr n is divisible by 6^ its prime factori-avio/^. contaiii^" 
(2) {3), itoowlng that the nuailer n la d- visible by 3 siv^g ... 
additional infoiiniition* Henct-> hi] i'i corract* l^tivTi insx ?jr i%l 
divicibl^i by 6 and by 3, f^^-^ by 16* - .=1.| 



115 


Is 


13 


g factor 


of 


91,215 1 


120 


Is 


12 


a factor 


of 




121 


Is 


15 


a factor 


of 


137,326,643 1 







*122 
*123 
*124 

*125 

*126 
*127 

*i2d 



*129 
*130 
*131 
*13£ 
*133 



Thmre is an interesting otservatior; v-hlch may -.laae 
about factor! sat iori of positive integer::* 

We shall restrict oursclvec to ^rrittv.-^ i-aerer 
t};o product of exa-tly twD i;.tcj--^, (i"=^j :^^c :ic^ 
necessarily prime c.) 

We ma^-^ write 6 as a prouujt of two lactnr^ in tvo 

distinct way?: I ur.^ __ . 

The sum of 1 and 6 is ^ 
The sum of 2 3 10 . 

There btb three distinct ya^c of vritir^^ 1- as a 
product of two factors: 1 * 12^ S » t and * 



Ttie sum of 1 and 12 is 
The sum of 2 and 6 is _ 
The si;m of 3 ^ is 



100 has five distinct factorizations into a product 
of two factors s 

'Hie sum of 1 and 100 Is 

The svLii of 2 and 5O is 

Tlie Slim of k aiid 25 is 

Tile sum of p and 20 is 

Tb& sum of 10 and. 10 is 



Notice that^ ii? our exanples^ the laj-rest cu.n for each 
occurs for the factorization 1 x n* Do you thinh: 
that this is true for every positive intecer? 

We shall learn more ahout the sums of factors in 
Section 12-i^, 



12- i 

ytstttst for 2} 9] 



H 3 



ICl 



12--- Cor::e Fact. Atoiit r^ietor.- 



iheUc© corie conjsctureL tu;-i then try to prove the::;. 



2 a factor of 5, 



(is/is net) 
of 3£. 

Is ^ a facLor of (3 + 5ft)? 



not: 



a factor 



A conjecture which ve ma% n;^e is: 



If 2 i:: a 



of two niirihti'-, tho:^. 2 Ig a 



ractor of their 



Is til is conjectiire trtiej^ Let'^- ,.ei 



recall t}iat "a is a factor of nieanc "there is 

;;o:::c; ii^teger q such tliat 

liiiu^j if 2 i^ a factor of c^ tiieii 

c _st _ q ■ 



li' r io ail intecer^ aiici if - 21% then 
2 ic a = of 3, 



iv 1.:- aji 



nujnhor since it has a factor of . 2* 



is, iB 



Bvm 



ffLctor 
even 



We ai^e goiic to prove: For positive integer e b and c, if 2 is a 
factor of uqtli h m'id then 2 is a factor of b + Cs^ 

Slnoe this statement expresses a relationship involving factor (a imiltl- 
plicative idea) and the sm of two nmhers^ we should expect to u;:e the dir,^ 
tributive property- in th,e proof. 



3 J 



10 



11 



ueh that ; . 



ij a ructor or b. 



2p - :i 



lie:..-: , 



01' (I ^ c). 



^ ir ractoi' CI" ■:' , 
Ql.o cot o:" intererc 



V;g ha^'O prove J that 

: A] 'the oi^ t"D cU niunVoi^r ^.c evo:;, 

[Ej ti.e ciu:: 0" aii o:.; ::u::ler aiiJ 9j: even nuriber is ocJd, 

[ C] the £uri or two eyer: nurnrera ic even. 



• .thc^Ji [Aj and [ Ej ya'c tru^?^ Lhis it: not wiw i^?^- 



We rcnjecturo J iuiJ pvov^^:! tliat .ir 2 i:: a I'aetor of two xiumberSj then 
2 ic a r actor oi' ti.oir V/e nov a^k ourselves^ would it be true Tor 

other raetor--1 



Ik 



.16 



17 
13 

1.0 



or 

Ic j a ra^nor or ('J ;0? 

7 ■ ' a raptor or 1- , 

not) 

raetor or , 

Iz ^ q: ra^:'tor or (1-^ ^ 3^}? 



(Ic^ih ro^) 



a factor 



li 1- a factor or :oth 3^ 02;: ^2. ( - 
15' 1:: a factor of (3^ -i:;cc ) . 91, 



yes 



i^^ Is 



(13) 



o 

ERIC 



12-4 



At this point you ms^ iuip^ct what the generil itatement will be, 

Theorem Ig^Ua . For positive Integers Cj if a 

is a factor of both h and then a is a foctor 

of b + G, 

Try to prove Theoi'em IP-Ua on a separate rhcet of papor. Hint: '^Hie 
proof is similar to the previous one. Do your hest. Use Itenic 21-2^ with 
vnich to con^are your proof. 



22 
23 

2k 



^eorem 12- Ua ^ Foi positive inten;ers Ej b, mid 



if a is a factor of both b and c^ then a 
is a fSLctor of b + c* 



There exist integers p and q 
such that b ^ ap and c ^ aq, 

b + c = ap + aq 

b + c = a(p + q) 

(p + q) Is ai^ integers 



Thereforej a is a factor of 
b + c. 



It is given that a 
is a factor of b 
and also of . 

Addition property 
of ^__s " 

property. 



T^ie set of Integers 

is ^ ^ under 

additiori. 

Definition of factor* 



equality 
Eistributlva 

alosad 



Two other i^aeful theorems will be considered, ^e following Items suggest 
one of them. 



& 

26 
27 

28 
29 

30 



2 a factor of 6^ and 2 

(is^is not) (is^is not) 

factor of (6+5). 



Is 2 a factor of 5? 



fiSjis not) 
factor of (10+13). 

Is 5 a factor of 13? 



factor of lOj and 5 



(is^is not) 



8 



(Isjis not) 
factor of i2k + 3I) , 



a factor of gU, end 8 _ 



Xis^is not) 



8 



Us, is not) 



a factor of ' 31* 



37 



k2B 



iSj is not 

no 

iSj is not 
no 

im^ is not 
ii not 



CH;r r't.MHo Lc!: Ii' u uvd:Aor ir u ructor of the iii-et 

oi" iwC' • . : ! ii L i,oi it ^'v^tov^oV their cum, 



in not 



'tcr ; . uj: i a 1 = " not a fd'^t^r o:' (r + c)^ 

u ". ; .0 1 u or ui' j * 



: o:' uiu" i ; . loi; oi Ln.\\vcct pi^ooi". In an Inaii'eet proof 

ij" wc- ru::/:^^ ti.'ii Ih-.- ■ Oil 11: fa1t;e^ oiiO we ui'e led to a Contra- 



3^^ 
35 



Bjvt ./j U' a fM-^tci' ot' aii'j a not 

a ra -tor o:' (i - ■) , iliun a 11: not a factor of c, 

Prcof : 



TtivvQ are two po::;;ibilitiGG : ElthGr a in a factor 
of o or a ^ a facto:' or o* 

V-e vi.i. Ic provv ti.at a a factor of c. 



CU:i 



i is a factor o; c, 

finco thu theorerr; B+at^^r that a is a factor of b 
and wo lia^'c ac.'iir;o!! a L: a factoi' oi' Cj wo c£m nay 
tiiai a ir a I'actOi^ of ho1 h and . 

Henv^e^ ^- ir a factor oi' ( ), (Dee Hioorem 

Biit wo wci^c [jlven tnat a ic not a factor o-' (f + c). 

We hav; roen led io a cont rad - etlon* 

Our amirTptjon that a ir- a I'actor of :niiet he 

(falGC jtnic) 

Therefore 5 a Ic not a factor of c* 



ip not 
io not 



b + c 



ua9 





Con^lete the aaxt five items and see if they lead you 




to another conelu«ion. 






37 


3 a factor of 


9, 3 






(ISjis notj 


(is, is 


not7 




a faator of (9 + 12)* 






38 


Is 3 a factor of 12? 






39 


7 a factor of 


21, ^and 7 






( i s J i s not J 




notT 




a factor of (21+28), 






ko 


7 a factor of 
(ie^is notj 


28* 






Our suipiclon isi If a niimber is a factor of 


the first 




of two numbers and if it It 


i a factor of their 


sujtij then 


hi 


it ^ a factor of 
(is, is notl 


the second. 





yes 
iSi li 



is 



Items 37-^1=1 suggest 

TOeorem lg=Ac * positive integers a, and if a is 

a factor of and a is a factor of ("b + c), then a 

is a factor of c. 



*k2i If you wish, try to prove Theorem 12- ^c and then turn to page i 
to see one method of proving it* 



Although these theorems will he ueed in a later chapter, an application of 
them will be seen in the followii^ problem, 

G^e area of a rectajigular field is 288 square feet* 
One-halt of its perimeter is feet. Find the length 

and width of the field* ( Recall that the area of a rectangle 
is equi^ to the product of the length and width, and one-half 
the p^erimeter is equal to the siim of the length and width.) 

- Undoubbeaiy^ you can find the solution by trying pairs of numbers iintil 
you find a pair wHose sum is 3^ and whose product is s88* We shall^ how- 
ever j use some of the theorems we have proved to guide our reasoning. 



9 ^ 



U3 
^1 



We wish find two Integsrs h^ose prodiict is 288 and 
whose ^sum Is 3^* 

Tti^ prime f actoriaation of 288 is > 

233 contairis ^ 2 as a factor " times and 3 8=s 
a factor times* 

Between them the two integers must contgLin in total 
five factors of 2 and factors of 3» 

If one integer contained the factor (2) (2)^ then the 
other integer must contain the factors , 

Although the product of (2)(2) and (2)(2)(aK2)(3) 
is 288^ (2)(2) and (2)(2) (2) (3)(3) is not the 
solution to our pipblem since the sum of h and 72 
is not as required. 



fivs 

TWO 



(?)(2)(2)(3)(3) 



Since the product of the two ^integers cortains factors of 2, we know 
that at least, one of the integers imist contai n a factor of 2 which we 
represent by thli diagrami 



one Integer o ther_ intege r 

Ta)rr^ + ( )" 



50 
51 



3^ is an nujnber and thue containe 

(even|OW) 

as a factors 



ly Theorem 12-4c^ since 2 ^is a factor of at least one 
of the integers and 2 is a factor of 3^i "the sum of 

the two integers j 2 a bactor of the other 

integer. m^^^ 



1% 



We represent otir reasoning to this point %e 

one integer other Integer 
2( ) + 2( ) 



52 



288 has 5 factors of 2, consequently ^ we have 

more factors of £ . for which to account* 
(how mar^} ^ 

Let's mswar nert the question whether each of the 
Integers my eont^n aaother factor, of 2, 

^31 n ^ 



I:" 



eacli or the lnte||grs contained another factor of 2^ 

\.. wQiiiJ now eontain at least two factors of 2 ajid 

v. woiild lie cllvicible by , 

' ^ a 

^ or (2)(2)^ 



is a factor of each of the two 
"be a factoi' of 



( won 1 cl J woiil^tk^M t ) 
3'' ^ "^'y lliGorem iS-^i-a* 

h Ic not a factor of 3^* Iherefore^ 'one * 
tixc Inte^erc (.'aiiiiot contain more thaji one f^tor 

s ai^d the other integer contains the remain- 



4 ' 



would, 



ilr;tribution of the faetorG of 2 io ac follow 

other inte0or ^ 
(2)C2H2)(i)^ ) 



ii/itj whfcitliDr the two factors of 3 inuct he Dpi it between 
wi.^ thci' both i'actor^ of 3 iTTiiat be contained in one of 



y<:vQ a I'auioi^ oi' both of the integers ^ by 

' '-'^a^, 3 ^ be a factor of 

( would ^ would not ) 

a factor of 3^1= j 3 io not a factoi^ 



: hxiorevv-^ by Tlicoi^em l2-^fb, 
iiiu I actor;: Qi: 3 rmnt be kept tooethori 

foilowin£^ two clioiceSi 
01:0 ^ i rto[;er otiier integei * 

3 + (P)(F)(s)(2)T3)(3) - 3'^ 



uuL^ li itc[ "oi- othei' intecer 



)( )(.) • {v){mm2) 



3lK 



wou3.d 



li^ not 



,15 



41 



^32 



59 
60 

61 

62 



At Imit? We see that the reet angle which has an area 
of 288 iq, ft, and vhlah has Sk feet ae half of 
Its perimeter^ must have a length of ^^^^^ feet and 
a width of 



feet. 



l8 % i6 - 
18 + 16 ^ 



■.-■•.-jiiiiiiiiii 



Although the reasoning which we have outlined li lengthy^ It ie not 
difficult, . 

In the following exercises try to apply the theoremi presented In thlu 
eectlon or to recognise when they are applied. 



63 

6k 

63 
66 

61 
68 



The prime f eLctorlzatiyn of 36 is 



In order to find two nuriT^ors whose product is 36 
whose sum is divisible \j 3 hut not hy 2^ ^rm should 
^lit the ' betwr^"'^ the two numbers^ but keep 

the 



together I 



Therefore 5 the nwnberc fjre 



Mid 



Two numbers whose product is 36 and whose sum is 
divisible by ^ but not by 3^ are 



and 



There are two pairs of numbers whose product Is 36 
whose sum is divisible by neither 2 nor 3* They we 
1 and 36 > and and ^ 



s k 2 X 3 X 3 



{:2?®?3) sad 3j 

10 3.:. 



t and 0x3x3^ 
. or 2 18= 



3x3 and ^<3> 
dr 9 and 4 



70 

71 
72 



The prime factorization of 15 0 is 



Can you find two integers whose product is 
whope sum i even? \ 



(yes, no) 
whose sum is divisible by 5^ 
whose sum is divisible by 3? 



(yes /no) 
(yes^no) 



Ho occur© 
oiiXy once in the 

o»ly oiioe In the 
fi^torl^ation*] 



^33 4 J 



73 



♦7^ 



many palre of Integere have I30 as their product and have a sum 
vhlch^ls not diyisiMe hy 5? ■ ' 

[A'] one pair 

[B] two pairs 

[ C] TOre than two pairs 



flilt keep th# tog#th©r^ because tt^e &m 4s 

.jMvisifelb "t>y We cQtad have; 



^♦3*5*5 ana 1 
3-5*5" and ^ 

5*3 and 6 




$hus^ there 4. pgira of ni^tars -wtoo^e prodnet Is 150 and 
^0S€ am ie not divisible by 5. ^e correct Mswer la [C]* 



\frite the prime factorisation of the first number in each of the 
follovlngd Use it to find two numbers whose product and whose sum are 
as Indicated, One of these is ii^ossible, Wiich one Is it? 

[A] ft^oduct is gl6 and sum is £17* 

[B] Product is 330 and sum is 37, 

' [C] Product is 5OO and sum is ' .62*- 



lljife: dorreet choice is [Cj. 5OO = 2*fi*5.5*5j fig is m even imager"? 

■ ■ *0 . ■ ■ . . " 

pS^-dlYl0ltele by 5i therefora, . the ^o\i^ng woitld h^e to ba S ^i^- 
■md 2-5*5*5# But a + ^0 ^ 6Zm 

Pactorixatiozis f6r [A] and [B] is-ei 

gl6 ^ 1 H 216, X + ai6 ^ 217 
330 ^ 15 K Sa, 15 + 22 ^ 37 



40 



12- U 



*75 



If k boye shpyel □now from sidewalks wid charge 50 cents for a store 
aiid ^1-50 for a hoiiee^ hov store walks and how many house vaiks 

should they shovel in order to split the money evenly? 

[A] An even nianber of^ store Jobs ^d bii even nmber of house Jobs, 

[B] to odd number of store Jobs aiid an odd number of house Jobs. 

[C] Either [A] or 3] , ^ 



If X ±t^ t}^; 




'even^^-tlieii 3y imiat-.-^lie-"' eV'sn*'" "-^ Is even '^feii" ' V '"^"l^^^llft&ri: 

"If X is odd^ th^ 3y mist be odd>. sine© if a mm ^^^m^^^^^^th 

Is in^en, the liit^ari iBwst be either both even or both qM. Sy is 
odd when y ii sdd. 

aus, if the boys ftcc^pt an even motoer of store jobe^ they, it 

accept even nxa^stow of htmsa 4o^s^^;:t^^^ — 

of store JobSj they awst aeoapt an odd iwjnber of te\2ea J^Mr : -. 

[Cj- is tlie correo:b chQiceg;: ' ■ '<:-^''-:y:^!^^^ . ■■ 



*76 
#77 

*78 
#79 



For what positive integer x is 3 a- factor of 
6 ^ kx 1 

^eorem 12-^a states s For positive integers a^ b^ 
and c, if a is a factor of both b and then 
a is a factor of b + c* 

6 + corresponds to in the theorem* 

3 is a factor of # 

Hence^ 3 will be a factor of 6 + kx if it is also 
a factor of 



O^erefore^ 3^ is a factor of 6 + hx if x is aiiy 
' imiltiple of » 



b + o 
6 

multiple of 3 



80 
81 

82 

83 
81+ 

8? 

Bf 
•87 

88 



We find ffl5toriiig to be useful in finding sls^ler nanee for some fraetlons. 

^ 



18 f9)fp) ^ 

1^ may . "be vrltten as J where 

■ ii a fiwtor cqmon to both I8 and 2^, 



18 ^ 9(g) ^9 2 _ 9 

18 



12 



|j alio be witten as [f ^ |- 



3 is a coirmon 



of both 18 and ik^ 



You have probabj^r recognlged that although 2 and 3 

factors of 18 and 24 j neither Is the 
greatest co^fOii factor^ 



Ihe 



coimnon factor of I8 



and 2^ ia 



Our escperience from arithmetic enabled us to easily 

see that 6 ia the of 18 

and gl;. 




greatest 
6 



factor ^ -k 



Had we not reDOgniEed the greatest connnon factor from ewller e^^erience 
we 'jQUld have found It as follows* 



8y 
90 



Write the set of all factors of I8* 



) is the set of all factors of 2k^ 



Th^ set of factors cowrton to both 18 and 2^ is the 
intersection of {1,2,3,6,9,18) and (1,2,3,^,6,8,12,21*) 

{I,2,3,6,9,l8)n{l,2,3,i*,6,8,l2,2l^) ^ { ) . (Recall 
that n ig the intersection syiribol.) 

Look at {1,2,3,6). It ii the set of ^1 

factors of 18 and 2k ^ 

. is the greatest cpranon factor* 



{1,2,3,6/9,19} 



{1,2^3,61 



4.5 



ki6 



12-5 





( } is the set of all fafatorg of ^ tod 






{ ) Ig the set of ^1 factors of 6o* • 
Kie intersection of the set of factors of ^5 




96 


th^ set of fetors of 60 Is { }, 




91 


{1j3^j15) the set of all connnQn to 


factors 




and dO, 




98 


IS the greatest conmon factor of emd 60* 


15 










Find the greatest conrnon factor of the following i 




99 


.32 and 56 


S 


100 


9 and 15 


3 


101 


'kl and 70 


7 . 


102 


16, 2^, and 36 


k 



■12-5» Smnmary " 

We considered factorization in the set of positive integers* 

The positive integer m is a factor of the positiye integer n if 

mq ^ n, where q is a positive integer. If m does not equal 1 or 

we sa^ that m is a projer factor of n* 

A prime number is a positive integer greater thaji 1 which has no proper 

factors. 

If n is 5= positive integer greater than Ij then either^ 
n is a prime nianberi or 

n can be written ac a product of primeo (prime factorization-^ • 

The Pundamental ^eorem of Arithmetic states that there is only one prime 
factorisation for a given positive integer. The order in which we w*ite the 
prime factors makes no difference. 



w 4 'J 



Testi for divisibility of a number i 



A nmber Is dlyisibla 



by 2 if the last digit of the number is even. 

by 3 if the eimi of the diglta Is divisible by 3, 

by k if the number reprasentad by the last tm digits is 

divisible by ^ 
by 5 if the last digit is 0 or 5. 
by 6 if 'the n™ber is 'divisible- by both 2 and 3* 
by 8 if the nwnber rapresanted by the last thraa digits 

is divisible by 8, 
by 9 If the mvm of the digits is divisible by 9, 



There is no easy test for divisibility by 7» 

Thm fDllowlng theorems were proved: 

For positive integers a^ b^ ^d if a le a factor of both 



For positive integers a^ b^ and if a Is a factor of b^ 

and a is ngt a factor of (b + c)^ then a is not a factor of 

For positive integers a^ bj and if a is a factor of b^ 

and a is a factor of (b + c)j then a is a factor of c, 

^e greatest comnon factor of two numbers ie the greatest factor 
conmlon to both numbers* 



b and c^ then a is a factor of (b + c). 




U38 



t 



diapter 13 
raAOTIONS 



13-1. BfcLitlplleatton of factions 

^om pfevlous work In arithmetic, we are already fMiiliar with the 
proeeia of raultlplying fraQtloni when these are numhers of arithmetic. For 
exaj^le, we know that^ 



1 

2 



In Ghapter 0, mult iplica lion defined for the 
real numbari* the definition, we have^ for 
example J 



and (-|)(-|)= . 



7 21 
2 " if 



15 



I 

2 



So eaeh of the products InVDlving real numbers is es^r^ssitle in tems 

of non^negative numbers and possible taking of oppoaites* lUrthemore, 
% 1 

extoples such as ^ ' g suggest a theorem which we can now prove for all 
real numbers, 

'Pieorem 13-1 . For ar^ real numbers A, o, d, if b 0 and 
d ^ 0, then 



a £ 
b ' d 



ac 

bd" 



To prove the theorem, notice first that ^ and i 
«e real numbers , iinee b 0 and . 



§ • § ^ (a -i)(c • j) by the definition of 



- (ac)(i ' ■) using both the commutative 
and associative properties 



of multiplication. 

since the product of the 
reciprocala equals the ^ 
of the product p 



ac 
bd 



by the 



of division. 



d / o 

ilvlilon 



reclpMoal 
dtflnitlgn 



8 
9 

10 

11 

IS 



Use the theorefn f • § = rr 
following fractions^ 



to multiply tte 





i . 


1 


5 


h 


-7 




2 


I- 








k 


2k 


3y 




fix 




5 


11 



-II 
3? 

-21 

ir 

55 



-I 



Notice that the second factor in Item 9 le ^ and that the second 



factor In Item 10 ie 



We can show that both of these mme the sajne 



In fact. If a and 



number , 

that - ^ all nme the saine numbervw 



re rDprT'^mmbers (b ^ 0)j we can show 



lU 



To show that ^ » r. note that 
p b 



-a / 



□ 



ty the derinition of ______ 

since (-x)y - -xyp 

by the of division. 



divlaion 



Similarly we can show that =^ - - §* to constmct the proof for 

yourself and, compare your results with those on page i. 



llius we eee ^that Items 9 ^nd 10 ask for the sMe product as Item 1 . 

a 



Of the three foims =^ - we shall agree that - J is the 



b ^ -b 

simpiest name for the number* 



16 



A common name is, in a sensgj the simplest name for 
a number i 



2-2 2 
For example J ~i ^ ^ all name 



the sijne niimberj the common name of this number is 



2 
3 



13-1 



Becall ttst on previous occailons we referred to some special names for 
nuafbers whlah we called "conmon napes". We noticed before^ for exax^lej 

3 ' 6 ~ 3 • 2^ ^ ^ g . | j * • * J all mmo the same mim'ber , and that 
2k 2 



2 ^ 2 1 a 



if k 0, ^ ^ f • illusti^tei the ieneral statement that if k |^ 0, 

^ ^ ^ whenever a and b are real numbers and b 0. This statemeitt is 

In agreement with !^eorem 13-1* § *t ^ §ij if let c ^ k and d ^ k* 

> b a Da 



17 



18 



19 



If c - k and d - we have 

□ k ^ a k 

□ k " t ' k 



a , . k 
r ' 1. since r * 

b - k 



a 

b 



by the 



for any k 0. 



property of 1, 



rgultiplicatidft 



Making use of the fact that ^ we can simplify ftactlons * For 
exUT^le^ since ^ y j ^ — — ^ ^" — ^^^^-^ ^ 



the fractions — can be simplified to 



However I when we are asKed to simpliftr a giv|n esqpressionj it Is Importaiit 
that wi understand exactly what is meant. "SlmpliiV^' means "find the eoimion 
name for". We reoaH three important Ideas ^ or conventions j regarding common 
names." ' * . ' 



1. A common name contains no indicated division if it cap be avoided* 



For example j 



3 



should be "simplified" to 5. 



If a comon ^ne nmst contain an Indicated division, then the 

resulting escpresslon shwld be written in "lowest terms". For 

. 6 ^' 2 
exijfqple> J should be changed to ^ if we want ths cotnmon nme, 

- - a - "^ft a 

We prefer OTitli^ ^ ^ to either of the foras or 

o . b -b ft 



We have dff ined a ftaetlon as a symbol whXch Indidates the quotient of 
two numbers* ^usj a fraction Involvei two numerelSi a numerator and a 
denominator,- yhmn there is no possibility of confusion, we shall use the 
word "fraction" to refer also to the number which Is represented by the 
ftmction, Vflien there Is a possibility of corrfuslon, \m must go back to our 
strict meanJ^ of fraction as a numeral* 




£0 



21 



2k 
£5 



We- shall O'n' iri',;^ z jr' agi^eement that the domains of 
"the variablr. in a ;>a^ti^:^n ex:'lude those values 
which imke ' vs equal to 0. 



If y ^ 0, 
a number sin 



■.nn which means x(i), is not 



has no re^iprOGal, 



:he domain of y i.B the set of all real 



numbers except 



I I) X ^ and y / 



2 [llotiM that 
domain*] 



Simplify 


4^ 
















. 11 


oy the property , 

, it k ^ 0, h / 0. 


2(y = l) 


3 

^ 2 ^ 





distributive 

aK a 
bk b 



26- 
27 
28 
29 



We can find a "'simpler name" for but not for 

Similarly ^ cannot be simplified. 

Find the common najne for each of the following* 
7x 7 





7 




+ 1 




7 " 


2x 


-4 = 


2je 


- 3 


gx 


-J 



2y - 3 



X + 1 

7x 1 
7 



We notice that when there is a common factor- k in the numerator and 
f 

the denominator^ then ^ i£ a simpler name for Further^ if a and b 

have no comirton factor other than 1^ then the fraction ^ is the simplest, 
name for thei number. . 



)>k2 



13-1 



30 



31 



5aty< 
2b 



3&% ^ 3a(ab) , 
5aty 5y(ab} . 



aDBoalatlve and 



properties of raultipllcation. 



3* 
5b 



32 



33 



31* 



Slinplify 



(ax 4- 3) - (5 . gxi 

-8 



(2x * 5) - (g -_gx) gx - "J - 5 -I- □ 

-8"" ° ■ -a 



□ 

.'6 



Sx 



-2 



36 
37 
38 
39 
kO 



Simplify: 
8(1 - b) + 



7 



i. 

" 5 



21 
10 



10 



63 



10 

9 



6 
3 



21 



For Item kO^ notice that the fraction 'f~*^iQ revrljtten as 

• 2)(3 '7) 2 * 3(2'' 7) 

7(g ' S) ^^1^^ turn „can be written as — j^g-— j^* 



13-1 



k2 



51 3 ^ 



By displaying the numb^rB in the numerator and 
denDminator in factored toTr^Bj It is ei,sler to see 
vhether the fraotlon ve will get is in "lowest tems'^ 






1*3. 
kU. 

1*5. 
k6. 
hi, 

i+3. 



SlmpHf^ each of the following where possifele. Indicate tha 

o • . _ 

. restrlctlonB on the domalnB of the variables. The answers are 
on page ii . , , 



5(x - 2) 
3{x -2) 



3x 




c 


xy 




i 












6 



n + g 



1*9. 
50. 
51. 
52. 
53. 



n + 3 

2 



n + 3 



(l*a2)(|) 

(i^t - 5) - (t ; 1) 

3 



3x 



0' 



X - I X + 1 



■ ^ 5(5 - a) 



Did you get the correct reBponse for Item ^kl fiecall that 
'(a-5)«-a + 5= 5-a. Let's try a few more exaihples involving this 
situation. 



55 



56 



57 



Simplify: 

2x - U 2(k - 2) 


f 

. , X / 2 




2a - a^ 






a - 2 




r^Sx - 5)(2 - 2x) 






lOx + 10 









::i^^>:^;;i?: 



ERIC 



ln_ pertain applications of inatheinatics, the number reprfesented by th# 
frsetion ^ is called the ratio of a to b. We shall sometimes speak of 

the ratio when we mean the symhol which indicates the quotient, provided 

I. 

there is no conftiiion in the meaning. 



58 



59 



60 



- ,,tmy he read "the ratio cn^ 



to 



y 

If the ratio of. sophomores to freshmen is 1 then 



there are 



sophomores to every 7 freehinen. 



If the ratio of girl^ to boys is then there are 3 
^ to every k ; , 



X to y 



girlsj boys 



^61 
62 

63 

6k 

65 

66 



In a certain cillage the ratio of faculty to students 
For ^ every 



(how manyj 
students? 



faculty members there are 



(how many} 

If ther^e are "f" faculty members and 1197 students 
then the ratio of faculty to students is 



1197 



- - - 2 
Since the faculty- student ratio is we 

f * 2 g f! If Q ^> 



and 

19 



1197 



^e know that 
both name the same nimber* 



Hence, ^97^^ 



And f - ^ . 

There are 126 faculty m.emberB , 



61 
68 



Kie profits from a student assembly are to be given 

to the hpnor society and the mthematics club in the 
2 

ratio of J with the mathematics club receiving the 
larger amount, which Is $387. 

If h is the ajnount the honor society will receive, 
then an qpan sentence for the problem is 

□ a 



The honor society will receive |_ 



2 

■19 



f . 
1197^ 



t 
19 



J? 



h _ 2 

W " 3. 



13=2- mvlslon of Rmctlons 

For simplifying an indicated product of two or more fractions, a key 
property was the theorem whieh may be stated i 

For any real nukbers a^ d^ If b ^ 0 and a ^ 0, 

then 

a , c _ ao 
b " d ~ hd ' 



In this section we shall see that an indicated quotient of two or more 
fractions may also be simplified Into a phrase which will contain at most 
one indicated quotient* 



To illustrate^ let us consider 



■Diis is an indicated 



of two fractions i 



It is also a fmction whose numerator ig |- and 
whose denominator is ~ 

Kie least common multiple of the denominators 2 and 

3 is 



Since 


a 

b ~ 


m If 

bk 




0 and k 1^ 0^ 


1 

1 

2 


a 

I 
a 


. 6 








%- 

7 


■ □ 

□ 


3 • 


2 
T 




1 

3 




10 

"21 






5 






7 

and from Items 


Since 
\ 


2 


means 


i. 
3 ' 



3 3,2 
have ^ ^37' 

2 



5 7 5 

we see that J =r g- - |- 



kk6 



13-2 



Item 7 iuggesta that an indicated quotient of two fractions may be 
exprmBBed quite readily as an indicated product of two fractions . Moreover, 
the above procedure iuggests a method for proving 



l^eorem 13-2 > For any real nuabera a^ b, and d, If 
^ ^ 0, o ^ 0, and d 0, then 



a £ _ a 
b ^ d ° b 



10 



11 



To prove this theorem^ we note that if k |^ 0^ 



□ 

a 

b 



If k Is bdj we have 



I ' td 
b 



X • k T ' bd 
a a 



ad 

cb 



ad 

be 



? a , £ _ a ^ d 
r b ^ d ^ b ' e 



I-' 



ft i 

b/ c 



Notice that in the step before Item 11 we have the theorem in the 



handy form | + § - t^. 

b d be 



U-2 



Use the theorem to simplify each ol' the I'ollowlnf: 



d k 



a 

k 



)( 



a - jj . a_ - Jb 



B 1 "a 



. J. 



i.'a, B. f. 0 
(a-3)(an) 

-£5 a / b 



17 



Lb 



Use the least common muLtipLe oI' ti 
to simplify' each of the followln£^^i 



donQminators 



1 



□ 



□ 



< ) 



:/ / 0, z / 0 



1 



Kxpresain^ an Indlfjated quotient of tw^: ^TactJon::; an indieatC'l 

I '■ TO d:u c t o 1' two I'rae 1 1 o ns wa s v e ry u □ e I'u L to u j L e c a u s e wc ha v e a ! i^e a^-l .y 

1 f jar no cl h ow to I'i nd the j u d u < ' t o f t wo i 'rae 1 1 o n c . K c c a ' 1 t h at we d 1 d s om e - 

t h 1 n r 03' this nat u re h c f or o In our d ^ji' i n 1 1 i o n of division 01' t wo real 
nujTibers . 



km 



for real numbars a and (t ^ O)^ a + b 
means a multiplied by the of c* 

This suggests another way of looking at the 
indicated quotient ^ 

Firsts let's rojail that the rc^ivrojiii oi ^ 



'UliG reciDrO'./.:il oi" ^ 1 
By the dei'initipn ui' di 



V 1:3 ion. 



Q ^ b ^ bo 



d 



Thus we dee that this agree -j with the statement 01' 
Theorem Li-O. 



rectproQal 



1 



a/ 1 ^ ^ a 



Another method or sinipiii'ying an indicated quotiGnt oi' 
two Tract ions rnakeri use oi' the iH-Oij-rooal Laid the 
Dpeoial caoe ul' dlviuiunj i'or a uumlcr 

X 

I 



Let's consider the inciicated quotient 



The reeiproijal or ^ L 



because " S 



2. ^ 



10 



X 



1 



1 i 



30 



SlmpiliV each of the following using the method 
shown in Itemn i2B and 09» 



X - p 

2(1 - a) 
_a 



a / . b / 



/ 0, e / 0, d / u 



8 
9 



ad 



35. 

36. 



Tiie f o 1 1 owi ruz e :x ere i 3 w " 1 1 pi^ov i de you wl t h i\i rther prac t i e e in 
simplii'yin^^ pi'oducts or quotients oi' fractions. Stat© the 
r^strlt^tions on tlie domains oi' the variable whenever it Is 
necej^ary^ Hie anDwero arc on pa^je ii. 



X ^ i _ X - 3 



2x - 1 ^ ^ 

fx - 2 " 7x 

Sx - 7 . 6 ^ 
Tx - 2 ' 21 - 6: 



2k - T 



5 



ERIC 



ii-i * Addition and gubt_a.:-tlQn of Fractions 

We have cecri; In . hrajos vhiwh invoive the L^roauot ssvera: 
that we^ mn a^vaj^o JlnuJii^^ ^the jhrase to one which involvej ^\:Gt one 
fractlcn. LL> u^.ri^o can oii:u.ii:>^ Lhra^seu vhijh invoi.ve Qugvicnt 
tv/Q rractions to one vhich InvoLves Just one iraotion, 

n-^'^'-''? h:vcv.r, ::;av . -iVLiin ^.h. _.r .jwv.-a. iTuja.nu. h.^v 

consider thu additicr: iTaorlc^nG, Cinwc a^iLtructlon has been doiine: 

■-' ^ - ' iizi ' :r jut tmctlon thu ja::.c time. ^Ilie 

Lh3-L.;.; - ^ va::j : ^; t;r un inilv-a^uti j;i:n two rraotlun.;. Tr.*. 

f ^ 5^ — ^^-^ -ri.::l.en - jh a m: i:v; 1 ^u:. / t.v 

fractions ^ 



ct ions. 



t In 



2 
3 



Kie phraoo 
quotients * 



cgntalno 



inJi ;atea 



X in ai\^iaed ly 
y is di Viand rv 



^ + ^ 13 not consiiiored to be □impl.if led since it 
contains more than _ indicatod 



5 

one ^ quotient 



Let un ..•onslder an exajnile^ from arithmctlL 

niinj.Iii'-: ^ - Ti.ic i^ an indijatoa 

two rractlons , 

Wo already know that 



id wo ^jan. show 

that this a^;reos with the definitions of varlouG 
operations and with various j roLortio^i un^ier thesu 
orcra. ions in Ihw I'uLLuvin^; nianner, 

^ - 2[y) and ^ iy the derinitlor' cV 



the 



prouert'^ 



hy the definition of division. 



riivislGil ' 



di strlbutive 



U51 



13-3 



10 



Sfi B. similar mnntr, we may show that for real 
numbers with q ^ 0^ 



Try to construct the proor by yourself and compare 
your proof with the one on i-'are li . 



_ a D 

The statement ^ + ^ 

C G 



+ b 



agrees with the method we use to add two 
fractions in arithmetic when the denominators are alike* You will recall 
that when the denominators are _ different . we first rewrite each fraction so 



that 


the denominators 


are alike . 






For example J 


to 


3 2 

simplify ^ + we note 


that 


11 


i = 3 • T - = 

5 " 5 • □ 


21 
35 


^^^^^ b " ^ ^ ^ ^ 


and k ^ 0. 


12 


■ Similarly, 


2 

7 ^" 


2^0 0 

1 ^ □ ; 3.5 " 




13 




21 






so i.f. 


□ 


— ■ 






We notice that e 


ach fraction is rewritten 


as a fraction 




whose denominator Is 35/ and that 35 


is the 




least 




of 5 and 7* 















1 L-J. 
5 5 - 7 



10 

7 - 5 '35 



35 js a 



multipi# 



^2 - - 

For examples such as ^ ^ J it is eany to find a denominator in termm 

of which we can express each of the fractions. In this usages we refer to 

the number 35 as .the least common denominator of y and In Ctmpter kj 

we also referred to such a number aj the least conanon multiple of the 

denominators} that is^ 35 is the least common multiple of 5 and 7^ 

Since 35 = 5 ' 7j = we can see that 35 is a multiple of 5* and 35 is a 

multiple of 7* Moreover j it is the smallest positive number that is a 

multiple both of 5 and of 7 » 

definition * I^e least common muitirjle of two or more given integers 
is the smallest positive integer which Is divisible by all of 
the given Integers * 

It is not hard to find the least common multiple of certain integefo. 
For exampla^ with very little experiment Ingj we can quickly find that 20 



Is the least aommon multiple of h and 10, Flndint the Lea^- 
nmltiple of 51 and 85 is not as easii- done ly ii.-] e jti^:., 
pur^oce^ we shall rind that prime ractoriiiation wi ' : Li: 



15 
16 

17 
16 



20 
2] 



25 



26 



i^rime lUctorization of 

S;e prime factorization or 

If h ^ is an Intecer^ thori 

Giiice Jlk 13 a muitij:l.e 01 
multiT,Ie of 51 . 



15 



To be a multljie of 
th^ Tactors J and 



an inte£;er inuLJt ha% 



e at: :tjiiJt 



If r is an integer then I5r 1g a 



£y the prime factorization or 05^ the numler 

To be a inultiple of .05^ an integer mujt have at 

least the factors ^ . 

A ::cmon multiplo of pi and ot mujt havg at 

least the factors , and , 

The least -jnunon multiple of 5I arul 8^ 



51 :i5 



17 



□ 



J • 5 • 17 



17 



J -17 

? una L': 

i, 5^ 



3^7 ^ 5% 



28 



W'j can find tlie loait Qommon multiiJle or more tlian tv.u 
Integers In much the same way as we do for two Intoccr,; 
To I'ind the Leaat common multipLo or b, and 70, 
can first eet the prime factorization of each. 

J = j, 8*= 2-2-L, and 70 ~ . 



453 




■ ■ •• I' 



□ 



1 l-fl.p. 



;0 * U - □ 



□ 



□ 



□ 



3)M 

57r 



)□ 



□ 



See answer t^low. 



^26 



21 



so 



7k - k 

20 



jy.n re^Tlte .-^ 



□ 

bk 



Corisidor the examplo ^ + ^ 
rraction ^ can writt?3n 

- • 7 \k 



a 



7x 



/ 0. 



x'7 



h3k 

Cj 

o 

ERIC 



13-3 



1*2 



kk 



'45 



2 3 ^ ^ 1 

^ + can be rewritten as ^ + 
X 7x □ □ 



Cinc-e the rractions In this last phrase have the 

J we can make use of the 



{ numerator J denominatorl 
equality^ 

a £ 

G C 



from this, - + ^ = ~ + ^ 
X Tx 7x 7x 



c c " a 



We see that the sajna technique we UBed when the denominators are 
Integers can te used vhen the denominators Involve varlableB. (Of course 
we must be careful of the rastriotlons on the domain of the variables , ) 
We rewrite the fractione with a common denomlnatorj the denominators of 
the original fractions are fBctors of the conimon denominator . 



1*6 

hi 



k9 
50 

31 
32 



53 
^h 



For example j if the denominators are x and 7x^ a 
conimon denominator ii because x is a 



factor of 7xj and ix is also a factor of 

we note that the 



To simplify 

3st 2a^ 12 

denominators are 3ab, 2a^, and 12* 

Cieae can be written as products: 

3*a.h^ S»a.a, and _ _* 



Th^ connnun denominator must have at least 3 as 

a factor once, 2 as a factor a as a 

factor 



and 



as a factor once. 



A common dencmilnator is g'^2'3 
Uc( 



3ab 2a^ 12 



3a^(4a) □ □ 

3abCi*a) ^®C6b) ia(a%) 
^ l6ao + 30b^ - 5a^ 

^ □ 



455 



0. 



7x 



2*2*3 ^ ' 
See ai^wtt" feelow* 



1^% , ■ 



13-3 



Let's try a few more examplei 



a 3 h 

X X 



k-2 



5- □ 



X + 2 2x - I 



10(2x - l) ^ 5( ) 

(x ^ 2)(ax - 1} (2x - i)(x + a) 



-7 



2x - 1 X + 2 



2k - I 



12 

X 



1^ -. 5^1*1 



We can use the ideas of this section to find the truth 
sets of the following* ^Solution of other open 
sentenoes Invol-ving fractions will be discussed in 
rurther detail in Section 19-2 0 



To solve ■ 



- 5 J we may simplify the egression 



on the left: 



□ 



Since 



llx ^ 1^ 

12 " Tr 



we have 



□ 



X - 5^ 



11 



Let us lauLtipLy by tlie reciprocal of — on 

^ Ifi 

aide(s) of the equation, 

(the left, the right, both) 



llx 

12 



- 5 



11 R 



both 



13-3 



66 



67 



68 



69 
70 

71 



72 
73 



if ^5 li trut for i©me 

^ 11 
11 ' 



then 



- D '5 Is true for tha same x. 



^om thii^ ^ ^ if ' truth set of | ^ 5 

li , 



Notice that could have solved this in another 

way* Slnoe le the least common multiple of 

3 and we can first multiply both sldas by 12* 



isCf - f ) 

8x + 



5 

12 

60 
60 



Solva: 

1 ^ 1 
p * 3 ^ p 

i + S^6, X ^ 0 

..■V V f - - f 



Solution set I 
Solution iet^ 
Solution set: 



11 



IS 



35C 



60 



60 
11 



(IS) 



{IBJ 



75 
76 



Find the iolutlon set of 
3|w| 



f 3| <^ 



If you missed either of these see the cCTiplete solution 
on page iii. 



15, -53 ' 

i€t of «.li real 
X and 5 



13-3 



Solve each of the following by first wlting the appropriate open 
sentence and then finding its truth set. In many na^us the op©n 
sentences you write will invuive fractions. Wien you have solved 
all of these problems check your work vith that shown on page iii, 

77. The sum of two numbers is 2U0^ and one number is ^ times the 
other. Wiat are the two numbers? 

k 

i^^ 'ilie numerator of the fraction y is in-:;reased ty an amount TJie 
vii-':^^ :! the reDultin^ fraction in ~* Iv vhat rv^nun-^- i-v*^ 
numGrator increased? 

79* -Jom is h as old as his father* In 12 years he will be ^ as 

old as his father then Is. How old is Joe? How old is his father? 

80. The sum of two positive integers is and their difference is 3* 
What are the integers? Wiat number is the result if the reciprocal 
of the ^mailer is decreased by the reciprocal of the larger? 

81, In a shipment of 800 radios^ ^ of the radios were defective. 
What is the ratio of defective to non-defective radios In ^he 
shipment. 7 





If It takes Joe 7 days to paint his houee^ what part 




82 


of the job will he do in one day? ^^at part In d 
days? 

If it takes Bob 8 days to paint Joe's house ^ what 


1 d 
7' 7 


83 


part of the Job would he do in one day? W&t part in 
d days? 


1 4 


3k 


If Bob and Joe work together, what' portion of the Job 
would they do In one day? 

"What portion In d days? 


7 * S 
d ^ d 








The following Items refer to the questions asked In Items 82-85. 




The answers are discussed on page iy. 






The open sentence suggested by the problem is y + ^ = 1 , 


86. 


Solve the equation ^ + § ^ ^* What does d represent? 




87. 


WiB.t portion of the painting will Joe and Bob, working together, ^ 




do in one day? 






1^58 

6/ 





The following exercises will provide you with 
further practice in simplifying quotient & and sums of 
fractions* State the domains of the variables whenever 
it is necessary. ' 



lL - I 



hi 



X + g 

"9 
_ j_ 
X + 2 



b d 



-2, a b 



X ^ 0, y V 0 



■fad 



Ij-^* oUjiunary and He view 

Theorem 13'1 ^ For any real numbers b^ Cj dj if b ^ 0 
and d ^ 0^ then 

b d ^ bd * 

Theorem 11^2 : For any real numbers a^ bj Cj dj if b ^1^0^ 

G ^ 0^ and d ^ 0, then 

a ^ £ _ a . d _ ad 
b d ~ b c ~ be * 



any ^tal awa^ers s^^ If q ^ 0, then 



a ^ ^ ^ a b 



For any real numbers If b |^ 0 and a ^ 0, then 

^ b d bd "bd " bd ' 

For any real ZMiberi If h ^ 0^ 

^_a _ ^ a 
b " -b ' " b * 

The leait common imiltlple of tm or more given Integeri le the smallest 
possible integer which is divisible by all of the given integers, 

When TO find the eormiQn mmm of (almplify) an e^resslon^ we try to 
keep to the foliowlng eonventions: 

li A comon nMe containe no Indicated division if it can be 
avoided * 

2t If a conmon nme must contain an indicated division, then the 

resulting e^^ression should be written in "lowest terms". 

3. We prefer writing - § to either of the fome = or ~, 

^ . b -b 



Review 

Q^he answers to the following review problems are on page iv* 

1* Simplify each of the following ea^ressionsj be sure to state the 
domain of the variable whenever necessary* 



(a) 


1 i 4. 


1 


(f) 


5 


f -3 




i + i 


M 


H - il 






I* 12 


35 21 














Cs) 




(o) 


2i 2i 

12' W 


1 




" a , 






(d) 


a . 2a 

Sf 


+ M 

22 


(h) 


a + 7 
2a - 3 


(e) 


21+ In 
12 * 0 




(1) 





£L 



\ 

2* Hnd the truth set of f + ^ ^ 12 + 

[fflnti if X is a number that makes the above sentence tmie^ then 
X is a mamber that makes y - |x ^ 12 - ^ 



true* 



6J 



Itevln haa five hours at his disposal'. How far can he ride his 
bicycle Into the surrounding hills at the rate of 12 miles per 
hour and return by retracing his route at the rate of 8 miles 
per hourf \ 




I 

i 



I 




\ 



lk-1, latroductlon to atponents 

Fbr the prijM- f «etorlastlon of the poBltive Integer a88 we have written 

288 = (2)(a)(2)(2)(2)(3)(3). 

This notation Is Ineonvenlent wid clumsy because It Is so lengthy. We 
could avoid this form If there were a aore ooi^sct way to ej^ress the product 
of a number of r^eated factors. 



1 

2 
3 
k 

5 
6 



7 

8 



10 



11 



You alreftfly Itnow that (3) (3) nay te written as 3^ 
Slmilar3^i 

(2)(a) ^ P 

(I3,849)(13,81i9) m 



6^ = 



:3 is read as 



»3 iquared" 



*17 iguaMd" mm% (l7)( 




In the ntim^ral 5^ the "i" Indleittes that we we 
uilrig the faianher 5 _ tlMi m a fictor. 

If the length of the ilde of a square is s unlti, 
then the area of the s^are, In gguare unitg j is s , 
i^ieh is read, "i "t 

If the length of the edge of a eube Is e units, teen 
the volume of the eube, In eubic* units, ii (e)( )( ) j 
or "e cubed", 

An tpproprlate iymbol for (e)(e)(e) is e , the "3" 

InMcating that e is uied as a factor tiM8« 

(how 



'■;,;f!■::^!;:^;::;j^i■r■■i:^|:j.iii.:;j^^^^ 





lk.l 



12 
13 

15 



53 = MQQ. 



'3 

2-^ s 



(7)(7)(7) 

(10) (10) (10) = ns. 



sua 



v:.:.™:.x:,...:.>Kv:.« 



,:„,. ... >..,fw|i^-:? 



It Is natUTftl to extend the Idea used in writing 2^, g^, to Buch 
products as a . 2 . 2 . 2 . a. In this oj^resslon, 2 Is used as a factor 
five times. We agree to write 

2«2»2«2«2=a5. 



16 
17 



18 
19 

ao 
ai 
22 

83' 

ah 

26 
27 
28 

29 



2^ = a 



2 means the product formed by using 2 

timei as a factor. (how many) 

Find the comon name^ 
23 . 8 



3^ = 

73 = 
1« = 



288 ^2*2*2-S*2*3*3 

Thm prime factorization of 1000 Is 2 ' 2 • 2 • 5« 5 • 5 

Using the imre conpaot notation, 1000 o*'(23)( ), 

Find the prime f aetorlzatlon of each of the following, 
using Bjqjonents whenever appropriate, 

6k = 

60 = 

80 = ___ 

81 = . . 



a • 2 ■ s •< a 

seven 



16 

32 s ■ 

Si 

95 

1 

■ \ 



(2'){3)(5) 
<2^)(5) : 



k6k 



30 


1*1 = 


31 


21*3 m 


32 


1*31 = 


33 


768 = 


3h 


21*2 = 


35 


121*8 = 



1*1 



SW-:;.™:--::-- ■ 



m 



^(iiap!; . 



In general^ If a is to ba used n times as a factdr^ wa shall wita V. 

a" m (a)(a)(a),.,(a) 



n factors 

Wt need ioina languaga to use in desQ rising the nmbers involved in tha 
eaqprassion a". Ihe "a"^ which indicates the nimber to he used as a factor^ 
is called the hase* Ihe -'n"^ which Indicates how mx^ times the factor la to 
be used, is called tYm a^^^onent , We sometimes refer to a'^ as "a to the 



power*% or singly as "a to the n 



th ti 



36 

38 
39 

kl 
kk 



In the e^^ression 7 / the base is 
and the e^^onent is . 



Wa read 7 as 



to the 



In the a^rasaion y , 
m is the « 

indicates that 
factor times. 



y is the 



and 



shoiild be used as a 



(-f)^ = ()()() 



. m 



-.8? 

t.-.-'-'.-. • ■ ■ . 



J+65 ^ 



Find a coimnon najne for •■ch of the following: 



kg 


(5)3 


•5b . 


¥ 


51 




52 


(-2)3 


33 




5h 





1 

Bi 



-8 

M 

1 
9 



We have not yet mBntioned a^. We shall define = a. Since a Is a 
slnipler numoral than m", we- shall UBually write a In place of a^. 



3 



Examine the next ItemB car8fully. Can you find a, general pattern? 




58 

59 
60 

61 



2^ = (a . 2 . 2)(2 . 2) 
a • 2 • 2 • 2 



= a 



3^ « (3 • 3 
ut- 



3 • 3) ( ' ) 



(3 . 3) 



. ni 




a is the product formed by using a ae a factor m tlmes^ a: a 



n 



is the prpduct formed "by using a ae a faLctor n times. In the product 
1 



a^ • a"^, a is used as a factor m + n times in all. 



k66 



m + n factors 



a" • a'' = (a)(a)(ft),,,(ft)(a)(a)(a),,,(a) = a' 



m+n 



m factors and n factors 



62 
63 

66 
67 
68 

69 
70 
71 
72 

n 
75 

76 
77 
78 

79 



Write simpler names for the following 1 
Exaii^le: (9x^)(3x'*) = 27x^ 



3 11 
mm 



(x3)(x9) = 
(3x)(x) = 



(3x^)(3x)^ = (3x^)(3x)( ) 

= (3)(3)(3)(x2)(x)(x) 

= 3— 'x^-* or X 



(2x)(2x3) a 

(2x)(2V) = sDx J = 
(16*2) (32a®) 
(x )(x ) ^ ^ 



^remember x - x 



or 512alO 



3« = 
23 = 



[Hint- 2a + a ^ 3a] 
[Leave In e^onent term] 
Carefull ^ 



^■3^.5.22.33.52 = (25.22)(32.33)(5.5') = AjEljE 
(3aS3)(32ab2) = (3'3^) (a^'a)(b3.b2) 



3aaaba 



(3xy3)(2x3y'*)(xy) = (3'2)(x.x3.x)t 

= exOyn 

(5c'*d5)(liQ3x%) = 20cDdDxD 



la 



3» 
3x 



3 .Jt 
27X* 

,3a 



3^ . g3 or StS 
a^.35.53 



Ii67 



ERIC 



11^.1 



2 2 

At a glKiee -x «id (-x) look alike mni often cBise difficulty 
xmless ve distinguish earerully 'between thB tvo. 



80 
81 
82 

83 

Bh 
85 
86 
8? 

88 
89 
90 



-X = - (x) ( ) ) also 
(-l)(x)(x) ^ -xD 
-U)M = 

(.xf = ( )( ) 

= (.l)(.l)(x)(x) 



(.2)(x)(x) . ^ 

(-2x)2 « ( )( ) 



r 



(-3a)2 - 



.k 



a3 = 



^^^^ 
^^^^ 




ft-equently we wish to rewrite cartaln ejcpresslons using the distributive 
property J 

2x2(aV + gx) = 2x^(s3x2) + (2x2)(ax) 



= ax 



= l6x - + kxr 



91 

92 
93 

9!^ 



For each of the following write Bnother name which 
does pot contain parentheses, 

y3(y^ + 2) = 

x2(2x3 + x^) = 



ax3(2x^ - kx^) a 



=3a'^(3M - 33a) = 



(a^ + aa3)(a - a^) » a^Ca , + 2a3(a - a^) 



7J 



468 



If ve restrict a to the set of positiyft integere, then a*^ defines 



a. binary operation in this set. Is the operation conmmtative? That ii^ 
[A] yes [B] no 



does equii n^ ? 



■ -■■.;v.-»-.x^:.-:.i:.-^:.:^^ 



A ^tngl^ t^iisple: ..i^wt. -fe^r't^ Is mi Qmm^^:>0^!^'0;§^ 

^3 ^ 8^ "tart 3^ ^ 9* auE) thm Q^riet obolca is tBl, 



^ain referrii^ to the eet of poiltive integers^ does a'^ define an 

n^ ^ (n^) 

associative operation in the senge that (a ) aiid a nme the 

i ame niunbe r 1 

[A] yes [B] no 



the operatioia miS€>0liCfelr9^ and the aowest choice is fB] • ^ ^^1 

migbt like to Mre&i S^etioa:^*^^^^^^ In thoat it^s ;-: 

asked thege s^ia que using diffareat notation* y 



1^-2* Positive Integers as B^onents 



Let us exaiTiine the fraction ^ j where a ^ 0» Can 

' " a 
ve find a sln^^^r naine?^.. 

a^ ^ a«a' a»a»a 

Similaa^ly^ a^ ^ _ _ 



a* a*a*a^a 
a*a«a 



/a»a«aN 
\a*a*a/ 



( . ) 



Hence, 

£ 

»3 



a* 9,4^ a 



/a*.a.*£ S(ft' a) 



r 



5 
6 
7 



Find a mimplmr nmm' for., eaeh of the follovlnti where 
noiia of the v^iablei has the value 0* 

x3 



I 
y 



Remember y ^ y 



In each of the ahove itemi^ the e^^onent In the 
numerator is ■ _^ than the e^qjonent In the 

denondnator, TBSm?;m5J 



m 



y3 



9 ' 
10 



In the exa^le^ = = x^^ the es^onents a^e 2 
and 3, ^ 

^ the exponents are 7j 5 and 



y - ' 



the e^onente are j 1 ajid- 3, 



7^ 5 and g 

1 «a 3 



Dil you observe a -basic pattern which oould be used in ea^h of these 
exait^les without tediously writing each factor? 



12 



13 



Ik 



where x ^ 0, 



y 



m whlre m ^ 0* 



where y ^ 0. 



It aCTears that for any real niamber j different 
from 0^ md for my pDiitive integers m and n 
with m greater than n* 

in 




7d 



Thm proof follows. 



13 



16 



m n n 



n 

/a \ m^n 

a 



(Hint I - a3 * a^"^) 



.1 • a 



If a ^ 0 and m ^ 



m ni 

. , - a & 
then ^- — ' 
n m 
a a 



17 

18 



2 " — 

^ .5 7 

If the variables o^rm all different from 0, 



axe all names for 



In the previous items the es^onent in the numerator was greater than or 
equal to the e^^onent in the denominator* Miat if the e^onent in the denom- 



19 
SO 



21 
22 



3 



b*b» b*b»b 

b'b'l 
b#bibib*b 







x»x*x 

3C*1 

x»x*x 



( )• 

x«x 



where b |^ 0. 



(x - x^) 



where x ^ 0, 



i4-7i s 



25 



26 



m m " 
.13 



17 D-C 



3* 

?• 1 



where c ^ 0. 



When n > m amd a 0 it appesLra ttiat 




a a~ 



1 1 

jn in 



■1 



On a L^^^parate sheet of paper ^ try to prove 



ill =i 
a 1 



whei'Q n iii; a 0* 

Vfiiori yoii finich^ con^are your proof with the following* 



n m n-m 
a a * a" 



a a 



To summarize what we have shovn aoout — 



If a / 0^ if m ajid n are positive Integera^ and If 



(a) m > then 
(b; m - then 
(c) m < then 



m 
a 


m-n 


n 
a 


a 


m 
a 


m 
a 


n 

a 


a 




1 


n 

a 


a 



( Example I ^ ^ &^ ) 
6^ 

[ExBrnplei ^ = 1) 

5 ■ 

(Bcamplef ^ i) 



In mmh of the following wlte a iii^ltr nsm for the 
f4*mctlon« 



(x ^ 0) 
_i (a 0) 

I, (y ?^ 0) 
, (a ^ 0) 



gl6 



1 



1^- 



Sin^llfy eich of th# following^ applying the propertias 
of exponent a which you have learned. Ass\ane that no 
variable has the value 0* ^ 



2x 

23x2 

5b' 



6.2 



2 

» 3' 



3-1 



\ 



.2 2 

5^ 

3„3 " ' n 



(5x)(Sx) 
53x 



5x 



a • 



1 1: 
7* > K 



4 ;4 
3' X 



3b^ 



.* 

Six, I 
px 



1 



k2 



h3 
^5 



Caji the fi^ act Ion ~^{y ^ a) 



Note ^hat ~ rr.eaj-u: 



Ihe powers x ar 



So yoil proba1:l5= u^-e: 



In sliT^llf yin/j 



How 



Simplify each fractic 
the value 0, 



(7)(a)( )x->:, 



1*9 



In the last itom we jnlr 
the greatest comrnor. i'^j^j 
have wi-itto:.: 



ERIC 



14-2 



50 



51 



53 



V^en possiblfe take advantage of greatest common factors 
in inultiplylng the follomng: (assume no variable O) 

36a^^ ^ ( )(9)aV ^ 
3a5l3 (if)(2)A 

ioa X 



16 a- 1) cy'' 



(x'^*)(x^) 



8l 



ax 



,3* 



55 



Decide whether each sentenoe is true or false. Then choose the response 
that lists all the true sentences. 



M. ^ = ^ 

a' 2 



3^ 



0, ^ = (|) 

[A] 0, mid P 

[B] and Q 



3- 



3- 



[C] 0^ and Q 

[D] 0, and Q 



Since M and H are the only tmXm aentenees^ [D] li tea 
oorract eholce* 

If you did not sea why [D] was the correct choice for Item 55^ con^are 
your work with the following i 



- 1 



33 



33,1,3 



2^ g.g.a-a 2222 3 



&3 



We have been very cai'sfiil to say: Assume that no 
variaMe lias the valiie zero* Do yuu ynoy the reason? 
In ij which vaj^lahle cannot be zero? 



b 



Is 0, then f ... 

(is J Is not) 



a niunber. 



is not 



In the rort oT this rhapter we ohall expect you to assujne that no v^lahle 
hac: i}yj value zerOj and chail not continue to say it each tlmeg 



l'i--3« ilon-Pos^tivG Integers as ^^onents 

Co rujr wo havo defined powers of the form a^^ where n is a poeitlye 
intccer. To siii^lify the fraction 

m 

n ^ ' 

a 

wo needed to consider three cases. 



We have seen: 



if m > n. s 



if m n, — - 
^ n 



ii m < n. 



— - a ..::-::::::| 



m 



Carl wo extend the notion of exponents so that the three statements listed 
above can be rGplaced by a single statements 



We know that for every non-^zero a 



7 



7-k 



a 



'a 



It "' 



10 



(a ^ 0) 



in c'arre:^ wii^re i:: not o^'eater than n? 

Ii' = n_, tho:: apply! nr — ^ a"' ^ we have I 



7 



We hnow^ }iovever^ that — ^ 



joo^ It :.ot jce:;. reasonable to 



ilien, :'Qr example^ — ^ a*— ^ ^ , 

Till: is consistent with the la^'t that 
a / 0. ' 



a 



1 if 



0 



4--t 0 

a , a 



Lc^t ui:. adopt the derinitiqni 



ir. a 0; then a* 1. 



11 



12 



Wl.at wg...:.d happen if we used 



a m-n 

— ^ a 
n 

a 



(a / 0) 



when m < n ? 



a 7 = "^ 
We would have J for exajr^le^ ^ = a 



7 



We know^ howevei', that 



7 = 



i+77 



ERIC 



11*- 3 



15 



Ik 



a"^ 1 J -2 

Since T ^ ^=5 is eartalnly trae^ ajid alnce =g s a ^ 

m 

if we uie — ^ 3= ' i again^ does It not seem reason- 
a 

-2 1 
able to define a as — ? 



1 



Let us ad^t the definitions 

If a ^d if n is a positive integer, 

-n 1 



0 -2 

Now the symboli a^ a , a ^ a^e meaningful, Moreovor^ in our 



dxair^las the use of the property 



without the re strict ion "m > n" gives re suit a which are consistent with ©ur 
earlier knowlec^e. 



15 
16 
1? 

18 

19 
SO 




>6 



>5 



.::x::-;;:::i:i:::x:;:;:" 



r 



u . 



21 

22 

23 
2k 




For non^zero ve have defined: 



If n ii a posltlva Integer ^ 



a ^ Ij andj 



1 



Owr daflnltloni wer# suggeited by ow wish to hB^e it true that^ for all 
positive Integers m tod 



m 

— - a where a # 0* 
a ^ 



S6 

a? 

S8 



On 

Based on the definitions for a md a" we now 



prov#* 



if a ^ 0 and if m and n ar , ajiy positive 
integers J then 



Pirst^ iuppose m > n, 

Thmn we have already ehora, in Section l^^-gj that 
m 

a m-n 

n • 

a 

Stcond, suppose m - n. 

liien sinee for any re^ nwnber except 0, 
^ = Ij vm have 

mm 
a a 



-a* * 
a 



n m 
a a 



ait 



a^^"^ ^ aD 



^, from the definition of a , 



m-n . a rn 

1. since —- ^ a 
m 
a 



- 1. 




'Hlm^ ^ if m < we have! 



n n-rn 



__(n-'ni) by our definitior 
^ of negative 

exponents^ gince 
n-m is positive. 



Hence* we have proved i for m < n 



m 

a" " _m-n 
- — ^ a 
n 



positive 



Thus.p we see that the generalisation 



m 

a 

n 



holds if m and n are any positive integers and a ^ 0» As a matter of 
fact^ we shall see shortly that it holds for all integerG, 



32 
33 



rjir;53lify each of the following^ usin^ the property 

m. 

s a » Scpresg the result m terms ol positive 

n - 

a 

e^^onents only* 
-,5" □ 1 



b-3 1 



10 



Wo 

o 

ERIC 



In iiiqpllfylttg^ you often neti to remember that 



m n 
a • a ^ a 



Write each of the followlnf In iln^lest form usir^ 
non- negative es^onents, 

— ^— - — w- o 10 - . 

10 lo" 



^° • ^ 10° 



10^ • 10^ 



5 



3t- 

^- 3 



1 >,2 



You should see that it is easy to go directly to the 
final step. 



pv w 

aUx^y^e 
loxy c 

7^^ ° 



We have £?aidi If !i a pocitlvc integer a^id ii' a / 0^ then 



--n 1 

n 



Yqu might vondei^^ Wiat if n is an integer which is not pocltlvt\^ it it 



still truQ that a'^' ^ i ? Let us cee. 



U7 

U8 



k9 



50 



51 



Since ^0 ^ 0^ then a"^ 



-0 



"0 



^0 1 



OS e n is ^^^-^^^ g * ^'^t us take as an 
n 3- 

If a = is tiiic for ner at ive valuer of n, then 

n " " - - - - 

it mist "be true that a""^"^^ - that is^ ^3 s~ 

a " 

Is it true that a^ ^ - - - 7 Yes* I^t us see why. 



1 ^ 

r3 ^ ± 



a 

iince 



.-3 ^ 1 



% 1 



the reciprocal of the reciprocal of 
X is X where x ^ 0, 

mvl since a"^ ^ a"^"^^ we may write 



this as .a 



a 
(=3) 



^ "which is what we e^^ected. 



X 
I 



. Items .49«51 suggest the generalizations If n is integer and a f 



.-.n 1 



Since a ajid a" ai'^ reclproy^Sj it alsu follows that^ for Biiy integer 

n 1 



, (a ^ 0). 



: 



52 



57 




1 



1^-2) that 1;' - ana n are pQ-itive Inte^Gr:: ( a ^ O) , t}:^:; 



But ::uppo-- 



a * a 



n :;:+n 



In Qthnr woj-ir, i:: the ctatGnient tni^ for ^ intocsr;. 
It truo. Let xxE :ook at . or-^e exa:-pl05i 



53 

59 
60 



61 
6a 



a - • a' 



Aj.co, a' 



i 

7^ 



483 



63 



6h 



n 



-6 .3.6 



a - a 



% now It should ieem likely to you that if m and 
are Integer e, a ■ a > 



--9 



In fact^ we can prove: if a 0 



m n m+n 
a • = a 



a 13 a 



for all integers m and n. 

If you would like to prove this statement cor^lete Item *65i 



*65 



*66 



We already know that if m ^d n are positive 
integers^ then 

m , _n m+n 

a a s a a 

To ehow that the statement holds for all integers m 
and Hi we 'v^uld need to consider several cases: 

One of the numbers m and n positive and the 
other negative. 

Both m and n negative* 

One or both Eero# 

Let* a do the case where m is positive ajid n is 
negative, 

mu m n m * 1 / - % 
Then a • a ^ a • — =^ [»n ib ) 



a 

m 
a 

a 

^ a^~^^^^ (since ^n is positive) 



The other cases are Just as easy. 



One final question you might ask: Is it sdso true that 



m 

a m-n 
1 = a 



for all integers m Mid n ? 1^ now you have had enough e^erienee In* this 
iectlon with this kind of question that you can guess toe answer. T is "yei". 



'1 



'67 



68 



For ejcainple^ v© see that 

^ • Me ailing of division 



— ^ -n 



a 

n 



cec tfiat 



69 



.10 



Were we to Xu^^o tiie time to prove 

~ ^ ^oi' all integerB^ a ^ 0^ 

thic ex^nple woul^ civo us an laea for tlie pi oof* 

In siniplir^^iic expreoeion;: involving axyonento we can use the rolloviii0 



Generaliz^d.ionu for all integ 



ere m and ni If a / 0^ 



m 



. m-n 



n 



Ofte:. you will oee more than one way of proeeedlng, but your result will 
be the om-.m whatever your choice. 



70 
71 



Heoall, too, that (|)(|) , . 



In pai^ticular, i • i 

■ X y 



ac 
5Qr 



In many problems, a4ternate. aCTroaches to slTOllfying e^reGsions are 
poisibla^ sometimes one approach may lead to Itss work than mother, 
lecognizing the alternativas comee with practice md e^erience, so at times ^ 
ve shall try to show more than a iingle ajproach* 



kB3 



73 



75 



76 



11 



Sin^lify and write vlth positive e?^onents, assumir^ 
no v^'lable to have a value of 0. (Note that *nore 
th^i one approach is shown for simplifying each of the 
following three expressions * ) 



2 



□ = 



m 



m 



In the last items you may have seen that it was not 
necesDaiy to write down all the steps shoi«m* In fact, 
we could have written ^ 

3 

a a 

-3 = ^ - — 



a 



-3 ■ 1 

4 



„3 



ar 



80 



-3 



Let UG sin^lify " j^- -^g- (sc / 0 



X y 



A possible wa^ of doing thlG is; 



-2 -3 

K y ' X 



7^ ' 



1 



0.) 



\ 



7 . ■ 



Ik- 



Find the si^lest name for 



10' 



10 



r?" 



lot 



Sin^lify each of the following to a form with only 
positive exponents. If ycu have difficulty vlth any 



of thenij look at the corresponding item among 
Iteme 92 to 99^ where you will find help. 

10 X 10 ^ 



10 



10^ X 10 



10 



.007 X 10 X 10 

l£aH 



" T 2 

3x y 

J 2 2 2 
^ X y 

3 X_ 



2^ X 3 

10^ X 10" X 10 



10- >: 10 ^ 
-2 k 



-2 .1 
2 X y 



lb' 



*1 



10' 



10 



r5 



10 



lOV 
.007 



1^- 



8i 



For"*Ite- 

10 X 10" 



10^ 



10^ 10- 
For Item 85 • 
io3 K 10^ 



10^ 



10 



^ 1 



2 2 
10 • 10^ ^ 



10" 



10^ 



/ 



?8 



99 



For iten; 36, 






o.ooT X 10^ X 10^" ^ o,oot(ioL 


0 


0.0C7{ 10^' 


- o.oOT(i) . 


^ 0.007 

r- 














12 


" 7 ^ ^ "7^:.. ^ 






2xV 1 






,2£2"n22n 

4 X y ^LUv y 3y 




P 2 2 
^ K y y 


For Item 39- 












J ^ ^ 






For- Item 90. 




■ 


^ =U 0 ■ =■ 
10^ ^< 10 X 10 10^ X 10^ K 


10^ loO ^ 




10^ >< 10"^ ^ 10^ X 10^^ 


loD 




For Item 91. 












2 X y 2 - - X- ' 


1 








2 X 
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If 

5 



10 



ii 



12 
13 

Ih 
33 
,l6 



Sirililufl:, 



(ah)' 



(aaa)( } 



(3x)3 



(f)' . ()(;() - 



^0. 



Using the derinition ol" ej^onentc, wo wilei 
(a')'' ^ ( )( )( )( ) 

n 

(aM)^ = (A^}( )( ) 



thin time you chould oecin to net- n general pattern 



(naa)(Ua>) 



D 



(f)(f)(|), 



(a ){a ;(a ; 



W9 



ERIC 



13 



22 



23 



27 



Let uc look at one nore exa^^le. 

as a factor 



In formir^ rr'j use 



In ( 



^^1 



a J ^"^ factor 



tin:#?. 



We ;onclu:lc: In (n:^) ve n:ust lise m ar a factoi^ 
^ X ^ or 12^ tinies* 



-: - 

— 



Hence, (no) . 



— 



.7 



LiKevIje, we jaii jfe;e (y ) 

Oiir exari^^ler :ie::rsnGtrate that, in rcnernl. 



three 



foiir 



^ X 3 



Tl\q proportion e^^:oncn 
items ore 



t. .eve.;}:f 



(if - . (Wo) 



Use these propertieo in the foljovnrU;: items: 
(x^f^ ______ 



2 ^ 



(x / 0) 

^, (y / 0) 



- a 



ab 

6 



y 



or 



ERIC 



0. 



ERIC 



3 12 



■5 q 1^ 



I /W 1% Bp.'J u 

;B] K aiuL T 
[C] all exceDt 



-3"a ^ '(3) a -9a 

9 ^ 9 o " ^ 



So the (mrrect responEg is [B]. 



^91 



Of ^ 



V^ich of the follDwin^ are true if x is any non-zerc real nuin^^er and 
a ic wiy integer? 



2 a a 
^* X * X 



[A] P and Q 

[B] P ml H 

[C] all tliree are tin.it 



£m3 



■ X 



iH H 2a^^a 



2a 6a 
X - X or 



Ulnc* >r ^ / K^'"^^ ih^ cQVToct choice l^. [A\^ 



36 

n 

38 
39 
kO 
hi 



Eirr^^lii'y th^v followiiig. Your respon^jes GhoulU contain 
pOiiltivo G:cponentc M^ly, If you have diiXieulty witii 
aiiy it em J or If you [-et an incoiTect ariswer^ look at 
the corre5por:dln£; item anioiT£ Item& kQ to 59; vhei'e you 
will find hintCp (Assume that no variable has the 
value 0* ) 



15 xy- 



l5(xy)' 



(2y:)' 



2y5 



30 



X 

1 



, or 
1 

75 



16 



55 
56 



5( 



58 



For it em ^1, 

-T^ .(r 



„2 ^0 



,30-15 



For I^^em -i^c 



^2 1- 



10 



For Iteni 



^^^^ 
, ... 1^) 



ror I ten k'^n 



Foi^ Item IfJ* 



For Item 

( 63cd\ /loxd^\ 



9 *7«gQ*gcdr^x 

- - - 1 2 
7*20c^d"x 



102 



I 



1 

.15 
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(^l)(^l)(0(3)(5)(r)acV 
(i.)(5)(a)(t^)(x^) 



In the last chapter we applied our knowledge about factor Ina Integerc to 
\r a:;:^ subtracting fractions. We can use the ideas developed there in 
inr with fractions in which exponents appear. 



Let us see how we caji write 

kx 3?^ t)x 






ac a single fraction. 






-^r ^ zat ^ onr of the lenonJ.n^torr are^ 
















3»£*x*x*x"X 


2 aT^"DesrG as a factor no more than 


time(s) 


two 


Xhow mi 

in an;/ denominator. 






appears as a factor no more theui once in 


any 




denoniinator* 






however^ appears as a factor three times in kx- ^ 
two times in 3x and times m 6x . 

Hence J the least comon denom^tnator is 3 * 2^x^ , 


fom- 

2 k 


5 2,1 5*3x £ • Ux^ , 


1-2 




kx^ 3x^ 6x^ Ux^ * 3^^ 3x * 


6x^ • 2 




15X ^8x^+2 

12x- 

, ^ — ■ — 







SiiT^llfy + - . Wtite your work neatly and 

3x 9y 
carefully on your own paper. You should obtain as a 
result: 

_5. ^ Jl . ^ . , X ^ 0, y ^ 0. 

3x" 6xy 9y" — ^ - 

If you were not - correct, eon^lete Itetna 65 to 71. 
Otherwise J oolt the bo Itemi, and go on to Item 72. 



as" 

oppoi'tiLJiity to rr^u'tije with e:qjono: , 



.01:, or 
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Write an inii^atea 



^■irite each of tl;g follovi-/^ af lnli-:ax&d z^^^x 








































" ■ ^ ^ ^ ^ 












a^ , JH^ 

2 ^ 



If a is 2^ b :s 


e is d is -j, determine the value of 


each of the following 


, You will find it eaEier if you qUbt^tb fractlonp 


to lowcct tt:'Tns when. 


poscihle before lub^titutinr nuTnorical values* 


[A] -ia"l>c" 






(a b c}^ 






Of the values for [A] 


^ [B]^ [C]^ [D]^ a::d "e; vhich value ic not a nenber 


of the set [-238^ 1, 


0. 5761 ? 





•^nc 'orrejt sj;|ver is ii;;* Ybur work T^^lit Icck jc-etniii^ lik^ thlsi 

























u ) - 


mil 

a 



- , (Wo) 
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" , Write the Indicated products as Indicated rams* 

(a) a^Ca + l) (e) (a^ + + b) 

(c) (2x + :)3x" (s) (a - b)(a"^ =^ t"^) 

(d) (-mn) (m - n) 

8* If n is a positive integer^ vhich of the follovini axe even niim'bers^ 

vhijh are odd^ ajid w}ii:2h may ^be either? 



(a) 


n 


(f) 


(2n + if- 


(d) 




(s) 




(c) 


2ri 


(h) 


En - 1 


(d) 


2n + 1 


(1) 






(2n)2 


(J) 


2-° + 6^° 



9. Which of +hc following are non- negative for any real nuinber n ? 



(a) 




(s) 




(b) 




(h) 




(c) 


(-n)(=n) 


(i) 


k 


(d) 




(j^ 


- 1 n " 


(9) 




(k) 




(f) 


inning 







10* ^«fO squares differ in axea by 2? squ^e unitB, A side of the larger 
is one imit longer thaji a side of the emaU^er. ' Ifrite aiid solve an 
equation to find the leigth of the &lde of the smaller square* 

11* For 27 d^rs Bill has been saving nickels wid dimes for mxim^T camp 
expenses* He finds he has hi coins, the value of which Is ^3*S* 
If he has more dimec than nickels^ hov inany nickels djoes he have? 

12* A 100 gallon container is tested ^d found to contidn 1^% salt. Mow 
tmich of the 100 gallons shbtild he withdraTO and replaced(Jby jwre water 
to make a lOJl solution? 



500 

108. 



13, A jet traveli 10 tiMi as fait as a passenger train* In one hour the 
Jet wi.= i travel 120 mles farther than the passenger tr^n vill go In 
;.tr.^^.ii* Wis^t is the rate of the Jet? the train? 

^ TvQ trainr 320 miles apart travel towiurds each other, toe is traveling 
- ay fast as the other, \^at is the rate of each If they meet in 3 

':.^\:y: ^nd 12 minutes? 

* M-jT:e*L^ canciy 53tore made a ko lb. mixture of creams selling at $1*00 per 
icu:..: ai;d nut centers selling at $1*^0 per pound. If the mixture li to 
o:: at $1,1C per pound^ how many pounds of each kind of candy should 
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Chapter 15 



Ig^l , Roots 

Let us consider the truth set of ^ ^9* We recognize that T" ^ ^9. 

Since it is also true that (^T)^ - ^9, we see that . is also m element 

2 

of the truth set of x ^ h9» 



2 

3 
k 
5^ 



^e truth set of x = 8l is 
2 

If X ^ 11, than K ^ ^ 

whose square is 121 is 



A different number 



(-15)" - 

■2^. The truth set of x' 



Q -15 is a number whose square ii 
2 



2^ is 



It is true that if a is any real number, then 

= ( = a)^. Kius, if h is the square of some number 



then h is also the 



of -a. 



m 



square 



If b is a non- negative niimbef , then we shall, denote by i/% the non-. 
negative munber whose square is b. aus^ i/Bl ^ 9, The symbol is 
called tht radio al sign. Note that -9 = ^i/Sl, For any non-negative real 
number the symbol thus names exactly one real number, the non- negative 

ntamber whose square is b. 



T 
8 

9 

10 
11 

12 

13 

Ik 



r — 



r 



^ 10 
^ -12 



If m > 0, is a 



number « 



The truth set of x" - -^4^ is 



since there 



a real number whose square is ^k. 



(is^is not; 

We concludes ^ has meanir^ for us only if b_j 



:8 

Ipssltlye 

iB not 
t > 0 



We can suimn^lze: If b is a positive real number, the positive number 
whoie square is b is denoted by ■ V^. The negative number whose square is b 
is -Vl, We define' = 0, 



We often say^ *'The squaa'e rootc of 8l are 9 and *9"^ meaning that 
the truth set of x ^ 81 is {9s^9]* When we read =/Sl aloud we 
"trio square root of 81''^ meaning^ of course^ only tlje nujiiber 9. When we 
use the words^ "square root of 8I", the context helps Indicate whether you 
a?'^ rT'€--akln:j QVoiit the rin{^] g pofritive nvunber or the two nvunherrj 9 

ai.d -9^ which hrve 8I as their square. However^ the syrnbol /5l refers 
only to tlw po:;ltive number 9. 



15 



Classify each as true or faliie: 

(v^)(/o)- 0 



(tinie alse J 



73 



r.j not najr.e a number 



vx" IS neve I"' a 



number , 



)pojt^ we try some numbers for x and see what 
7 



J wo (^et for 







is true 


when 


X 


- 3, 










when X 








tame 


T-' 


0, ^ ■ 


^ - 0 - . 


0, 














J?. 




is 


true^ 






and a. 


.so 






is 


true. 






Wo rnu: 


' t^sneralise 1 


ic follows I 













true 

"trua 
false 
false 
true 
false 

aegative 



3 



Tot any real numbej' 

/x = if X > 0 
/k - -X, if X < 0, 



111. 



15-1 



In Qispter 6 to made a simllgr pid.r of itatements about 



ThuB, can state i 



|x| = if X > 0 

|xj - -x^ if X < 0. 

If X is any real n-umber^ 
J? - Ixl 



V - |x| ii true if x is since 
/(-3)^ - 3 and |.3| - ■ 

- \k\ is true If x is 3^ iinee 
M i and |3| ^ , 



We nnist be iure to recall that /5 mrtes sense only 
if b 0, 

If b is nagatlve^ we can find number(s) 

a iucli that (a)(a) ^ h, 

2 

Remember, for all real values of x ve have x > 



Hence, the symbol yx stands for a reaa n™ber for 
^1 real values of x. 

If a < 3^ then a - 3 is 



(positive, negative J 
The e^bol /a - 3 is the name of a re^ number only 
if a > * 

The symbol /x^ is the name of a real n\imber only if 
X 0, 

Remember: If x and y are real n\anbers and Vx ^ y 
then it rajist be tmie that x > and also that 

y 0* 



For each symbol that names a re^ nwnber, state a 
iiiT^ler name for that number. 



> 

no 



0 



m% a, real 
' ftUJEber 
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hi 

hk 



./fS s 

/Uof = 

Si? s vW . _ 

If n > 0, i/n 



If n < 0. /n' 



If n Ic any real' number, /n 



U9 


If 


n > 0, 


/n3 


a real number. 










( 1 r ^ i E not ) 


50 


If 


n < 0, 




a real number. 










Xis^is not) 



-9 



Al 



o, /up - /(-13)^ 




a 

3 

!l3|, 13 
1-131, 13 

11 

5 



Wiat you learned in a previous chapter about factoring may be put to use 
here in finding the pquai^e root of a given number. 



1+41 s 9( ) [Note that kkl is divisible by 9, 
since 4 + ^1 + 1 ^ 9» ] 

= (3)(3)(7)(7) 

((3)(7)) ({ )( )) = ((3)(7)) ^ 

Hence, VTOT = (3) (7) = , 



1936 - k{ 



_2 [Note that k divides 1936^ since 
k , divides 36t ] 



- (l+)(!+)(l2l) - {k)(k) ( )( ) 

Hence, - - 



1/0*0256 



HkBk) 
(nXii) 

-35 
0.16 



. If Items 63.67 gave you trouble, do Items 68-85 | otherwiso, skip to 
Item 86, 



2301+ = U(576) « (U)(9)( 



) 



= (S)(2)(3)(3)(8)(8) 
■ )( )( )f 
HenoBj i/SS^ = (2)(3)(8) 



676 =. 



) 



(S)(g)(l3)( ) 
( )g 
76 (g)( ) = 26 

1885 - 5(2^5) = (5)( )( ) 

" (3)(3) ( )( ■) 

)2 „ 



( 



11. 5£ . (1156) (0.01) - ki_ 



)(O.l)(0.l) 



= (a)(g) (i7)( ) (6.i)(o.i) 

= ( E 



mm = (3i+)(o.i> 



0.0236 = (256)(0.000l) » hi )(0.01)( " ) 



. = (2)(2)(8)(8)(0,01)(0.01> 

yo.o2yB = ( )(o.oi) * 0.16 



us 

M169) 

^2)Ca)(l3)(l3) :-1 
(2)(13) 

(7)(7) 
((5)(7)y 

(289) 
(17) (1?) 
f2){l7)(0.lf - 

It (6t>< 0,01) (0.01) 
((2)(8)<0.0i))^, ■ 
(16){0»01) 
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Is vx +2 =1 tru© for iome value of x? 

[A] yesy if x ie -1. 

[B] no 



Bemfifflb©r that * [kJ tot ^ r^al m:^trii;;^|j||s 



WW 



le always rasii-nagttti^e* tey n^n-n^^ive mjusbir ^iMkk ^'^''^^^^^^ 
greater thm 1» [B] ia eorreet* . '-M^WWM 



So twLT j we have been talking about squares and square roots. Now l^t us 
look at some cubes of numbers. 



87 


If 


X 


. 2, t 


88 


If 


X 




89 


If 


X 


^ -0,3, 




' If 




1 


90 


X 




91 


If 


X 





then x"' 



then X m 



a 



Itow we' examine some ei^uatloni about x"", 



92 
93 
9k 

93 
q6 



Tlie trutlt' set of y,-' 
The truth set of x^ 



Tlie truth .set oi' x-' = -0,027 Is 



The truth oct of x- = Is 



ThQ truth sot of x"* i -125 Is 



12) 

'!>■ 

(-5) 



V/hon wo flnfl the truth set of x^ ^ 8^ we are finding a number whose 
cigbg IS 8, There it only one such real number ^ 2^ and we say that 2 is 
t ho rube root of 3* " 

3 

In ceneralj if a and b are I'eal niimters such that a = b^ then a 
ic the cube root of b« '' . * 



97 
98 
99 



Thun^ 3 is the cube root of 27 because 3 ^ 
^5 is the cube root of ^^^^^ because ('=5)^ =, -i^* 
is the cube root of. 6h becauae U^^^.filf, 



27/ : 

■fc 



115 5^ 



\ 
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If a ^ "b^ we write a = 4S and read it "a Is the cube root of "b-'. 



100 

101 
102 
103 
104 

m 

106 
107 

108 



^^13)3 . 



^ . 3/T3 
oooo " Aio^ 



109 

110 
111 

112 



The squaxe of any npn^zero number is 



(positive ^ negatlye ) 
regardless of whether the niimber is positive or negative* 

Therefore^ it is not possi'ble to find the square root 
^ numbei"* 

However^ while the cube of a positive number is 
positive^ the cube of a negative number Is " , 



Therefore^ it is possible to teUce the cube 
of a negative number. 

The cube root of a negative nianber Is 



(positive ^negati^^ 



-13 

10 

poiitim 



10 



root 



^le preciedir^ observations are certaln=ly correct within the fraMwork of 
the real numbers, , Sometime in ^ur study of mathematics you 'vd.ll find that if 
we extend still further the kinds of nmbers we use^ we can Insure that nega- 
ttve nmnbers will have square roots' top^ and that every non-zero nmnber will 
have three cube roots. 



509 



lie 



l5-2# Irration^ Numbers 

Thus far you have found slimier names for aqiiarq^ooti of rational, nimberi 
for which either the square root is obvious or for which the square root 
may be found by using prime f^torlijation. Wot edl numberi have this propertyt . 
for example^ certainly has no obvious sirapler namie. 



Following are some exaiiiples of the types of square 
roots we have found. 



f 



2 
3 



... 



If we were given an escpression such as +1^ we usually would nat 

leave it in this form, since we can write a sin^ler name for it. 



5 
6 
7 
8 
9 



is the rational number 



nius, + 1 = I + 1 

a, 

3 • 



, V'OTsS, i/gS art all 



number! 



+ + 1 



:e - /IT 



+ +1 




Our entire di sou salon thus far Ifas been based on an underlying fi^siuaption: 
For any non- negative ^eal nwnber a there is exactly one non-negative number 
whose squ^e is a* In other words , If a > 0^ then -/i is a wiique real 
nmber, - _ ' 

This aisu^tion caMot be proved on the basis of the properties of the 
real numbers listed in Chapter 10. It is a Gonsequence of the further prpperby 
noted there but not discussed. 

Let us junsider the square root of the number 2, We showad earlier hov 
can be located on the number line. In order to discuss more precliely 
where it is located^ we need to show first that if a and b are non-n#ga,tlvs 
numbers such that a < b, then -/a < 
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10 

11 

12 
13 

Ik 



We have proved that if Sj bj Cj and d are positive 
nmber i If a < t and c < then ac < 

ThUB^ if Va < 

then -/a « Va < Vh • 
or a * 

Alao^ if > 
than a • 



i^QDi the 



property of -equBlityj 



If /a - 1^ 
then a 



< M 

m '< to 
a > b 

multipliairfclon 
a « "b 



15 
16 

1? 

18 



On the basis of all of thiSj it la easy to show hy an Indirect proof thati 

If a and b are non=negative real numbers such that a < bj 
then t/1 < i/b. 



Proof* 

Tfom the^aomparison property It imist be true that 
either /a < i/hj -/a - V^j or _^ ^ 

Suppoee 1^ m i/b^ then a = b. Ihle contradicts the 
asiUB^tion that a < b^ so it catfinot be true that 

Suppoie > ^* Ihen a > b* This contradicts the 
asiun5>tion that a < bj so it cannot be true that 

a 

We conclude t If a and b are non^negative real 
niambers such that a < bj then , 



W# can use thie arguraint to help locate on. ^Uie n\;^er line. We can 

reaion aa follows i 



19 

io 
ii 



1^ < 2 < 2", hence 1 < vl < * 

(1,4)^ < 2 < (1*5 )^ J hence, < yl < 
(l.ltl)^ < 2 < (1,1^2)-, hence, , 



l.lfl ill 



Since 1.1*1 < ^ and Vl < 1,U2, we see that i/S lies between the 
ratisnta inmberi 1.^1 md, itkZ on tte nuntoer line. 
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26 
27 



Every point on the niiinber line correDpondo to a 

number, 

A rational number ic a real nuriiber vhieh caji be named 

by a fraction in which the numei^ator is a 

number and the denominator a whole number dlfTerent 



k is also a rational number^ since k 



I.U2 is a rational number since l.^g = 



□ 

100 



A real number which is not a rational number Is 
called an number. 



real 



rational 



J, or "g^ etc;-" 



Iks 



trration^ 



We have seen how to locate /5 approximately on the number line. We 
have assumed, that -/£ is not a rational number^ and now we shall proceed 
to prove that /I is irrational, ^is we shall state as: 

Hieorem 15»S, /5 is irrational. 



Before we begin the actual proof , let us review some Ideas which are 
u.coful in this proof. 



29 

30 
31 

32 

33 

3^ 
35 



If an integer p is even, we can find an Integer n 
such that £^ = , 

S 

For any integer a^ if a is even^ then a 
is . 

g 

[Hius, if a = Sn^ where n is a positive integer, 
then a is , 



That is^ there is an 



q such that as gq^ 



To ehbw tnat v'S rationalj .we shall assume 

^i^ls not) 

that the reverse is true; that is, /l is ^ , 

We shall then show that this assun^tlon leads to a 

^^^^^^^^^ conclusion, 
(true, false) 

An assumption which leads to a false conclusion must 
itself be * 



p ^ 2n 

even 
integer 

is not 
rational 

falst ■ 



^ 119 



512 



36 
37 



If the aasusfrtlon that ^ is rational leads to a 
falie conelusl^n^then it is false that Vf is 



If it ii faQse Umt is rational, then 42 irrust 

he 



irrational 



Now we prove 

Theorem 15^3 . ^ is irrational 
ag follows: 



We use the indirect method of proof ^ assumino that iZ 
ii a, " numher. 



Ihen there are positive integers a' m\. 
b 1^ 0, such that 



with 



1= 

and such that a and b have no factor in c?ommon, 
(if tl^ere had "been a conmon ^ we could, have 

removed it,) In parti jular, a and b are not toth 
even * 



a^ - 2b^^ by the 



property 



of equality, 
^ a ic '^1; 

Since a is even^ there is an' integer c suclr that 



Thu#^ is even. Consequently^ a irr^'alco even* 



bince 
then 



rational 



factor 



milt ipl i e at Ion 



Since 2c b % b In even. 
Consequently^ b io ai.co 



£b" 



even 



• 1^0. ■ 
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he 



hi 



1+3 



h9 
50 



In Items k2 ajid we have aiiowi that tlie a.:jGimiijtion 
that ^ Is rational leads to the conclusion that a 
and b are both even* ^^^^^^^'^-^s^ 
We acserted eai^lier that a' and b are not both ^ 



Hence ^ the conclusion that a and b are both even 



( true^f al seT 
Thus^ the asEUrr^jtion that (^) 



for some Integers 



a aiid b 
conclusion 



iG because it leads to a false 

(true J raise} 



We have showrn t/S e^not be ej^ressed as m indicated 

of two integers. 
Therefore^ is « 



wen 



falsi 



irrational 



Notiae an Interesting difference between a proof by contradiction^ such 
as we have Just done^ and other types of proof which you have p^Sn during 
this courre. In the direct proof ., there is a specific fact which you are 
trying: to establish^ and you proceed to work with whatever facts you 
given and with the properties of the real niunbers until the fact you are 
seeking is before you. You concentrate on creating the Btatement you desire 
fi^om statements which you have assumed to be true* 

In a proof by contradiction (indirect proof) ^ on the other hand^ you add 
to tne lint of things with which you work the d^ial of what you want to- 
prove, and thin keep deriving results until a contradiction appears. This 
contradiction proves that you made a mistake In denying what you wanted to 
show^ and thus that what you wanted to show imist have been true all along, ^ 



53 



Let us prove that /5 + 3 is IrrationsLl* 



nuinber. 



Ilien /S + (3 - )| or is rational^ since the 

set of rational numbers is closed undei^ the operation 
of , 

f and 



But is not rational, Thuo, we have 

our assuirgption that /I + 3 is rational is 

Hence, /f + 3 is irrational. 



(true^falsej 



ratlonSLl 

{3 ^ 3) 

falsa 



15^ 



We ha^re proved that the real lumberG and + 3 are not rational 

^ mii:a;erj. Tiiij jhuw^ thui hut ev^ry r^ul mmuer -is a rational number, Ao a 
matter of fact, tlier^ are many nuiiibere vhich ami V'e proved to be irrational 
' by proofs oimilai^ to tlioe© whicli we have shovn. 



'31 



Txy to provQ for yourr:elf tlmt ii/g , 1 , is irratlocial* 
An thv. fir^t -top Of' tic prooi'^ we ar:u-:- that iv^ ^ 1 



Tiic -'o:::i',lx^to jid'oor Jr D!i pn/.o ''hivw to t}i 

price only arL€?r yau huve va^itten your o\n\ pi-oof 



Try to*prove for yourself tiat is irrational, 

a first atep we assume that there are two Intege^E 

i and that a and b 



a, b such' that ^ ^ 
have; no factor in common , 



The Gon^lete proof iz on page x. Turn to this 
ps^Cfal^ter you have ^ntten your own proof* 



W-3. 



Slmnlif 1 Q at ion 01' Had i c al c 



.^Rie fact thaj a poGitive number n han exactly one positive squ^ara root 
mist be kept^ in mind now, as we Investigate some techniques which help u:3 to 
ili^llfy e}epressions involvinfj radiealy. 



Suppose that wc-fonslder the produet of two sqiiBri 
roots, say /If and vC, 



25 



1 and 



On the dtlier hand, 1/23 _ • k ^. vTTO ^' 



This enables us to see that * /5 ^ * k 



5 

10 
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mv, let us turn to the product of ^2 and and see 

If we Qm wlte this as a sin^ler expression* 

We suspect that * ^ * 3 ^ 

To verify that • - is true, notice that 

iB a positive number whose squaj'e ic » ^^t in. 

But • /if - C^)^ - ( f 



7 
8 



10 
11 



/3 



So and -M • •/% are both poBltlve numberi whoee 

s,|uai'C ic- 

We know, however, that there io only one positive number 



whoae r-quai'e lo 



6 



Tlieoe examples suEcest that we can, prove: 

llieorem Vj^ , For any positive munberi; a and b, 

/a. • = i/5b. 



13 
Ik 

15 

16 
17 



Proof: (/i • » • j 



Hence, • Vb Ig a number whose is ab* 

* S is a positive number, since both 
are - 

^ definition, is also a pooitive numoer ^ose 

squfljre is * 

But the poeitive number ab has only positive 
square root. 

Hence J /a • ^ _ 



ab 

square 
positive 

on© 



• 123 



18 



Wd rYi oV 


tfie followinc £ 












y .i • 






















0. 






0 






P, 


y'TT • 










. 


-/r 






[A) a!l 












[B] all 


ex. 'Cut M 




r: 







Took at. w^i 



Hefu!^, Q In not a tinit? j=ont'?nije. 'llie rmn© nort of rcfironina 
v^lll ahow fchn-t. €af'h ot i.he other tie:itencer ii> tine, Henoe^ [ C] 
Is the correot choice. 



19 



2h 



Wrlto each InJi ^ated prodi^^t ai^ a rutLOrial niijii^-^cr 1 r 
po^'^-ibje* Otn'.'i%fl;:e vi-ltc; It ar a ninrle radieal. 



V ( 



h 



We Imvo reen that I'or al * non-nfv^ative mm;! err a aiv.l V'^ 

We ean o:'ten uce thl.- i'aet to cepaj^ate a aiii^rle cquare root into the proiu/t 
of two c ^ ;ar'e rootn. 



26 
28 



We oouJd also write /IS 



However^ >^ * /J hau the advaiit^e thRt is a. 

nuniber. We will often find gi^ s inkier to 

UG€ than /l2m 



rattonal 



2 

^0 



2S • 3^ . (2/2 • ^^) (3v^ ■ /~) 



/9/3 

3^ ' 
5-1/9 • 



33 



Write each of the following In simpler tmm, if possible, 
making' the nuniber under the raalcal sigsi the i;malleot 
whole nunher posil'ble; 



m. r- ___ 

/V2 , 

T^lS - 

J, i" . 



5vlO 
if 

10 



■'.7 



l-J voi; were ar.ked to find the L^impleDt fort- Oi' 
you nii.'T'irt notice thiat 

. 6/1. 

1-x you iiad not noticed this, you might have seen that 



6^ 



125 ^' 



15' 3 



^9 



^^ain, you mi£ht have iictd the prime f actorizat 1 or. o: 
108 to write 



Noti;;e that in the last methoJ we ^roup the highest 
even powers ot ^ h€ i'a^^tQrSi 



3^ 



SirT^lify* Answers are pn page xi ^ 

57. + /Id 



51, /W • >^ ^ 
53^ (V7)(2/n) 



53. Vf^^ - 



61 






62 
63 






6lt 

65 


/3(^ + 


m « 


66 
67 


2^"(/2 + 

3/7 (/IT 


* 1) 


68 


5/I(v'B - 




'i69 


mm - 





70 
71 

72 

73 
Ih 

75 
76 



(v^ - ✓3) 



f5l9 



12G 
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*77 

0 J. 

3U 



3^ 



33 
3; 



;'5 

96 



= /i(/2 + v1) + ^( ) 



2 + 



2v^ 



J?- 

-J? 

In each oi^ the alcove items, recall thrt sine© 
liOri- roi' all valueo of -X, tien 



i-r , on the otner haiiUj ic ne|;ative if x is 

Htr.ce^ the do:i:&in of the vai'iable in the eet 



T:J:/^ for ^r/^iir;}er In the domain of A^, we o©e 
xhat * ■- , [ Note that sine© x 

is non-nef^atlve we ao not need to wite |x|i/x,] 



, whei'e X i^: any I'eal nunbeiN 



J where x ic non- negative. 



^ whei-e x is any real number, 
f^rtn^e x^ le non-nerative] 



^ whore X iG non-negative * 



2 + 1^ + + 3 

8 + zJW 
7 > EVTo 

Ml 



non- negative 



12? 
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in the precedl^ exsuirples we have teen cai'eful to S"ate the set of values 
of the variable for which the radl^^al has in#ar.ing, ¥nere i-ne domain is the sat 
of all real numbevs, * which is alwa;.'G noM-nerative , is |x]. If the 

doniain is the set ox" non- negative real nuirberc , ^n^in x is non-neos^^i^s 

- - - ' + 

we can write vk as x* 



97 

98 

99 

100 

101 
102 

103 
lOU 



When we write /a we Know that tr-: .;0::.uin v 
be restricted to non-nerat L real niu:;i ei^j. 
Consider /3k'- "1* 



1 5 0 in the domain of k ? 

VLuLue of jx ^ ^ ^'hei; 

Is i in the domain of x ? 

Is- i in the domain of x ? 

Is =1 in the domsdn of x 1 



(Hint: 



^d the 



The 



of X is the set of real nuniberg which 



aj'a greater than or equal to 



10^ 



106 



107 



108 



10? 



Since x + ^ x"^ ( , ), we see readily that 



vx + X ^ / vx + 1 



In ^x + X J the djomain of x is the set of all 

2 h 

niimberSj since x x are always 



non- negative , 



In /y * Vy^j the domain is the set of 
I'e al nwnbe 1 ■ s « 

Hence, /y • Vy^ = = _ 
non- negative , 



, where y is 



In ,/r2(x - l)^^ the domain iii the set of 
^ real niunbers, 

Hence^ v4i(> - l)^ - /36{x - a)" • ^ 



no 

yes 
yes 
no 

domain 
1 

3 

^[^ + 1) 
J? 



real 



non-n»gative 



oil 



6|3t - llll^ 



5S 



' 128 
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Sln^llfy, indicating the domain of the vai^ialDle in each problem in which 
It is not the set of all real numters. Answers on page xl. ' 

110. yf • ^ 



111, * 

lis 



113. (2V35)(5i/5x) 



115. 
116, 
117. 
118, 



32a 



/(x3)(x) 



119* vfTOx ' V^OOO 



I 

* We have stated that any positive real nmriber has exactly one positive 
square root* It can^be shown tha'b^-iiaiiy real numher has exactly one real cuhe 
root. 

Using this fact^ we can also prove: ^B.^b = 4^ for all real numhere 
a ^d h. 0?ry to con^lete the proof for yourself. I^en use Items 120 to 12i^ 
as a help or as a check. 



*120 
•121 

*123 



n rb)^ ^ (fa H^h)Cfa fb)Cf a fb 
^ ab 

Hence J 4^ i/h is a number whose cube is ^ 
1^ is albL*, by definition^ a number whose cube is 



But the real niimber ah has only 



cube root* 



Hence , 



(how mmiy) 



ab 
onm 



Since for any real number 



then: 







*126 


%1+x^ ^ ^ 


*12T 




#128 




*129 




*130 





129 
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15-^. gin^liflcat Ion of Radical a Involving fVo.ctionB 

We have :-ir.pllfied certain radicals which contained integers and powiers 
of Variables under the rndical sign* Kov we shall looH at radical expressions 
involving f raot ions * 



l^:r«jnine 



^3) 



On the other hand. 



'^o that 



1, M 



7 
5 



7 



This example suggests a generalization^ which ve state as a theorem, 
i'heorern 15-^, If a > 0 and t > 0^ then = 







/a /a 




1* 


Proof. 














5 








6 


Thus^ -y^^ is 


a number^ whose sqi. 


lai'e is 




^ definition 


J y ^ is also a positive 


number whose 


7 


square is 






8 


But the positive nwnber ^ has only 


_ _ positive 




square root* 








Hence, /| ^ 







a 

pogltlve 



a 

ona 




25 5 



523 



15-1* 



We ca n jLia e I^ieorem 1^-^ to slB^lify an expression suah 
as /^U4 0). 

5x y_ _x , 



J by Theorem 1*3 



simplify: 



ft 



' I ^ , or 
171 



Which of the followihg statements are true for all allowable values of 
the variahle? 



75 



75 



X 

5 



/9 b: 



5 



9a^ 



[A] all ^e true 

[B] all but P are true 

[C] Q and S are truej but P and H are false 



1:4 1p *.-orr^-i<'.'t * if you %mTf$ not aurf^ QT if you mu.±^ the wrong 



If X is any real number, x is non- negative. 



in / , the domain o'f x is the set of all 



numbers. 



Hence J 



In s ^he domain of a is the set of 

all numbers. 



131 



If a is any positive nimber, then /a = a is a true 
stateinent. 



Henee^ we ma^' \^ite^ 



/5 

3 



21 However, if a Is posltlvo, |a| 
also eorreot to Bay, _ 



3 and it is 



The absolute value Bymbol is not incorrect here^ but 
it is not necessar^s 



Siit^lifyi indicating the domain of the variable when it is reetrieted. 
Check yoiu? answers with those on p^e xi* 



S2* 
23 • 

25- 



9y" 



26, 



via 



/ 



35 ,"7 



Perform the indicated niultiplicationa and sirnplify; 



29 
30 

31 
32 



m , /3m 



In the last sentence, the domain of m was the set of 
all nujn'beT'F. 



> 0. 



1 

a 



si 32 



\ 



ii M indicated 



integers. 



of "tvQ squ^e roots of 



To find a fraction equivalent to ^ ^ but with 
radical in the nOTerator^ we c^ the 
property of 1 to witei 

v5 v/f.yf. 



no 



□ 



On t^ otlitr h^d^ to obtain a fraction equivalent 
to ^ , but with no radicai in the denominator, 
we write: 

^ = ^ ^TJ multiplication prc^erty of 



13 



Ch^iging ^ into is called rationalising the 



numerator * 



We 



the numerator when we obtained the 



fraction -™ . in which the numerator ±b rational, 
as Mi equivalent fraction for ^ - 



Likewise, ch^iging 
the denominators 



^ 4 -+ ^ ■ 
ing -ji Into — i& 



called 



To rationalize the numerator of , -we ■write: 



7f "7f 



5 



To rationalize the denominator we proceed as followi: 

7? ;^ IT 



7 




We now have two ways to sln^llfy a fraction such as ^ . We may rationalize 
the nmierator, yielding , We may rationalize the denominator, yielding 

. Wilch of the slnsllf ications do we prefarl Actually^ the answer to 
this question is dependent on the use we are to make of the sl.i^lified form. 



Suppoie that we wish to find a decimal approximation 
Qf /I and that we know that VlJ is 



approximately 3 * 873 • 



5 5_ 



Of the two inclcated quotienti, 
the easier to confute Is 



5 



and 



3,^ 
3373 



For this reason, we often prefBr to ratlonalizfc 
the • 



Rationalize the denominator in each of the following: 

T ^ 



12 



vll 



(x 4 0) 



3>873 
5 



Rationalize the denominators of each of the following^ 
assuinlng all v^iahles to he poiitlve. 



5o 



•50 



60 



Perrorm trie ind,l--ated op^i'&t'ons anJ rationalize th^ 



15 



6h 

65 
66 



mtionallze the niunerdtors of the following 
If X > 0, 



Xt/x_ 



If b > 0, 



3V7 



1 + 



5vg = 

SI 

5 

W 



5 



3^ 



X ' 1 

7; 



1 



We can often apply the cilatributl%'e property In ■simplifying phraie; 
Involving radicals. 



67 
68 

69 



70 



Kius, the single form of k-/% + 3i/l£ is , 
sinca there is no further indicated operation which 
can he performed. 

1^ + lE^ alre^y in slngplest ^ 

1^5 528 " 



+ 6vS 

form 



71 

72 

7?. 

76 

YB 
79 



^ --^^ 1: 



Thiz caiinQt be further 



19^ 



Lmjilli'y, i'' po;'aibli;. rlQ^\^ are on page xii. 

' 83. 4^ ^ 3^ 



80. /]?> ' 

81. '"^ 



To aiminarlze. If we have a sum of dlfforent oquarc rooto no one of which 
coiituiric a perfeft oquai-e factor, then the sum is In Lilmpleot form. 



85 
87 



Oinipllfyj assuming a and b are positive numherB. 
i/9a + i/^a ^ 



3a f 2Va^ 



\ ^ ■ 13G 

o 
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88 

89 
90 

91 
92 
93 

95, 
96 

97 
98 



In order to find the truth set of 

- ax- s 32 . 

we can fort a chain of equivalent equatiDns: 

2x^ - 32 ' 



X - 



16 

^+ or X s 



[Die tmth set le 



1 2 



The truth eat of ^ 16 is " , 

The equation (n - l)^ ^ 9 Is equivalent to 
n - 1 ^ 3 or n_^ 1 ^ 

Hence,*' the truth set of "(n - l)^ = 9" is 
3^-9 and (-3)^ ^ . 



Kie truth set of 



set of 


2 

X ^ 




! is' 






3 is 




5 ii 




3 ii 






15-5 Approximate Squ^e Boots of j^bers between 1 and 100 

We have seen that 1/3 is a real nmnberi Therefore j it can be associated 
with 'some point on the number line. Since we know that 1" ^ 1, and 2^ m 
the point must lie somewhere between 1 2, 



V3 
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Often w« would like to locate the point fliore accurately. In ihls seetlon 
\ym shall learn a method fdr eetlmatl^^ or approximating , if 1 < a < 100* 

litow might we estimate i/f ^ 



Since 1=1 and 
)^ ^ 3 and 

/J i^ between 



and 



Each bf the ration^ nvmhQTs 1 and 2 is called a 
ratloni4 approximation to i/J- 

In fact^ 1 and 2 are the nearest Integer approxi- 
mation i to 



To get a closer approximation to consider the 

squares: 



^2 



^.if = 


1,21 


(1.2)2 


iM 


(1.3)^ = 


1.69 


(lAf = 


1*96 


look at 


the 



(1.6) ' = 2.56 

(1.7) ^ = 

(1.8) ' 



(1.9)^ = 3.61 

^ look at the squares of 1,1^ 1*2^ etc.^ we see 
that: 

(l.f)® < 3 and (1*8)^ 3 . 

Closer approximations to than the integers 1 amd 

2 we 1,7 and 



1, z 



2.89 
3.21* 



(1.8)^ > 3 
1.6 



This should, make It clear that the point aBBOclated with lies between 

the polntB associated, with 1,7 and 1.8. 





1 |t 1 ■ 1 




— 1 — ^ 1 

0 1 


1.7 IJ J 





A 



531 13b 
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11 
12 

13 
1^ 

15 
16 



We eaai djiidlGate that 1,7 itfid 1,8 ire rational 
^proximatlons (to tenths) of the squwe root of^ 3 
by using the symhol as follows i 

1.7 < V? < - . 



We cm read thli in two w^si . 

We dim that 1,7 Is leas than 1/3 and 
is less than 

We can also ii^ that 



is ■between 1,7 and 1,8, 



Coiiipiitlng the squares of the numhers 1.71i 1«7S^ etc,^ 
which are between 1,7 and 1,8^ we find that: 



(1*71) ^ 2,92lH 

(1,72)^ ^ 2.958^ 
(1-73)® - 

(1.7^)^ - 



(1.75)' 
etc . 



3.06^ 



If we look at the squares of l*71j 1-72^ etc,, we 
see tM* (1*73)^ 3 and (l,7U)^ > 3, 



^ttius^ we can writer 



< 1/3 < 



To' the nearest hundredth^ the rational approxlmatlonB 



to 1/3 are 
VJ lies 



and 



1,73 Mid 1,7U, 



H h 



H H 



Vff I 74 
+ HM— I 1 \- 






1,7 US 



17 



18 



Using the process we have Just conjjleted^ let us find^ 
to ^the nearest huntSredth, rational approximations 
to Vf , 

Since 2® - U 

3' ^ 9. 



Mid. 



and 



are the integers which are the 



closest aCTroximatlons to 
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do^ute the fol loving squ^ea* 



20 


(2.1)® 


21 


(2.2)2 


22 . 


(2.3)^ 


23 


and 


au 


to th« 1 




(2.23) 


26 


(2.21*) 



are rational approxlmatidns to 



The approxlmatloni to ^ to the naM'est hundredth 
are 2. S3 and 2.24, ^ 



2-2, 2.3 

tenth 



To find an approximatidn to we can locate ^\ 

between the Integer a ■ and _ * ^ 

Find the approximations to /f to the nearest 
tenth, j _ 

The fact that Is between 2.6 and 2.7. be 

written I 

< < 



2, 3 

2,6 < < 2.7 



We chall uae the symbol " a " to meaii "Is approKimately equal to" 



Since "7 is closer to 9 than it is to we 
can eay 

is approximately equal to * 



Using the sjmibol we can write 

iG nearer to 2.2 th^ to 2.3, so we can write 



3 , : . 



process which we have been using to find rational approximations to 
/I could be continue^W**thoueandths, ten- thousandths^ etc. Each time we 
would succeed In finding rational approximations, closer and closer together, 
with /a lying between them. Bat this process is very slow ^d laborious. 
In the remainder of this section, we shall learn a n©re efficient method for 
finding an approximation to the square root of a number. 



19-5 



33^ 

35 
36 



37 



38 



Ola* met&d^for finding an a;^^Q3£ifflation to the agu^e 
root of. a nm^er vlll Involv© uilng the reaionlng 
developed In the following Itemi* 

If pg s 16 and if p ^ Qi ^ere p ' and q are 
positive^ th^ p = ^ and q m , 

In general^ if pg = and if P ' q$ then 
p ^ and q , 

If pg m 2.6 and if p < then q aiuat be 

_' " "i '" than km 

(greater^ leis) 

Ihis must be true in order that pq ^ 16, 

For exajffiple^ if pq ^ 16 and p le then 
q 9 IfcM^ g le greater thwi VTS* 

In general, if pq ^ k and if 0 < p < then 
> 




k 



greatei" 



Let ua now CQniider aOT^O^clinations to VTO, 



39 



Ihe auccesalve Integeri between whioh VlO lies 
are -. and * 



3^ ^ 9 and m 



10 li clQger to 9 than to ifi* 



We eoncludje that 



is the integer which is the 



best appf'QXiinatipn to vTo, 

We may indicate that Vl5 is a^roximately equal to 3 
by writing vTO « 



3, r ■ "■ 

:,'■{•■#•• ,' . 

16 
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For a lecond approximation to vtt, coniider the 
product pq m 10, (See Items 33"38,) 

Let p = 3 (3 Is a first aroroxlmatlQn to JW)* 

Thmn^ for pq - 10 we may wlte* 3q ^ ^ 

SlnGe 3 < VW^ q VTO. 

Since 3q - 10^ then q ^ * 

^ Is approximat|ily 3*33. Hence, VT5 Iley 
between 

We take as a second a^roximatlon to vTO the point 
h^fway between ' 3 3*33* 

This ii ttie average of 3 and 3#33j or 3- -3-^33 ^ 



3'+ 3*33 _ □ 

2 V 2 

The second aOT^^^i^'tion to Li 
(Round to 3 digits.) 



You can check to see Just how close to vTB the 
second approximation is by squaring 3*17* 

(3.17)^= 



Thus J 3.17 is a good rational approxlination to 
and It was found with little sffort. 



10 

> 



10 



3 and 3.33 



6.33 
3.17 

3.17 



10.0kB9 



142 

535 
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53 
5^* 



57 



59 
60 

61 
62 



Refer to the following table as jrbu oonplete Itema 52-68, 

Approximation to 



Approximate 




Averse 


P 


22 


p + q 

^ 2 


5 


q ^ M ^ k.kO 






q = ^ ^ kMl 











In finding gui approximation to vSS^ we see that 
= ____ and 5 - * 



The Integer which is the best approximation to Vlfi 
is , sinca 5~ Is closer to 22 th^ is 



If pq ^ 22 and if p ^ 5^ then q = M = 

We arc usino as oiar first approximation i 

Xvhdt Integer) 



We cet the^, cecond approximation to y22 by averaging 
the first approximation^ p^ which is 5^ 
which is __ ■ 

p + q 5 + 14-. ^0 iPjrt J -i- 

- ^---^ s — ^ = 4.T0j our second approximation. 



(^4.70)' 



To gex a third and still closer aroroximatlon to y22j 
we round off the second a^roximationj ^*70j to two 
digits. We use this numherj ^»7? P» 

We then find the corresponding where pq =^ 22, 

^ _ 22 „ 



U.Tq 22. q 
thousandth) , 
p + q . + i^,68l 



.(to the nearest 



Hence^ ^.691 is the third approximation to VSS, 



143 



536 



16, m 

5 

k.kO 
22.0900 



kMl . 
>.7 

22.0(^1(81 



ERIC 



15-? 



. 63 
6k- 

' ft 
66 

61 

68 

69 

70 
71 

72 
73 

71* 

m 

M 
77 



Had tha third apprOKlmatlon to Vjf. 



inea 7 ^ ®ftd' 8 = 

aj^Mxlnfttien for i^ tm 



^ then a first 



to find the ieoond a^rexlaatUon to v55i ve find 
thm . of a and 7.38. 

8 + 7.38 _ 



to gtt the third approxlOTtlon^ we first round off 
7.69 to two digits (that la, to ) and flnd^ to 

the neareit thousandth 

59 ^ 

7.7 — " 



Thm average of 7*7 and 7.662 Is 
7.7 + IM2 



Henaa, 7,68l is the third approximation to Vjp. 
(7.68l).2 . 



Fin^d the third approximation to vTf* 

A first approximation to V^f .la ^ 

(to 3 digits) 



19 
T 



t^git^ . 4.375. 
Thm eecond approximation to i/W is 



19 a 

■«■ If. 318 
g 



(to k digits) 



Ihe third' aCTroximatlon to is i^.SSS. ^ 



1^'^ k.39< 



Find the third a^roxlmtlon for eaoh of the following i 



78 




79 




80 





If yw had trouble with any of theee^ turn to page xii 
«d check your work. 
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8 



1.69 

7.7 

7.662 

7.661 

38.997761 
7.68a 



r 



4 ^ ■ 



fe.31& 



19.00088I 



' V';' . s . -'^ 



6.W1- 
8.608 
9.6«ti* 



15r^» Approximate S^are Rooti of Poiltlve Ntaabers 

■, , '---^ 

In Section 15-5 ve have seen how to f Ind approximatidn to /a where 
a is a number "between 1 and 100. To recognise the first apprgxlmtlgni 
we needed only to recall the squ^es of the positive numbers leee than or 
equal to 10* 



3 
k 

3 



Since 8^ ^ 6k and .9" ^ 81, vTT 1^ between 
and « 



Of the two" nmribcre 6^4= and 8l, tl is nearer 

to 8 

Hence, a firot approximation jo 
/3O is between and 



A first approximation to -/30 is 
is between and 



A first approximation to VsTB i£ 



8 attd 9. 

6k . ' 
p." 

i> and 6 

5 

1 and a 



If we wieh closer approximationB to >^7I> ^^SO? arid. /23^ ve caji 
"divide and average" as we did in Section 15=^* 

Suppose we. wish to find approKiimtions to square roots of positive niunber^ 
which are not between 1 and 100* 

M though we could use exactly the same process as ^before, the work of 
finding ^ will often be easier if we write K as the product of tvd 
ntimbers of which one is between 1 and 100^ and the other is an even power 
of 10* . ^ 



8 



10 



11 
12 



10" 



356 3*56 100 
^ 3*!56 X 10^ 



i/BE - hs^ K 1^ 

^ r— (10) 



If the third approximation to /J.^G" is IsBSTj ■ 

i 

then ^ 1.887(10) 

" or /35^ ^ _____ 
(18.87)^ ' 



100 



145 



538 



Notice that we have made j|se of Hieorem 15=3^ \Foi' ar^ positive numbers 
a and -ft * ^ ^ /Sb" to show that v^S ^ V^^B ♦ t^Co^. 

The generel method used could be simrma2*l2ed ae f/llowa: 

To find an approximation to for x ^ly positive number, 



l) renane x as 
an integer. 



a(lO^^) where 1 < m. 4 100 and n is 



2) Then ^ /a(lO^'') ^ Vi(lo") 

3) Use the divide and average method of Section 15-5 to f?r . oxi 
approximation for va,. 

k) Multiply this result = by 10^ to have an approxi'^iation for Vx- 

Let us look at some even powers of 10# 



17 
l8 



13 


10° 


lit 


10^. 


15 


ld-2 


16 





100 



0.0001 - =^ m 10' 

10 

10? . 



- O^Ol 



10,000 MjM 
xoo 

10-^ 



■' NtfM we might try writing Bome potltlve numbera in the form a(lO^'*), 
■rfiere 1 < a < 100 an4 n is an Integer. 



19 
20 

21 
22 

23 

alt 

25 
26 

27 
28 



392 X Id 



-2 



Henoe, 392 = 3.92 (10^) 



0.392 X 10* = 

Hence, 0,392 ■ 

8752 X 10 D ■ 87.52 
Hence, 8758 « S7.52( ) 

0.08 X 10^'= 



(10'^) 



Hence, 0,08 = 3( ) 



0.8 X 10 = 
Hence, 0,8 
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■3.92(10^) 

39.8 

39.2(10"^) 

10-a 

87.52(lo2) 
8 

8(10-^) 
80 

8U(J.0"2) 
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29 
30 

31 
32 

33 
3^^ 



0.009956 X 10* = _ 
Hence, 0.009^6 = 



93^000^000 H 10^ - 93 
hcncm^ 93,000^000 - 93( ) 



35^000 K 3-0 



Hencr^ 35,000 ^ 



■MSB 



r 



1& 

3 



35 
36 
37 
38^ 
39 
ifO 
1*1 



Write each of the following number e in the fom 
a(lO )| where 1 < bl < 100 and n is an integer. 



0*0291^ ^ _ 
0,7691 ^ 
173 - 

600 m _^ 
8168 . _ 
128.67 - _ 
0,00395 * 



(10°) 



76,91(10"^^) 

1.73(10^) 

6,00(10^) 

61.68(10^) 

l.a867(l0^> 

39*2(10 



Hot ice that in ^Cii cace^ the nmnher could iiave bean renamed in another 
way, which would also he a product of two numbers such that one is a numher 
between 1 and 100 and the other is some power of 10* 



k2 

kk 

kS 
hi 

ha 



For 8168, we wrote 8l,68( ) |^ 

we could also wlte 8168 ^ 8.168(10 * 

For 0*029^*=, we wrote g,9^( , ) ; 

we could also write €,029^ ^ 29*^(10 ) . 

For 173^ we wrote 1,73( ) j 

we could -also wlte 173 ^ 17*3( ) 



Note that in each case our first choice was that in 

which the power of 10 Is , 

^even^jdd) 



6l,€8(io-) 

a.iS8(io^j 
2*9^(10"^) 

29.^(10^3) 

1*73(10®} 

17*^(10^) 
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Wilch 


of the 


following are 


rational numbers? 






















LB] 1 














[C] , 















10, and 10 ia ratioiml* Also 



100. . loth and 100 artf ratiaifi^r. 



and 



lowever, f4o^ * ife '* ^ lOTiflo, " Both of these 

Irritioniaj ylnee vTO irrationsl* tence^ JO] is 



; ^ As illustrated above/ the square root of a power of 10 is a ratidnal 
_ number only if the e^qsonent is even, ^is is why, when we wish to find an 
approxiination to' we first rename x by a numeral of the form a(10^^) 

where 1 < a < 100 and n is an Intageri that is, where 10^" is an even 
power of 10. 

.50 



51 

52 
53 



Since 2730 ^ 27.3(10^) , we have 
/2730 ^f^Ti • i/l? 
. / (10) 

Since /27.3 "is between 5 and 6, but is closer 
to 5j TO see that /tTjO is between 
' ^ and is closer to 50* 



Thusj a first ^proximition to /273O is 



27*3(10") 

r:3(io) 



30 and. So ^ 

JO : ' 



we wish to find a closer approximation to V2730, we c,an approximate 
VSfri by the "divide and average" process, and then multiply the resulting ^ 
approximation by 10* 



I 
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5k 
55 

56 

37 
58 



59 
60 



62 

I 

. 67 

68 

69 
TO 



A first approximation to V^*3# s§ ^ ^aw above, 
is * 



Average; 



5 

5 + 5*^6 ^ 



Ohe second i^prDximation to ySj7% is 5*23» 
'^Yidei 



27*3 



Average i 



- %2 



third aj^roxifflation to t/ST.3 5*2^. 

raus, the third approximation to ^2730 la 
(5*2^)(10), or . 



Find the second a^i'Qsfclroatlon to /^^jOOO, 
Since 35^^000 m _ 



(10^), 



» - - 1 - 

3?,U Is^ very cloie to 36^ so a good first approx- 
imation to /35 ia _ 



mvide* 
Average i 



6 ±3 . 90 



The second ^proximatlon to i^TT is 5*^? ao the 

2 

second approximation to 1^35^^000 is (5*^)(10 )j 



or 



..r 



Find the third approxiimtlen to V^THl?. 
0.5138 . 21.38(ioD) 

Since 21,38 is hetween 1^ and hut is 

closer to , a good first approximation to 

V21.3^ . Is . 







35.m6h 

5.90, 
5.95 

5» • 
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n 

72 

73 

7^ 

76 

n 

78 
79 
90 



Average : 



21^38 _ 
5 " 

5 4- it. a s 



The second approximation to /21 , JB is 
Mvldei 

Average : — -^^ — 



21. 38 , 



Hie third approximation to 1/21,3^ is U.tc'U, 



'third approximation to VO.SijB Is 



Find the third approximation to each ov tr 



^7^60 s 



If 7QU had trouble with any of these^ check your wutk 
v^th _^hat sho-vm qn^f>ige xlilp 



Find the third approximation to 

81* lOTI, 

Oh#el^your work with ^lat on page xiv. 



83 
81^ 



/ 



Jiad the second apprDxlmatlans to th© elements of,.--tr 
truth jet of 

Thm tijith. set fB 



Thm g^roximaildna are 



Thm Uiefulneai of a printed table of decimai approxir 
foots of numbers is increased if we use what we havt Icaj-.' 
a number a form which involves' an even power o: 10* 



For.exan^le: A table of cquai^e rootu {^LveL 

v^7l'!0,000 / /lO'^ 

- Aj^&jiW^), or 



r 0.007:^ 



/o7o3 ^ 



i/w^, 0,8485 



0,2828 
28s. 8 
28.28 
O,028&8 



VoGii the information that /B s :^,3;_6 liolp you tu 
iMnu i/ro 7 

(yeu.no) 

fHn'^^^ >^ ' / ^ and /TO ir not i-atlona:!^ 

v^^Ho 'JnrM" not e.^ual ttic pi'OniH't gl' anu 'i.n 

intecj'al power oi" , 



11' b Ic y. po-ltiVQ r«ja! ]\ur.ii'\', ^ K- ' ' ^i^'e Ic oxaelly one norltive 
niiin^'er whocc :;quare 1:. W^' 'U'l'ln^ : 

li' b iu a positive rt-ul nu:;:;.'. t the positive 

T]]o nc'ratlve niuribcr whono r^jiJLLr^"- ij 1- i '■ ^o'^ ; ;y -v^- 
Wo alL.o derinod^ /T) 0, 
li" X iL3 any real niunber, 
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That ie: 

/x" = X if X > 0 
= -X if X < 0, 

We also defined: If b is a I'eal number, and ^ then a = 4^* 

We have proved: 

^eorem lg^2 ^ V? is irrational. 

Theorem Ig^S ^ ^ ^ i/^h for y non-negative nunibers a mid b 

TOieorem Ig^^. If a > 0 and b > 0, then 



b 7h ' 

To approximate i/x^ where x is positive, we have used tiie following 
method. 

^ First, write x in the form a(lO^^) where 1 < a < 100 ajid n is 
an Integer, Hence, 

^ ^ v^/lO^" 

Second, find an integer p between 1 aiid 10 inclusive wiiich is the 
flrat approximation to /a. To find the. second approximation^ divide a by 
p to find q, (q = J and determine the average of p and Tills 
average, ^ ^ ^ , rounded off to two digits, is the second a^roximatlon 
to i/a. , 

Then s L|J X io". 

If more accuracy is desired, use the second approxirnation of -/a as tlie 
new value of p ajid cariy out the division ^ to foiir dlf^fita, Uoe these new 

values of p and q to find the average ^ ^ ^ , 

Review ^oblems 

Answers to the review problems are on pa^e xv. 
1» Sin^lify^ indicating the domain of the vaa^lable w}icn it in restricted, 

(a) vTl (d) (rationalise . (u) /S - vTB 

^ the denoTTdnatoT) 

<h) ^ ' (e) (h) (a%c){ab2c) ' 

(e) vHi ' (t) S m ■ (1) /ft/S + /T.) 
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2, Slirtpllfy, Indicating tiie domain of the voxinble when it is restricted, 

a 49 



(a) - vTf + /Is 

(b) vf ^ 



(c) ^ b)' 



Rationalize the deno:- ' nator * Indicate the domain of the variable in 
each cat^e where it re£tri^/ted. 



(b) 

(0 3./35 



(d) 

(e) 
(f) 



(e) 
'(h) 
'(1) 



„3 



J 9S 



SiiT^lifyj indicating the domain of the variable when it Ie reBtricted^ 
and ■ Ltionalising denomindtors, 

Z5 




if) vIp, -/6p 



(g) -Aa^ + iib^ 



^5 Ox 



.(1, 3/^ . 



Eolve the fol owing' 

(a) = a 
*(b) ^ it 
(c) y2 - S 



(d) < Ifj 

(e) 3 - 1 
2|x! + y4- 3 



5U6 

1^3 



15-7 

.6. In each ol' tljo fo.llowlric use one of +hr- symbols <, ^, > between the two 
elvcri phrases so nj to nitke a ii-ue sentence. 

(a) ~ * ~ > ^, I'or X .- (b) X + /2, /§, for x > 0 

7. f>aluate /fWo (to tii', third approvlmatlon) . 

8. . 

i^) f • (r) r + T 

10. ExjjreLZc ar poworc of 10. (n oii Int.erer.) 

(a) 10"" X 10" (,■) 10-'- X 10" (o) 10" i X lO"'' X lo3 

11. Sinipliryf (Asi^urie no vai^iabJe takeo on the value -ero. ) 
(a) + (.t) M 

i to 
. ,1 



r 

12, Colve: 

(a) ^ I > 4- (-) i + < 1 



1 + i 



(b) 



5^7 



15^ 



A remarkable e^^ression which produces many primes is 



If n is miy momter of the set Cl,2,3> W) the value of the 

ej^ression is a prime numher, hut for n ^ kl the ej^ression f^ls to 
give a prime number. Tell why it fails. If an ^gehraic sentence la 
true for the fir at values of the variahle, is it then necess^lly 

true for the UOlstl 

A procedure sometimes used to save time in averaging l^ge numhers Is to 
guese at an averi^e, average the differences, and add that average to yew 
guess. Thus; if the numbers to be averaged-- say your test scoreS" are 
78, 80, 16, 72, 85, 10, 90, a reasonahle guess for your average might ^p -: 
80. We find how far each of our n^bere is from 80* 



78 = 80 ^ 


-2 




80 - 80 m 


0 


The sum of the differences is »9. 


76 - 80 ^ 




^e average of the differences is 


72 - 80 ^ 


-8 


- Adding this to 80 gives 


85 = 80 ^ 


5 


lA for the desired average. Can 


70 - 80 - 


-10 


7 

you explain why this works? 


90 - 80 ^ 


10 




The weights of 


a university football teari were posted as 2£5j 212, 


201, 198, 232; 


189, 


178, 196 j 182. Find the average weight for the 



t€am by the above method. 

A rat which weighs x grans is f -1 " ich diet ^d gains ^% in weight. 
He is then put on a poor diet m^. 3 js 25^ ot his i^ight. Find the 
number of grams difference in the weight of the rat from the beginning of 
the e^eriment to the end. 
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CTiapter Ic 
mLYlimiAlS MD FACTORina 



In Cliar^ter i wo L^tudlod extenowely the intorers and Mic raciori:::ti. Icn 
or intetjerc. We were rartisuiarL^ interejted in QKiTQQsinc ] uDittve IntcterG 
in tei^G or thoir rrijne raotor^ . We saw also that raetoriiir iiotjea in 
workinr v/ith fractXon:> and radioaij. 

Since the factored form for Integers has turned out to ta so userui^ it 
is natural to ask wLethGr we mn write aLt;elraic ] hrases in factored foi-;, 
that is, a^ iiial.'atoi irodu/-.; cf ^iuiiier phrajcc. 



We havo often vrritten suoh sentences as 

We racoffniLic that tlils sentence^ which in true for 
ail values of illustrates the ____ propert^^ 

We have written jx"^ 2x as a product of two 

We al JO know that there are man^'^' other ways of 

o 

writine 3x" ^ 2x as a product* For example^ 



^ 2x 



3x; ^ 

x^ + I 



This is not J however j a L;am]«Ler form. 

The expression sx^ + 2x involves only the operati aS 

of addition and rnultiplication^ hut the factor 
g 

"^^"^ -—- involves addition^ multlpi iaatiooj and 



+ 1 



(3x + a) 

distributive 

factors 

x^' + 1 



division 



We hegin to suspect that in factoring alcehraic expressions wo shouh 
restriat ourselves to certain kinds of factors. 



i: 



u 



lt-1 



Kvamlne the phrases^ 



I2x - 1 



X + 3 

:.u -I. .1' L-.r.: • li.vj.vc.^ ui.l;/ rv..:rXcvi: anJ the Din4:le variable 

li' wn were a.skod liow Q arid H were diffGrent from the others ^ we 
\:c^uUi nay that neither phrase involves the operation of: 

[Aj addition Ic] suhtractlon 

LB] niultiplijatlon [d] divlclon 



Q cleariy involves addition and R si carl^r inrolvug .^.J ,4j: 

nui t.rajtion* Stn':*c =^ k'x and 3^ 3*J^j each ^ra-^e -"^i'l 
alBO Involves muitlpl.ieatipn , tHr^i^^ the correct ciioiea, ■ | 

nie phrases x"^ + 3x and 5x^ + 3x - /f are examples of pQlynomials . 
Il.oso ihrases do not involve any indlcaced division by a phrase containing 
a varlaV Ic * 

It wil ! turn out; aa you will oee^ that polynomials play^ in connection 
with aircbraic exprescionSj a I'ole similar to that of the integere In the 
set oi real numbers . 

D-^riLudor a set con^intlnr of the real nuiribers and one^ or more variables. 
Any phrase formed from memhers of this set by using no indicated Dperations 
otlier than addition^ subtraction^ or multiplication is called a polynQmial. 

Aecordinc to our definition^ 5 is a poLynomiai, In the eauie way 
107^ -V\: , X, y^ Oj ^ are polynomials. 

Other exam]. lou of polynomials arc: 

- (5 - ^) " J - 2x - 3, and jx. 



;>liic'h of the following are polynomials? 

1. x(x + 3) 

= 1 n. (x + 1 ) + (2x + ^) 

^ T. vx - .06 

[A] P, R, S 

[B] all 

[C] 1, 3 



16^1 



8 
9 

10 
II 
12 

13 

Ik 

16 



Q IwvQlvas divifiioo, mA T involvefi the extraetloa of a 
squMe root of a -vmrlabte* Pi and S are polyngmlala, 

Ec] IB the correct aholce. 



For each of the fDllowing phrases^ Indicate whether it 

is or is not a polynomials 



Jt + 1 



(s + 5)(t - I, 
X + 1 



X = 1 



^isjis not) 



Is 
is 

la 

is not 

[invplves [k}]. 
Is 

is 



le not 

[inSTOlvaa divis: 
is 



If only one variable appears in a polynomial^ we have a polynomial In 
that variable. For example^ if the variable is we have a polynomial 



17 
18 



19 



3x - 1 is a polynomial in x. 
Likewise ^y*" ^ y is a polynomial in 
^^y + ix is a polynomial in and 



- 5x + 6 is a polynomial* 

o . _ . _ . 

X" » 5x + 6 may be thought of as the B\m of three' 
termei x^^ ^5x^ and 6* 

Each of these tems is also a , 



polync^ial. 



An expression such as -Jx has only one term. We call such an 
expreesion a monomial . In general^ a polynomial which involves at most 
indicated products is called a monomial. 
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£1 
22 



-£x^i^ ^- a monomial , 

(is, is not) 

X ^ cy a mononiial * 

(ig^is not J 

-ty^^y a polynomial, 

(is, Is not) 



X + 



(is, Is not) 



a Lolynomial* 



IS 

is not 

ii 

is 



have had exi-eri^nj^ i:l 5lrnuli;^.iii^ ii;dijated sums ly "jo^lejti:;^ 



terins " . For example, 



25 
26 
27 



(x" ^ X - 2) - (ox ^ 1) . 
(1 - x) + (1 + -<) ^ ^ 



(xy+ y^- x) + (x'^^ £x) 



X + X, 



Jx^ ^ X + 3 



xy - Sy5 + x 



We can use tha dlstributivo jjroperty to write: 



28 
29 
30 



Uk(i - x) - kx - 

2(x ^ l) ^ 3(2v . 3) . 5v 



(x^2)(x^3) - Kix-l) - 2{x 



5x - 6 



'Hiese examples, together wi our previous expei^lence, tell us that we 
can «Tite any polynomial as a mm oi' inonomials . Jurthermore, the process of 
collecting- terms can b© atplied to every sum of monomials until further 
simplification ty tBis process is impossible. 

When a polynomial has been wltten as a sum of monomials and the process 
of collecting terms has been completed we say that the i.oiynomial has been 
written in gormno_n EOlyinpmlal form. VfTien writing polynomials in one variable 
in CDminon polynomial form it is convenient to arran^^e the '=ciTn3 so that 

the rowers of the variable are in "ending order* 



31 



7y 




k 2 


' :i ^" 1^ 


^ y- is in comMmon polynomial form* 


If 


we write 


this polynomiial with descendini: powers of 




we have 


4 






552 
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Sy the degree of a polynomial in one variable^ we mean the highest pover 

of the mrlabiB that occurs when the polynomial 1b ■written In common poly- 
nomial form. (This is one reaBon it ie oonvonlent to arrange the terma so 
that the powers of the variable are In descending order.) 



33 

.35 
36 
37 
38 



3x^ ^ 2x - ^ is a pblynQmial of 



3. 



isa polynomial of degree 



State the degrees of the following polynomials-. 



17 



3^2 

X- + X - X 



[careitil 1 



3(x - 1) + x(2x + 5) 



[First write in conmon 
polynomial f own * ] 



[7 - 7 • 1 - 7x- 



3 

IT 
0 



Notice that polynomials suoh au -1^ 8^ etc.^ have degree 0 (see 
Item 38) , However J for teahnicai reasons which you will learn about in 
later courses we do not define the degree of the polynomial 0, Kiue every 
polynomial except 0 has a degi^ee, (By now you should be familiar with the 
fact that a situatiun involving 0 often preiente exceptional features,) 

We shall often be jon;erned with polynomials of degree 2* Sush 
polynomialB are called guadrati j polynomials * 



3y 
ho 

hi 



5 - X 



ii^ a quadrati. 



15, is ru: 



a quadratic polynomial. 



pDlynomial . 



polynomial 
is not 

quadrat i □ 



?jov/ let li'.: 'Mintudf:.f^ jumu . j-*rodu2tSj and differences of j; 



ICO 
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k2 
kk 

i*5 



X + 2 and + x - 5 are polynomials in 
oonmion polynomial fom, 

notice that: -(x ^ 2) 

(x + 2) + (x^ + X - 5) 
(x + 2) - (x^ + X - 5) 
and (x + 2)(x^ ^ X - 5) 

are also LClyr.LOrr.iaLs * 

Write eacii the I'cur roiyiiomia ls listed in corruMon 
LolynuniiaL ronn: 

-(x + 2) ^ 



(x + 2) - (x- * X ^ 5) 
(x ^ 2) - (x"^ + X - 5) 



(x+2)(x^^ x-5) -x(x^ + x-5) + 2(x^ + x»5; 



-X - 2 

+ ax - 3 



ly the instruction J "add two polynomials" j we shall mean^ "write the 

indloated suin in common polynomial form"^ as in Item ^3 above. Similarly^ 

2 

the Instruct ions for Item might fee: "subtract the xjolynomial x~ x - 5 
from the polynomial x + 2." In Item ^5 we might say^ "multiply the 
polynomials, " 











n 




Add: y- 


- i 


and 




hi 


I4iltiply I 


t^ 


^ 5 


by ^ 2. 


kS 


Froni c =^ 




' 5x 


^ x^ subtract x - j - Ex"^. 



-y - + ^y - 11 

t2 ^ 6 
x^-x2»ltx+ll 



In organising your work in Item U8 you have perhaps discovered another 
advantage of arranging the teiins of a polynomial in order of descending 
; overs of the variable* Ihe work might be done as follows ; 

J 



gubtract 



x"" + X - Jx 

dK^ + X 



- X 



- Ux + 11 



^9 
50 
51 



^e opposite of the polynomial 5 ^ x is 
Add 2x- + X - 2 and 2 - x - 2x^. 



0 a polynomial. 

(iejis not) 



X ' 5 

0 

la 



v;e mn ot servo from tl.e examples above that the set of polynomials is 
^LoGei unier aviditl^nj sultra^jtion^ and multirliration, ^is obstrvation 



T'Gir:t3 :l ji.mi:arlty betvo-n the oet of rolyncnlfilj ani tho 


set or 




.:t?rs* set Intej-TJ is jlosed unaer the sa:ne ct.er>iti^ns , Ilotloa^ 


n.:vo 




: nor the r _r ot i u 1 


/ncmialJ is 














_ ; ^ 


r -ho i:ivo.;ors ; , 


an: 




I:. :>r ^ . 


^X ' - 








1 








'h- - 


j-e:'ri JLcrit i^ ; 








he 






and 






'jonJtant*' is 








r^r ?..uvcnicn3e . ve may sroak o. 


r the set or ^Qefficients 




as tl 


.e je:; whose eLcments are :^ 


: ^ and h , 






OLvnn £x - :<"^ ^ 5j 










thy jjefi'i jient or x" is 






"1 th 




the j;ici'i;i^'ient of m is 










th=? :..ucta:.= Id , 






5 




':hc sot or 20ofri3ients is 










I*, - -x - . thG coeillaiont oi' is . j 


0 






- jX 






V 


I>. - ^ ^x th- 3..Kstant is 


, and 


It 


5& 


':h'-- -cerri^iert or the terin or hirhest der;ree is 


r^ ■ ■ i 




ih^ /c"'rrh'icnts or /^-^ - ^^x^ 


in descending powers 






ur X, arc 5 J 


5 and 




M, 0, =u, 0^ " 














V.hijh ^r XA.c ro^l.owiiijT lu a quadratic 


i^wlynomial that ha. 


3 0 for its 




constant 7 










[AJ - 


[C] x^^i 






[BJ + X 


[Dj ^ 1 








555 
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61 



62 

63 
6k 

65 
66 
67 



tfti 1* <jr a#gMe 3i Eol .it fl©t ft^ljfnOTimi ai all, CdJ 
for Iti eonstant* tij ig the only eoyract choloe,. 



to the polynomial i+x-' - 8x"" + 2x - 3 the set of 
caeffleients Is 



Thm nyjnbers -8, 2, -3 are all Integers . 

We may call kx^ - Bx^ + 2x - 3 a polynomial over the 
integere ^ 

5x + 6 is also a polynomial over the , since 

5 and 6 are Integers* 



In 7x + ^ + 5^ the coefficient 
ok 

Intager. Hence Jx^ + jx + 5 



is not an 
a pdlynomial 



over the Integers* 
Th& cDnstant in x - 



(is^ is not 



la^ii not^ 

an integer^ and 



he 



nee ^ ' J' 1^ not a polynomial over the 



, is^ie not, 



a polynomial over the integer! 



integers 

3 

iB not 

le not 

Intageri 
is not 



Now we are ready to consider factoring polynomials. At the beginning 
of this section we considered the phrase 3x^ + 2x. It is a polynomial over 
the integers . 

It is easy to write 3x + Ex as an Indicated product. 



68 
69 

70 

71 



jx + ax = x( 



fx" + fx) 



x(3x + a) 

ft(6x + k) 



Of the four factorlzatlQns in Items 68 to 11, that of 68-- name ly, 
x(3x + 2)--is the simplest. What can we say of the others? 



1S3 " 





1 > . 

In Iter- ^. we i^aw* ;x ^ = 


* :_v-). In 




72 


this less aimjlo r.rodu^tj the iaz'tor 
In Item 70 w.: %avr; - - 4x(';x 


^ fx a:vi 


















i.' not 4 




Llktivise in I^g::^ 7- raj tor x"- ^ 


is not a ^ 




75 


polr/nomial. over the 










e sin; 1-2 \ Ij x( j v 


?). I;: ^ 



product the iUctoi-s x an:: jx t r are loth ! vnonials over the intef erG . 

yn:en v-e are w-^r';:.nr ^=ith ; o::;!:o:ila: ^ over the inte^;er3^ we are orten 
interested onl:/ in *:hc3c ractori::a-:ion3 In whieH ail. the factors are poiy^ 
nomlals over the i:ne4;er.:. 





Ir we restrict -^.irse .vej 


"yz- i oi 


y^:or::ia; C over the' 






intet;er::j then raj: ir 


izatic 








are : 












) 






77 




0 


/ 




i 




) 




.€x7ix - 




Ol" the exirencionsi ^ 




) 










) ■ ■ ■ '* 






we Lrei'cr ^he 










lejause n^iti.er v' ' ^ ■ r ^ 




^ontii;.!:.;; a variat le 






jai; le :U:tcro i :\.r\}.er. 










In fa: tor in:: : 2x^ 








1 


with ; £( x^ + :A)i sin-e 










fa^tore-i I'^rther, 










H';veverj u5Uai:y wi*o 


■2x( 


X - / ) an the finaL- 
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It la true tlat x + 3 = 



However^ Just as in CtmptmT 12 ^ vm do not us# 1 
as a factor In the final foim* 




Eactori such as x and x + 3 aannot 'be faetorad fia^tti will si^ 
that we have factored a polynomial complettl^ lAen no ftotor GOntalnlng a 
variable can be factored further* ^lyno^als wMch aanaot 'bm ftatorad 
further play^ In this chapter^ a role similar to that of prime numbars In 
factoring integers. 

We shall be working in mich of this ahapter with the problem of writing 
polynomials over the integers as produQti of polyMffllali over the Integers. 
We shall speak of doing this as faotoring pQlynqmlali over the Integers * 



8i 



Hp 
S3 

85 



As you already knoWj the 



property can be 



used to write indicated sums ai indicated produets* 

Factor each of the following polynoD^als cwi^letely 
over the Integers, 



1t - 6 ^ 
ab + ac ^ 
ax - ay ^ 
2x^ + 6x 




16- Factoring by the M.itributlve ^operty 

In the preceding section we saw a few exuples la whlah the distributive 
property was used to change an indicated sum to an Indicated product* ^ 
now you should be very familiar with the distributive property. However^ you 
vili find that It takes practice to apply it In complicated situations* 



1 

2 
3 



6 
1 



Thm pattern li easy to Bmm ini 

3x + 3y 

3x + 3y - L I 

3x + 3y ±m the Indicated sum of 3x and 

Both 3x and 3y have ai a factor* 

As in .aapter Ifi, we eall 3 a oomron 

of 3x and 3y* 



I 



55^^ is the product of 3, x, md 

5yz is the product of ;5j and 

Thm cQwmon factors of and 3y^ are 1, 5^ y> 

and 5y* As In Chapter 12, we call 5y the 
greatest 5xy and 5y^ • 




Becognl^tng that 



is the greatest conmon factor 



of 5xy and 5yz m^mm It easy to apply the 
distributive property to 5Ky + Sy^* 

I 

5^ t 5y2 m 



greatest'- -a^i||iii| 

■ "'■ -•■^^ 



10 

11 



12 



in factoring S^qt +| ^yz we might Instead havi used 
the foliowlng steps f 



_) 



(5 is a caiim©n\ factor of 3^ and Sy^.J 
As a second step we 0*^1 erve that 
(3Qr + yk) - - 



(y is a 



of 3Qr and yz • ) 



So that + 5y^ ^ 3i^ + y^) 

- 5(y\x + z)) # 

\ - 

'MA I 
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Comparing the results in Items 8 and 12, we observe that we obtain the 
same complet© factorization^ whether we use one step or two. ThiB nay 
remind you of the fXinciament^l K^ieorem of Arithmetic. You will observe as 
we go alone that thertf are a number of similaritieG between the properties of 
integcru and those of polynomial n, 

ThQ preoedlnt^ e2?xamplo suegests that when we wish to use the diBtributive 
proporty to lUetor an indl .Imi □iirii it Id helpnil to Lhink about the 
:?omjnon factors of the tei-mr of the aum. In fact^ the most helpful thing 
to do is to think about tlic greatest common factor. 



15 
iC 

17 

18 



*IbG greatest cornmon factor of hl~ and ut ^ is 



We can thus apply the dictrilutive j^ropcrty to write' 
ht^ ^ 6t ^ 



If you had trouble with Item ijj completfj Iternc 1^3 to 
l8. If - not^ go to Item 19, 



Consider ht^ and 6t^* 

We note that k ^ 2~ and 6^2* 

The greatest common factor of h amX 6 is 

t^ Id a factor of t^. 

Also, slnco t =^ t"^' t"^ Is a iV.etor of t 

Hence the greatest common factor of t^ and t"*" 
is 



IliUG 2t" is the greatest common factor of kt^ and 



2 • 3 
2 



P 2 



19 


Kemember that x( 1 ) 




* 


20 


ThuQ xy ^ X xy ^ x( I ) 


( 





X 

x(y + 1) 





Consider tm^b"^ - 3i 










The greatest common 


factor of 


n 

6a^b'° and 




21 


is 








22 


6a^2 ^ 3^a^3 ^ 









16 ? 560 
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Of the following^ which factorization is complete? 
[a] 6s "t = 3etu,^^ 3it(2s - u) 
^[B] 6b% - 3atu ^ 3a(2st - tu) 
[C] 6s^t ' 3Btu ^ 3(g3^t - stu) 

lA]* iB], t:.-] aro all true ^eyitcnc^S^'V^|ii"::: 



^h7^ ^ ^^^^ 

AlthouL!h in Item T'O ^ .. ou eould have written cither 

Q O ■ i O ^ ^ / P \ 

-x^S^^^ < .'x'>^^ + xy- ^ x>f^(-x + 2k + l) 
or 'X-,y' « c^x^y" + xy^ ^ -xy Cx - 2x - i;^ 
the second fom Is usually prerGrred, 



Which polynomial is 


factored correctly? 




[A] 2bx £ ^ 


2b(x + 2) 




[B] 6a - yal) 


3a(£a2 ^ 




[C] k>?)i + J+x 


^ ^x(xy + x) 





. ^(x 2) 2hx + j}^ and ^Jbx + f P^k ^ Z* 
kyLixY^ k) ^ i^X^y + ^x^\and i^xS ^ ^^"^ 1^ ^^^^^ * ^^^^ 
We mmmj therefo»> thiiit [A] and [C] mre not ©xtoplfs of 
correetly factoMd polynomials* IBJ iHuatratts an 
exainpJ.e of a ^oMtetly faatorea poiynomial* since 



23 



2k 
£5 



Factor completely. 

6x"z - 3xyz = 
2 2 

^x^y - 3xy + X s 



t2x y " i xy 



In general^ you vfill find it worthwhile to verify your factoring as In 
I the response for Item 27* 

...... .561 - -. . : .- 

-J 

o 
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28 
29 

30 



31 



Let ue conaider aome more complicated examples of 
factoring. 

Consider the polynomial (x-l)t + (x-l)3. ^is 

polynomial la the indicated sum of ^ terms . 

(how m&ny) 



Each terni haa 



as a factor. 



Wa recognise that ve can apply the distributive 
property . 



lhat is. 



ab + ac 



D + a 



J- 1 ^1 

(x - l)t + (x - 1)3 



a (b + c) 

1 i 

(x - 1)( ) 



Note: Copy and complete the boxed material. 
Thus (x - l)t'+ (x - 1)3 - (x - l)(t + 3). 



two 



X - I 



<x-l.)(t+3) 



32 


Similarly J 


the 


terms of 






( how many ) 
(u + v)x - 


(u + v)y 


33 


have the cc 


3rmnoh factor 

a b - 


a c 






\u =*- v;x - 


A,' 

(u + y)y 


3i^ 


(u + v)x - 


(u + v)y ^ 





35 



36 



x(x + a) + 3(x + £) ^ 

(if you had troublOj complete Item 36, If not, go 
on to Item 37* ) 



+ h 



x(x + 2) + ;(x + 2) 



(a + b) G 

( )( ; 



two 



u + 'vr 



ix + 3)(x + a) 



(a+b) c 



10 J 
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37 
38 
39 
%Q 
kl 



U3 
kk. 



k6 



m 

k9 



Factor each of the following: 

ft(x - 1) + (3x - 3) = 

(a - b)a + (a - b)b = 



3c(l4-x - y) - y(i*x - y) = 



3x(x + y) - 5y(x + y) + (x + y) 

r(u * v) - (u + v)b ■ _ _________ 

(a + b + o)x - (a + b + e)y ■ _^ 



In the same way, factor eompletalyi 
a(x - 3) - b(3 - x) = a(x - 3) + b( 



2a(3x - 2y) + 3b(^ - 3x) 



(a + 3)(x - 1) 
(a - fe)(a + 
(x - y)(itx - y) 
(3x-5y+l)(x+5r) 
(r - s)(u + *) 



Look carefully at thii omi 






z(k - y) 


+ 3(y 


' x) 


X - y y - X 






However, x - y -(y - 


x) 




Thus wo can write: 






z(k - .v) + 3(.v - x) = z(x - 


v) 


3(x - y) 


-( _ 


)( 


) 





(z - 3)C* - y) 



»{3c-3)+b(x-3) 

(ft + b)(» - 3) 



(3b-2a)(gy'3x) ■ 



We have seen that\in applying the distributive property, as In the 
foregoing examples, we begin by looking for common factors of the terms. 
This means, of course, that we must look at the factors e^ch tenn. 





For example, eonsidor 














. 5(2 


- 3) 


*(^^ 


3z) = 


0. 




50 


Note that z - 3z = z( 












51 


nius 5(z - 3) + (z^ - 




- 5(z - 


3) + 


z( ) 




58 






= ( 




) 










563 


1 


__^ ^ 

' • /"I 

nj 
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lectori (x - l)(x + a) + (x - 


2)(x 


+ 2). 




(x-l)(x + S) + (x- a)(x+2) = (( 


X- 1 


) + (x - a)) (x+ a) 


53 ' 
















5k 


The coimon factor of (x + 3) 


and 


(x + 3) Is 


55 


(x + 3)^ - a(x + 3) = ({ 


) ' 


2)(x + 3) 


56 




i}( 


) 












Factor completely: 






57 


(x + y)(u - y) + (x + y)v ^ 






58 


(a + b ^^"c)(x + y) - (a + b + c 


)y - 




59 


Ikkx^ » 2l6i + iBOy m 







60 



Use the same method to write a simpler name for 
(r ' s)(a + 2) + (s - r)(a + g) = . 




X + 3 



(a + b + 9)?f--J 



We have had so much practice in factoring that you may be thinking that 
with ekill and practice all j.olynomlals can be factored* This is not the 



61 



Of the fol loving j which cannot 


be fagtored 


oyer the integers? 






M, xy + yz + xE 


F, 12x 


+ m 






N* 12x + lly 


e, x(x 


- 2) + (x ^ ^) 




[A] 


and Q 








[B] 


and Q 








' [c] 


M and N 








[D] 


P and Q 










+15^,^ 3(^x + 5y) 








x(x 


- 2) + (3c - 2) - (x + 


i);x = s)* 


( ma yemembar tjswt ^ 




% - 


'2 * (l)(x ' 2)1 










and N oannot be fa^t 


ored , Henc# 


the QQiMof DhDlGe 
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Juit as we found rmm usai Sot the factored fom of an integer^ so we 
ihiil find many mppHQMom for the factored fom of a polynomial. One of 
the more Important uses is In solving equations. 



Buppgie we were asked to solve the equation 

5(z - 3) + (^^ - 3z) - 0. 
We have se^n that the factored form of 



5(z - 3) + (z - 3z) Is 
to 52 if you have trouble j^)^ 



(Look at Items 50 



(5 - 3) 



Let us examine J then^ the equation 

(5 + - 0 

Thm left side of this . equation is a product^ and the 
right side Is . # 

We know that the product of two real numbers is 0 
If and only If one factor ie 0. 

Hence the open eentence "(5 + ^)(^ - 3) ^ 0" Is 
equivalent to the Gompound open sentence 
"5 + z ^ 0 or , 

ae truth set of "5 + ^ ^ 0 or ^ - 3 ^ 0" Is . 
Therefore J (-5|3) also the truth set of 

- 3) + (i^ - 3z)- 0. 
We shall examine further examples of using the factored 
form of pblynomlals to solve polynomial equations as 
we proceed, 



t 



- 3 = 
-5^ 3) 



You have now seen man^' exOTples in which it is possible to find a t 
common factor for the terns of an indicated sum. In such examples^ factoring 
is easy. Consequently , if you wish to factor a polynomial it is wise to 
begin by looking for a common factor. If you find one^ you can proceed at 
once to apply the distributive property* 

Suppose you don't? You cannot conclude at once that the jjolynomial 
cannot be factored over the Integers, 



16.2 



66 
67 



68 
69 

70 



Let us consider, for exwple^ the polynOTlal 
'2 

a + ae + be + ab* 

©lis is an Indicated sum of terns. 

Thmmm tpmg have a eoiBmon factor* 

(do, do not) 

However, we QBn group these terns* 

a- + ao + be + ab ^ (a + ae) + (be + ab), 

Then we see 

2 

a + ae - 



be + ab 



2 P 
a" + ac + be + ab ^ (a + ac) + (be + ab) 

^ a(a + e) + b(a + e) 



iSli 



TOe preeedlng example Illustrates the method ealled factoring by grouping 
terms. Sometimes this method is easy to use* Sometimes^ however ^ it takes 
sKill and ingenuity to see how the terms should be arranged and grouped. 
You may find that a polynomial which can be faetored by grouping terras can 
also be factored by other* methods which will be diseussed in later sections 
of this chapter. 



71 
72 
73 



Ijet us factor x + Ux + 3x + 12 by grouping the 

terms . 

2 P 
X + ^x + 3x + 12 ^ (x + i4-x) + ( ) 



Suppose that in the preceding problem we had used the eomrtutative property 
and grouped as follows* 

x^ + i^x + 3x + 12 ^ (x^ + 12) + (Ux + 3x) \. 

In thia f oip there is no coimnon factor in the two teiros . Thus we see the 
importance of shoos Ing the proper grouping. 

l^.you wcmld like to tj^ your- hand at pome more examples of factoring by 
gycruping^ complete Items *7^ to *88* 



*7U 
#75 

#79 
*80 

*82 



*83 

*85 
^*86 



Conildar the true aentence 








^) 




Although this sentence la tme^ 


it 


doee not help us in 


factoring « 






Using the cowmnitative property 


let 


us write 


2st + 6 - 3s * Ut ^ 2st - 


3s 


+ 6 - ift 




) 


^ 2( ) 


)( ) 





^ctor completely, 
ax £a + 3x + 6 ^ 
3re - 3i + 5r - 5 



3x + 3xy - 3y 5 ^ _ 
p - mq - pq + mp ^ _ 



ux + vx + uy + vy 



2ah + a" + 2b + a 



X ^ 8x + X ^ 8 



Suppoee we were asked to factor + Tx + 12. As it 
standi we cannot apply our grouping technique to this 
polynomial . 

However ; 7x = + 

so + 7x + 12 ^ x^ Ux + 3x + 12 
- x( ) 3( ) 



Factor corapletely, 
p 

X + 5x + 6 ^ 



s(2t-3)-aC2t-3) 
( i - aHat - 3) 

Ca + 3)£x^+ 2) 
(3s ^ 5)(* * 1) 
(x - l){3 + 3^) 
(p + m)(p ^ 
(u + v)(x + y) 
(a + i)(2h + a) 
(x - 8)(k + 1) 



3x 

x(x+i^)'^3(K+4) 
(x + 3){x i= k) 

(x + 3)(x + s) 



56? 
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16-'j. Difference of Squares 



We have seen already that for any two real 
numbers a and 

(a + b)(a - b) - a( ) ^ b( ) 

2 

= a - at + 



ba^b^ -iiil 



The Bentenee 



(a + b)(a - b) 



^2 ^2 
a - D 



Is thus a simple consequence of the dlstributlye property* It can be stated 
in words: The product of the sum and the dlfferenae of any two real numbers 
Is equal to the difference of their squares * 



6 
7 



a + b is the 

a - b is the _ 
a^ - b~ is the 



of a and b . 
of a and b , 

^ of the squares of a and b 



Gince (a + b)(a - b) - 



for ai^ real numbers 



a and b, we may say that the product of the ^ 
and the difference of any two real numbers is equal 
to the of their 



Tl;- 



jum of Sx and 3y ^s written 



'rnc dirffjrence of 2x and 3y is written 



llio ]-roduct of the sum and difference of 2x and 3y 
ic witten ( )( ) ^ 

Ai. lyin£ the same pattern we may write 

. (2x + 3y)(25c - 3y) - (£x)^ - (3yf 



iUDI. 

differeaea 
differeose 

sum 



squares 



In the last item you needed to write (Sx) and (3y)^ in simple fom« 
li you iiued review in using exponents in this wayj do Items ik to 19* If 
not J ^"Q to Item 20* 



--568 



xk 




13 




16 




17 




18 




19 


1 - ( 



20 
21 

aa 
as 

21^ 



X 



Using th© BQsm teQhnlqu© as In Item 13 j write the 
following indicated products Indleated sumsi 

(a - a)(a ^- a) - 

(ac - y)(^ + y) ^ 

(mn '+ l)(nm - l) ^ 

(a^ + b^)(a^ ^ b^) . 

(x - a)(x ^- a) " 





In Itams 20-2k we have Uiad the itateraent 

a^ - ^ (a + b)(a - b) 

to change a produet of two numberi into a certain related difference of 
gquaras » 

COTen we use the same statement to write a differanoe of two squares as 
a product* 

Which fona li praferabla, difference or product^ depends on the use we 
have in mind. ^ In this chapter w are primarily concerned with factoring ^ ^ 
so we wish to express polynaiilals as pr^ucts^ whenever we can* 



25 



26 



In Item 13 we found* 

(£x + 3y)(2x = 3y) - kx^ - 9y^. 

if we are asked , on the other hand^ to factor the 

2 2 

polynondal ^ 9y ^ w simply write: 

l^x^ . „ ( )( ) 

We are applying the fftet that 

(at)^- (3y)^ = (2x + 3y)( ). 



•569 



17 G 
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Knowlnij that a"^ - = (a + b)(a - b)^ we can alwayg 
factor a polynomial if we can llrrit write it as a 
dilTerenee of squares* 

Tliuo to factor 9tn ' ' l6n^^ we reGognlze: 



i 



SimiLarl.y^ ^i^x^ - 2^ 



( )( 



UGin£3 the sentence a*" - b'^ - (a + b)(a - b) .as a 
mode I J factor the fol!Dwinc» 

- 16 - (x > h)i ) \ . 
'.^ = V - ( )(a - 3) 

- ^ ( )( ) 



- k 



{3m'*l|.n)(3m-'f'0) 
(at,^)(2x-5) 



(x + k)ix - h) 
(a + l)(a - 3> 
(t + 2)(t - S) 
(2x + l){2x-l) 
V^m + 2)(m - a) 
'(3 + y)(3 - y) 



i:wa;^-v," c^ru tw.j allTurtjuL j^ruijcjuuruu I'or I'auturiii^ lux'' ^ hy'~ over the 
inte/jur j * WlTloh i.roGedure is simpler? 



- ^(2x f y)(2x - y) 

2(2x + y)%a(2x - y) 

- U(2x + y)(2x y) 



\ 



If you noticed that one method takes only two stops ^ while tha 
other takes three ^ you probably chose [kl^f By reaogniaing 
first the coi^on factor we caji factsE completely in Juet 

two steps* ii* genemlj *lt Is wise to look first for a iUetor 
which ±0 common to evei^ term. 



177. 



I*! 

38 

39 
in 
i*3 



In a Blmilar ttonner we can faotor sucli exproBBlons 

Note t^t: 8y^^ ^ x8 - 2( ) 

- g( )( ) 

Factor the .following e5a.3reosionsi 

1 - n"^ - 
25y^ - 9 - 

-DC - ' 



(1 + ttXx ^ n) : 





Consider - i\ 






2 __ the sQuar© of an InteRe. ■ 
tls^ic not) 






2 

X '2 is not j Ir factj factorable over 


the integere. 




Consider J nowj x~ ^ U» 






X + is a of two Square 

(aim J d i f f are nc e) 






o 

Again J x" + if is not factorable over the 


1 integers* 



hi 
kB 

k9 

50 



Factor the following over the intagerBjlf pqajlble. 

If the poiynoralai cannot bo factored over the IntegerB^ 

write "not factorable over the 'inteEOrB" , 



£ 0 . 
x" + lb 



(Hint I Therf^ are 3 factoro in the 
complete factorization*) 



im not 



not faeto^^ie 
over the 

not ftctorable : 
over th€ 
Integare ^ 

(x^+^)(3c+2)(x-S) 



571 1 



( ) (Sx + i)(2x - l) 



i,tto£^> 1) 



(a - I) 



;. 't^'i 'y our metlv:u oi' fa'ztarln,- the difference 
o £iquarcs to such pol.ynoi.iia] s as 

(a - 1)- = i. 

1 . (a - !)" - 1- 

. ((a ^ 1) + l)((a - 1) = l) 



(a - 



(m n)^ - (m - n)^ 
(x^^ ^ y^) - (x ^ y) 



a(a - 2) 

((a -3) - 0 

0 



As wc saw in the preceding sectionj factoring may be 
af.^pliecl in solving c^irtain poiynomiai equations* 
Lot us solve the equation - 9 0* 
V/o c a n r c a s o n * 



If x-^ ^9-0 

then (x ^ 3)( ) 0 



for some 

for the same x . 



(x + j)(x - j) - 0 if and only if either x + 3 = 0 
or X - 3 ^ • 



0^ then X - 



It' X - 3 - 0^ then x - _ 



We note that *'x^ ^9^0" and "x ^ 3 or x ^ -3*' 
are equivalent open sentences , 

o 

IhuS| the truth set of - 9 = 0 is ^ 



0 

-3 
3 

C3,-33 



170 



572 



65 



6Y 
68 
0 

70 
71 

12 
73 



We know another o:' :^olvirit: the equation v= 
m need only noto tha- 

are cquivu-^nt viuati-ns. 

Either method Lea..ic to the .-a^no tr^ath je^" , vh f 
''^©rtainl;/ v/hat WT^uln le Qx^e^^ted* 



Coive ca'h ermtion. Try in at lea.r. :,r the- 

use Loth rnethods^-that illustrated in Items 60 to 6k 
and that or Items 0) to c6. ihe tv;o methoas lead, o: 
eourse^ to the Game result* 

yr" ^ k ^ 0 



-t- - t ^ 0 
y.'~ ' it 0 



■n 



f} 
12, -ai 



'0. i i) 



f 1.-5 J , 

for all real 
numbers x) 



Item 7 J 13 interesting. IJoti-e that our statement that we ^anne^ 
factor the of and k io conslGtent with the fart that there Is no 

real number x for which + k is o. 

In this seotion we have used in factorinG the fact that if a and I 
are any real numbers 

a" ^ b^ - (a * b)(a - b). 

ThU fact has many oth-r applications, one of which will be noted In 
Items -^7h to ^100. 
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^76 



*78 
*8i 



Consider the product of the sum and difference of 
th^ two numbers ^ and 3* 

m + 3)(/i - 3) 

/2 is an irrational numlser. Hence ^ i/i + 3 and 
/2 - 3 are both numbers . 

m ^ 3)(vf ^ 3) - i^f ' (3)" 



The product^ -1 , is a(n) 



[ rational ^ irrat ionail 



nujnber- 

Consider (/J + ,f )( /f - ^) • 

+^ ^)(^ - S) - i )^ - ( )' 



The prnductj 



;j_g nuniber , 

( rati oral , Irrational ) 



irrational 

2-9 : 

-7 \: 
ratisnal 

3 - 5 v-H ^ 



J 



S^om the exarciBBS which you have done/ it should be evident that, given 
an indicated product of the form (a + b)(a = b), the product be ratloml 
even when either a or b 1b irrational, or even if both are irrational. 

In fact, the product of the sum and difference of two real numbers a 
and b which are either rational or at most square roots of rational numbera 
is itself a rational .number. 



We shall use this property to rationalize the 
1 

denominator in j _ ^» 

1 - ^ _ • 5^--*--^ by the multiplication property 

5_^ 5.vf5*i^ ofl. 




1 _ ? + ^ 

Thus, 5 . " 22 ■ 

We have completed "ratlonaliztog the 

— "lav 



" Of the 
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* As you will recaLl- from Chapter 15 ^ we sometimes find ratlonall2ln£: the 
denominator very convenient. You can find in tables^ for example^ that -/J 



is approximately l/f-.^'. If you want to apprcximate 
it saveB aritlimetlc to notice that 

1 . _ 5. ^ ...^ 
Test it for yourself if you donH see why. 



5"= /3 



by a decimal ^ 



*85 
*89 



RationallEe the denominator in each uf the followlnt:; 
2 g_ _ 5tJM. 



3_+ S 
3 - S 



[(3 + Vf)(j+ S) 



= '9+ 6yf"+ 5 
= Ik + 6*^ 
= 2(7 + 3^) 



5 = 

23 



7(/rr ^ j] 



* We find it easy to factor a" - 'b'", which Is the dlfferanee of two 

squares. In fact - b~ ^ (a + b)(a - b)* But there is no way to factor 
2 2 

iTO a^ + b over the integers. 
It is natural to asK: What about 



a - b anQ 
The answers are easy to find* 



3 



+ b^' 1 



^0 
^1 



Find the prodUGt: 

(a + b)(a^' - ab + t^) 



a(a^ 
^3 



^ ab + b"^) + 



We see a neat factorizationi 
+ b^ ^ (a + b)(a^ ^ ab + b" 



b{a^ ab + b^) 

^3. *::#■ ■■'■ -. 



5™ 182 



We -If an use thin result^ 

^ (a + l)(a" - al + I"); to i'actor 

V;e need uuly let t a and 

From a^ - l" - (a - L^a^^ = ai - ) : 

i I i i i i i 



+ (a )(a^- - al- ^ \r) . 

Let a - c and I - ^ . 



*LQO 



Find the product: 



We have ahov-: iha; a^' - I" (a - I )(a" 
To factor a=' - o wq write a^ - ^- a; 
^us, - 8 - (a - )(a^ aa + 
8v- - I . [2x ^ )( ) ■ 

t^^ 1 - ( )( ) 



( y 



(t-^UCt^-t+i) 



(a^b)(a^-ab+b^) 



1^1 us see: It is nonGill^j to Tact or PQt_b the sum and the difference 
of two cubes . 
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If a pDlynomlal is the product of two iientijal r;^:,'nc::.ia^3 ^ i- 
to be a perfect square. 



Since (Jmn)^ = C:mn)(j-;n) 



we see that ym'n" is a l orf^ct 



2 
3 
4 



3 
6 



(a - b)^ 



Here is a moFe-interesting exampl^g, 

2 . (a - l:)(a - b) 

- a(a + I) - !:( ) 
2 

s a ^ at + ca ^ 

2 2 
^ a" ab ^ b- 



Similarly (a - b)^ 



(a ^ b)(a ^ b) 
a(a - b) - b 

2 



- b) 



b(a - b 



(a - b)" . a" - aal - 1." 

(a - b)^ . - 2ab 

2-2 '"^ 
thf polynomials a" 2ab + b and zr ^ - I" arc loth i.crrejt . iuarus * 

Each is the product of two IdentiGal polynomials. 

In this section we will learn to use thss- ^^atterns to re^o^nlzG perfect 

squares » 



7 


VOiich of 


the following 


is not a perfect square? 




[AJ 


2 

X 


[ci + 2xy + 




[B] 




[d] x^' - gxy ^ y^^ 



IS4 

577 



+ yXx + y> ^ + 2^ + y^, and 



¥e know x * x ^ x' 

[C], Md [D] nmy be witten as the product of two idairtioal 

therefore perfect squares, is not 



polynOTisls and are 

a perfect square since it camio_ _ _ — 
Identlcai polynomials. [B] is the correct choice 



Ttmm, thm polyncmialfl io [A], 
oduct of two idairtical 
squares, is not 

it be writtan as a product of two 





We have not eel that 








(a - 








TI'l is re a u 1 1 WM%' re e xpr e s s ed in w ord s i 






"Tlie square of the siim of two numt'ers is 


* 

the square ul 


D 


t};e fir^t numler plus 


their prod^ 


i2t plus th-3 




of the second 


number . " 






Square the following^ 


usir= this pattern 




10 


(10 + 3)2 - 


10- + 2(10)(3) + 




11 


(20 + 5)" - 


169 

+ 2( )( ) 




12 









twice, or two 
times 



3^, or 9 



2(20)(5) 

625 



Square the foilowirig; 

(x + kf = + 2( )( ) + 



(1 * or = i 



2( )( ) M 



Now see if you can ^^ite the ])roc1uct without wTitinc 
down the midr'le step: 

(3a + 2hf - 

(7a + 3h)^ ^ . . 



2U)W 

1^ ^ 2(l)(c)+e^ 
2 

1 2e + o 



^^xy 



9a^ + laab + i*f 



. »^ 

i+9a^ + k2^h tjii- 



IS; 



578 



16-1+ 



*22 



Here is an example whijh it 

((x 4 a) - ^ ' 



more airi 



Nqw let un 



as 



£(x)(,) ^ / 



ERIC 



a l- 1/ 



I 1 1 I I 1., 



Wa have used x for a anJ 3 ror b. V/a may concLude that x*^ + 6x 
is a perfect square. 



23 



26 



l8 the polynomial 36x'' + iSxy + y' a perfect aquare? 

Our procedure, of course, is to compare It with the 
j ol ynomial a^ ^■ , 

j6x^ + I2xy + y"- may 1" 'Tltten 



( 2(6x)(; 



i. Ml, 



(Noter Coy.;, ind comiJlete boKed material. 



ft + 2 a b + 



The polynomial 36x" + I2xy + y^ _^ a perfect 

(is^ls not) 

lUare^ and we may writer 



a 2 
+ Sab + b " 



Ste anawer be low* 



ii 



(fix + 



1 
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27 
S8 

29 
30 
31 



Find the perfeet sQUsrti MOng the following 
polynQmlali^ and mxpTBBB th#m as squares. 

For mny that are not perfect squares ^ write "not a 
perfect square''* 

a a 



kx + i+x - 1 



2 2 

X + 6xy + 9y 

p 

l^x + Ux + 1 ^ 



l^x^ + l&y + 9y^ ^ 




not a parfeojfe 

s qu«e 

(at + if 



Wo also noted that (a - h)^ = ar - 2ab + b^. That Is, a" - 2ab + ■fa- 
Is a perfect square slnot It may be wrlttan as tht product of two Identloal 
poLynomlals . It is often convenient to aompare*polynranlaLa with this 
pattern to test whether or not they are perfect squares , 



32 



33 



31^ 

35 

36 



For exmnple: 9^" = 125q? + ^y" 



can he vritten^ 
and con^ared wlth^ 



- a(3K)(2y) + (£ 



a - 2 a h 



We laay conclude from this test that the polynQinlal 

a perfect square . 



9x^ - la^ + ky^ 



(is, is not) 



2 - 2 2 2 

Comparing 9x" - 1^ + hy with a -2ab + h"^ we 

identified a with ____ 

and b with * 



9x » ISs^y + ^y ^ 




37 
38 



Find the perfect squ^es among the following poly- 
nomials j and e^^resi them as squavee. 

For any that we not perfect iquwai, write "not a 
par feat square"* * 
2 2 

kx^ ^ kx + y^ ^ 



580 
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ho 

hi 



square 



0" 



+7 
^8 



Guri-onc yo-: -.a^e fiven a liuacii^atic rolynomlal over the 

inte^orG u;' tho form ];x 'i , 

(llote that in ■ 
is J 



4 Lho joelTl:3ient or 



nol.yrijrnial x^" - tx - .} is a terrocl square? 

ir + LX 4 15 a rerfect square^ then we must 
have jne or tho oth'.jr oi' tiiese iatteruc: 



or 



a - Sat + b 



In eithyr ^ase^ we havQ m a^ and q 



Hence J the integer q muot le the 
integer \ » 



of some 



In 'dBX or -L'ab^ if the a is identified with x^ 
then 



px ^ \ 



I t t, 

Hen^e^ either 2b = p or 



+ px + q 
- 2ab + b 



)8l 



Cotj Bimply, 



ERIC 





Gee that x'^- + 6k ^ 


Id a perfect square. 




ij bees 


Luse ' J." and o ^ 


2( J. 


m) -. ,J 






. since Lc = ( ) 




and w ^ ^ 


)■ 











at aoniG more exajTiL.es. 










j.iuaro* since 




( r 


an.; :0 ^ C ^ ^ . 








.00 is a rerrect square sin: 


0 100 ^ 


and 


-20 - 










l.ij is a perfect square since 












rfi,-> 


:urninari 


r.e w© may sayi 





(10)^ 



i\ qu^idratic polynomial + px + q, where- p and q 
are Intecera^ Is a perfect aquara ir and rtily if 

1.) ■ q is the square of an integer b . 



a) 



either p 



or p - - £1j i 



ir w© iiaw -'x"^ + 12x + ( )" we might ask what 

numljer we could put in the parenthesei to n:ake the 
resulting polynomial a perfeGt square • 

air discussion sugeests that we put in the number 

We see that 1 + 36 is a perfect square^ since 
;:6 - ( 1^ and IkJ ^- * 



3fi 



{6f or 6^. a(| 





Fill the hlE 


ink with £ 


L numher which will make the 






6 1 


resulting pc 
2 

X + lt.x + 


Dlynomial 


a perfect square. 


6k ' 




62 


X" - 2x + 






1 
















6j 




+ 1.^ 







o 
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Complete the following to make trua lontenoei 



6k 


n 

^ 2x:r + 


- ( 


f 


65 


o 


( 


f 


6e 


X ox - 


= ( 





We are primarily Interested Just now in factoring polynoniiais over the 
interers * However ^ we should te av-^re that the ideas we are uslnL hava 
wide applijability i 

The statements a" - l-^ ^ (a - c)(a - t) 

O O . ,0 

a" + g&b + ^ (a + b)"^ 

a'^ - 2ab ~b^s (a-b)^ 

are tnie^ oi' course ^ iT a and b are an^^ real nuiiibers . Our use of these 
statements is not always restricted to the Integers * 



67 



68 



We obsBr\'e, for example^ thai, 



This liruslrates once' again the pattern 



(a + b)' 



1 I I -I 1" t , 

(x + |r - + s(x) ( ) ^ ( 



( Copy and Complete . 



(a 4 b)^ ^ + S 



I t; i I f t 



See anewer below • 



* 










Fill in the 


blanks to ma] 


the following polynomials 




perfect squa 


res , 














■x^ ^ -5x ( 


f 




70 


X - 3x + I 






71 


2 / 
X + X + 4_ 


)^ [Hints 


ThB GOeffieiant of x is ij 



2 



5S3 



73 

■75 

It 



Til ■ the missing tem to make each of the following 
a iori'ect Sviuarej and ccrnplete the sentence. 



oerriaient 0: x is 



'a, (x + sr 



We caLl the process illustrated in Items 6k to 66 and Items 69 to 76 
goinrletlng the gquare ^ This process will play an important part in our 
di^Guasion of quadratic polynomials i 

We ^11 conelude this section by showing hov recofenl^ing perfect squares 
helps us in solving certain equations * 



77 



78 



79 



80 
81 



For example^ let us solve kz~ + + 1 ^ 0. 

Noti./ -chat the right side of t^is equation is 

2 

Moreover^ we recognise that i+z"' + ^ 1 is e 

perfect . * 



We thus see that 



L 



+ kz ^ I ^ 0 

f = 0 



are equivalent equations^ 

( 2z + 1)^ is a product of two identical factors, 
Th.ls product is 0 if and only If + 1 is 0, 

Thus we have the chain of equivalent sentences^ - 

kz + kz + I ^ 0 



+ 1)- - 0 



The truth set for each is 



(2z + ir 



16-3 





Solve 








82 


x" - lOx + 25 ^ 


0 


Truth 


- 1 

set: 1^ 


S3 


9y? + 12x + ^ = 


0 


Truth 


♦ 

set: 



16=5 * fajtorlng Completing the Square 

By nov you should he able to factor a polynomial vhi h is the differenct 
of two squares* You should also he able to construct polynomials which are 
perfect squares , 

These techniques can be combined to factor certain polynomials which 
are not perfect squares • 



3 
k 
5 
6 



Consider^ for example^ the polynomial + 6x + 5 * 

The polynomial & perfect square » 

(is^is not) 

However, we know that x~ + 6x + is a perfect 

square-* 

lero 

Moreover, + 6x + 5 ^ x~ + fix + 9 ~ + 5 

- (x- +^bx + y) - 



We ohserve that (x + 3) ^ ^ is the 

squares t Henoej continuing; - 

x'^ + 6x + 5 ^ (x + 3)^ " ^ 

^ (x + 3 + 2)L 



of two 



^ (x + 5)ix + .1). 



In Item 3 we added and subtracted 



niis is oXe 



step in the^'^rooess of oompletine the square , 



is not 



-9 

diffarease 




585 



1B2 
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£1 



- '^x - - ^ (v . . 1- (add and cuVi 



i.Ox + 2h 



(x - iO(x - g) 

(>: - + 1) 

- i*){x - a) 
(x - ';)(x - 1^} 



133 

o 
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'i-i 
















- - — - — = 




d 4- 










(|)^ 
















( ){ ) 






1:. 
























. , f. ( _ . ^ . =i) = i-n^ 
■■ ■- ■ ■■ ■ ^ ■-■ ^ } J J . - - 


J 'jiat in 


U-u/^-'.-ri; I;," 
.io,inf- thiG we 




















(y + 3)(y - 7) 










(y + S)(y -U) 


W' " 






1 <; ; yr oriia 


0 v-zliicli can be 








. In oa.-h 


ca^o we found 










f u ■ y n!.)niQ 1 aD 






r . -ll"' * A,; you may ::uDjo.'l.^ 




J not a I way a 



o 
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36 



35 





If wc attempt 


to fa-tor ^ Zx - ^ 




completing 




the square ve 


detain: 
>r - * i (x * l)= 








We 


wttaini?'! a result 


whi 








not ) 








J : I'l'cr-- :.jo c:^ 


twu jquaros* 








Indeed J (x - 


l)^ ^ 1 is tl.o 








We cannot I'a'^tor thia joLynoniia.u 







(x +1)^+1 
have not 



Now let 


us conjider x"^ + 2x - 2, 




In this 


case cjmpLetine the square leads 


to: 


This is 


a of two tenns , 




and 






Is there 


an Integer whoBe sauare is 




Hence we 


factor (x =H l)"^ - 


over the 




( can J camiot) 




Inteeer^ 







difference 
No 

cannot 



You might like to see how this relates to some of the thinrs we will do 
later. Items ^hO to 'h2j which are optional^ deal with this. 



Is there a real number whose square is 3? 
We note that (^)- - . 
Hence + 2x + 2 - (x + l)" - 3 

. (x . \f - {^f 

- (x + 1 + y^; 



19U 58a 
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12 

13 

15 



In order to solve - hx ^ k we may first write 
the equivmlent sentence 

^ kx + I. ^ , 

This equation has 0 on one sidej hence we may 
apply the property stated in Item 10, 

g 



^2 



are all 



sentences , 



s 0 
^ 0 



Hence the tnth set of ^ ^x - ^ is 



u - if 

m 



Solve* Answers are on pag? xlx* 



16, 




23C - 


0 


11. 


2 

X 


m ^ 


0 


l8. 


(y + 


if ■ 


^16^0 






6y + 


12-0 


20. 


2 

X 


kx ^ 


5 
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Chapter 17 
QUADRATIC F0LYI1OML4LS 



17-1. Factoring Inspection 

We have already laari^ed that we can use thu method of comr letinc t}:c 

2 

square In factoring quadratic polynomials of the form x + px =^ q* Some- 
times we are alle to factor such polynomials over the integers ^ tut some- 
times we cannot do this * 

Now we are go?ng to study a second approach to the prohlem of factoring 
such polynomials over the integers. It requires In^enuity^ but it Is often 
quicker than completing the square , 

We have found that exmining carefully the process for writing an 
Indicated product as a sum helps us recognize patterns useful :n factoring. 

Let us hegin^ then, hy considering as an example the pror'uct (2x + 5)to + 7) 



(ac + 5)(3x + 



6x^ + 



_x_ + 15x + 35 

X + 35 



In Items 1 and 2 we have applied the 



proper 



5(3x ^ 7) 

s 

29x 

distributive 



We can show the vork of Items 1^ 2^ 3 In a diagram ag followir. 



Step 1 
(2x + 5)(3x + 7) 



6x 




Step 3 
(£x + 5)(3x + 7) 



35 



Look carefully at this diagram as you complete Items 5 to 10. 



Item 2 we saw that 

(2x + 5)(3x + 7) - 6x^ + lUx ^ 15x + 35. 

Each of these terns is the product of one term in 
( 2x + 5 ) and one term in ( 3x + 7 ) * 

O^us 6x^ is the product of the & in + 5) and 

the ____ in (3x + 7). 

We indicate this in the diagram in Step 1* QJie 
and the 3x, ^Ich are nwltlplled to give _ __ __ j 
are connected "by a curve t 
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19 i 



63e 



17 



r-'iti: practi^e^ you % 
the lia^rEn vithcut irawi 



ihovn in 



-5x ai the middle term^ 



[a; (3x - 

[B; (Jx ^ 

[c; (ix ^ 2)(. 

LDj (3x - 2'(; 



When our pattern is applied to the polyncmial In [C]^ we 
note that the middle term is obtained aa followB^ 



(3x + ^ 3) 



Since -9x + 












l£ 




+ i)(i-x - 


;) 


17 


(ax 


+ 2)(^x ^ 


?) 


iS 


(5x 


- 2)(5x 4 


1) 


IP 


(£x 




1> 


20 


(x - 


i+)(x + 5 


) 


21 


(2x 


^ i)(2x - 


3) 


2P 


(x + 


6)(x + 6 


) 



8x^ + at - 15 

+ 1& + 36 



Did you notice -that Items 21 and 22 e^h could have heen done in 
another -myl Item 21 involves the product of the sum and th*^ difference of 
2x and * In Item £2 you have ( x + 6 ) . 



23 



Write + £)(-x - 3) as an Indicated eum* 

(^x + 2)(-x 3) - 
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' ( :^ ^ ; ' 






' . - .--1 -i= f " ') l' 
- -_ . . _ . -'i _^ ^. _4 . ^ , , , \^ = ~ ' I 




v., . . , ........ 








L.- ■ . ;:. : ioi. ; r , 


- 0^ ■:-■.>— - . ^ ^ - . = 








- X ^ . L ; 






an in.i : nt^c l .n;::: Li- : 






~ r.) 


ir wo wanv / ^..-u:o: ; 


? ^-W n ; ' :Ot.^ 


(rx + -:Ur-: n) ^- .-■-v ^ 




aim G roth ni;st ro 1 or io" 


tO' ; 0 1 ; 


D.ir oxt^oriencc in Items Pi to 


2i: oor^e^tn tl^^^t we 


wl.. oLtain iha LrelwraLLC i^ac 




nto factoioat n;l) Iv tryinr 


T - z 



ihus I:' winL to iacior x'" ^ ; u.vc.;r tne into^crx, v/o noect 

onl^' i.coh I'or in"o?.;e2v n- anu n s't^h thu"w 

( :■- :n ) ( X r: ) :■: ^ * x , 




X 
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let tw re?a:: -he sttps rcr ' -::nr^t Inr ( - r:)(:^: ■ n): 






- n:)(v ^ n 


) - :x - It niuj' 1:- tri^J 


tha- : 


- n - N 






mr. = 






-or , a:; i 


n art? integers * 






have th^ ::roduct 12 and the sun: 








]uc3t : 


Dns i:: Char 




V.'e ear 







3 

la 



Kov -lid vou find the answer in Ttem >2? 0::^ way is 
to lis^. s^/stematicai^:/ a^l the pairs cf In'grer 
Tact or 3 of ISi" . 



12 1^ 1 X 12 
- S X 



0^1 theVairs Df factors listed^ the pair whose sum 
ij ; ^ is , . 

S and 1 - ^ 



S X 6 
3 X '4. 

9, ^ ^ 



Tiie rasi:; idea io slmnly to te. rairs of faclkors until you find thi 
right pair* Tliis neth^rod of factoring is sometimas called factoring by ■ 
Inspection. 



38 



If ve wish to factor x 5x + 6 by inspection^ 

2 

ve can notice that the coefficient of x is ^ 
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50 



51 



52 



ThuBj proceeding as In the last example^ we lo^ for 
integers m and n such that^ 

(x m)(x + n) ^ X" + 5x + 6* 

Thinklrii of our pattern^ we thus need to rind rn and 
n such that mn ^ , 



We find that the pair of inte£;ers 



has the product 6 and the sum ^ . 
We check: (x+£)(x^j)^ ' 



F^Lrtor t" + I2t + 20. 

(Notice that t^' has the coefficient 1.) 

If you had troublo^ .^omrloto Items to ^8. If not, 

go to Item h9 . 

Tlie fact-ors of 20 are: 1, £0 



For ^riich of these pairs is tiio sujn 1^? 



t + 12t 2n 



Factor ovei* the integers' 
+ 21t + 20 

o 

t"^ + 3t ^ .2 
+ Ba + 15 



To factor + 2x - 13, ndting that the coi^tcient 



of is 



you might consider 



()^"+ m)(x + n) ^ X® + Sx - I?, 
We know from our pattern that mn = 



Hence one of the integers n ,must be 
the other positive . 



596 

203 



and 



6 

S \ 
2. 3 



(t + aKt 10) 
"1 



10 

a, 10 

(t + 2)(t + 10) 



(t ^ ao)(t + 1) 
(t*+ 2)(t + ly 

(a + 5>(a ♦ ^ 
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66 



I:, ^rier lu^^-.r x = I!^ over the inte^-r^, 

:ve riop^i tc rind tv- interors v];c^se rrciu/* 



lili'erenli :.C33il ilities * Likewise we ncte Voth 



C and 3, -5 J 
Of these ralrs, the 5\:rn 



and 



■ " : r a - ; a - : . 

^le i:air I'a.'tors whose ]rod\;et i::; - 
sum is -J 13 and _ . 

Tl:e ra.?tcriEation of a" - -a - I'i is ^ 



a:. : v/ho:^e 



If vou were corrects skir to Item 67. If ycM had 
trout ie^ go ahead with the next items* 



Tu factor a - ja - iS we notice that we need two 
niimhers whose product is and whose siun is ? 

'Iho jairs of integers with product -I::^re: 

- 



The pair whose sum Is -3 is ^ 
Tims, ^ - Id - ( )( 



Consider (x + m)(x + n) ^ - 6x ^ 13 . 



67 
68 



.^Ljincc m • n = 15j m and n are either hoth positive 
or else hoth ^, 



Wiich pair of factors of 15 has th 



le suiii 



-15 



5. -3 

(x + 5)(x - 3) 



3 and -6 
(a + 3)(a - 6) 



-18 

^, -l8 
S, -9 

-3, 6j -6^ 3 
-6> 3 

(a + 3)(a - 6) 



negative 
■3, -5 
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Cx - 2){x - 3) 
(jt - 3)(x - h) 
(a + 3)(ft - 5) 

(x + 5)(x - l).; 



found: 



x'' + i^x - 5 - (x + 5)(x - l) 



iint: two intor-ers whose product is -5 and whose sxm is 'i-. We wera 
J. r.;: ry inpr.pcT inn . 

■j.-a.:'i that in Ceotion l6-5 we used another method for factoring a 
such ac + - 5 . This method depends on the idea of 



r-i '^or X + 4>: - 5 by the methotf-tf cQmpleting thi 
i .*ir-j * Then completg Item 75, 

y- " -X - can be wit ten as the difference of 
z quurec 1.1' and , 

I:"" had trout lo uith Item 75 j look back at 
l-o-iD ' to l'^, Sec , l6-3^ 



Wo ^i.us have at our disposal two methods for factoring over the Integers 
•i : :.yr.omla: of the fom x^ + px + q. "(Needless to say^ both lead to the 

Ih.L' trial and error method is qulck_^ particularly where q has few 
rairs factors. Later we will discuss some shortcuts that are helpful 
when 4 has many factors, 

C>n the other hand_j the method of completing the square Is straight* 
:'or«^rd and direct"^ so you may prefer It In some cases, (^Is method is 
aLso important because it has other uses.) 
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Of Qmrmm you must remember that no' al]^ polynomials over the inte^rers 
can be factored over the integers. If one method fails to lead to a 
factorisation^ "so will the other one. 



Let UB determine whether + l^x + 36 is factorable 
over the integers * . 

List all of the pairs of factorG of j6* There' are 
different pairs* 



(how many) 

Did you find a pair of factors whose sum is 1^-? 



Since we are unable to find such a pair of factors; ve 



conclude that x + l^x + 
over the integers . 



lactoraE: Le 



, 1 s J i s not ) 



In attempting to factor x + l^x + 36 we might 
instead have used the method of completing the square, 

a 



+ Ikx + 



is a perfect square , 



+ l^x ^ 36 ^ x"^ + Ihx + - kO + iG 



13 



the square, of an integer. 



{iSjls not) 

We cannot use the idea of difference of squares to 
o 

factor (x + 7)^ ^ 13 over the integers* 



Factor over Am integers if possible j using any method 
you prefer, ^^;rite "not factorallc'' if the p;lyncn-ial 
cannot be factored over the integers . 

t^ + 9t + 20 

%- ^ lOt + 20 ^ 
+ 21^ + 6 k 



X + l6x + 6k 
- 9k +. 8 



five 



no 



is ^r-ot 



k9 

(x ^ 7)^ - 13 
is not 



Ct + kUt ^ 

not : J'aetorable 

(x -t 4)(x 16) 

(x * B}(x + 8) : 

or (je* 8)2 
not fastorabla 

(x - iKx - 8);: 
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38 



90 



Factor Sx + 3x + I over the integerB • 

2k^ + 3x + 1 ^ 

If you had trou'ble vrlth Item 88^ complete Items 89 
to If not^ go to Item 93, 

In 2x^ + ^ 1 the coefficient of x" is _ 

V/e want^to find integers Sj n suuh that 
(rx + m)(sx + n) ^ 2x" + 3x + 1* 



If this is to he triiej rs must be 
must be , 

(2x ^ l)(x + 1) ^ 



ana mn 



Hence Item 88^ when completed j should read* 
2x^ + i;x + 1 - (Sx + l)(x + 1), 



(ax ^ iSl^S 



1 

2k® + 3x 1 



Some of the ideaa atout prime factoriEations of integers ^ which were 
cl eve loped in Chapter 12 ^ can help us find shortcuts in faptoring polynomials 
over the integers - 

For example^ suppose we wiEhed to factor 

x^ + 2£x + 72* 
Iho prime I'actoriEation of 72 is 2^ • 3~* 



We want to have^ 

(x + m)(x + n) ^ x^ + 22x + 72. . 

o 

Hiat is: x~+(m+n)x+mn 

I » ♦ 

g x^ + 22 X + 72 

3 2 

Since 72 2 ' 3 ^ ^® that the only prime 
ractors of m and n are 2 and * 



At least one of the numbers m and n is 



( odd ^ even) 



22 is aisc 



(odd J even) 



even 



Since one of the numbers m and n is even^ and sinqe their sum^ 22^ 
is even^ it is evident that both the required factors must be even. On the 



600 



other hand^ since 3 is not a factor of 22 ^ we cannot have 3 a 
factor of "both m and n. 



^us we have excluded^ from the list of pairs of 
factors of 7S| those exoapt 



and 



You can then conclude eaellyi 

x^ + 22x + 72 - ( )( ) . 

If you had trouble with Item 96 ^ write a complete list 
of pairs of factori of 72* T^en review how each 
pair may be excluded by the argument above except 
those in Item 96* 

Example: "Hie pair 9j 8 is excluded because 9 i^ 

^rid hence 9 + 8 Id odd* 

(even, odd) 



Let us demonstrate this line of reasoning again by 
considering. 
^ X" + 55x + 600* 

We could begin by listing all the pairs of integers 
whose . is 600. 

This list J however, would be quite long. Let us 
instead begin by considering the prime factorisation 
of 600, 

3. 



600 



fhuSj If (x + m)(x + n) ^ + 55x + 600, m and n 
will contain only S's, and ^ s as factors* 

^Die fact that m + n, which equals 55, is odd 

means that m and n both be even or 

, , . , (can* cannot) 
both be odd* ^ 

Therefore^ the three t's must all be in the sajne 
factor . 



gdd 



■i'liimot 



601 



2it 



IT- 2 



Purther^ since 55 is divisible by 5j and since we 

have 5's to split between rn and n^ it 

(how mrw ) 

is evident that 5 raist be a factor of both m and n. 

Vfe have decided that either m or n must have 2 as 
a factor* Moreover^ m and n each have 5 as a factor. 

This Leaves a factor of 3 for either m or n. 

T^iis elves us only two possibilities for m and 

either m - 2^ * g ' 3 and n = 5 



.3 



md n 



3 '3 



^10 


In either case mn ^ 






600 




Since rn + n must equal 




■e chose the pair 




-^107 


llius, + 55X + 600 = 






+ Uo)(k 




















Factor: 








*io6 


a" - Sla + 108 






(a * lS){a 


^ 1 0^;;' 


a" ^ £5a - 600 






(a + UO)(a 



17^2,, Faotorine b^ Inspectlon j Continued 



As we have observed: 
(rx + m)(sx + n) 



( rn + nis ) X + 



If we viish to factor a quadratic polynomial over the 
Irutegers we may work with this pattern* 

In the last section^ we factored such polynomials as 

+ aix 20^ - 5x 6^ x^ - 7x + 12, niese 

_ . 2 

polynomials have the general form x + px + 

The coefficient oT in each of these cases is 



rax 



1 



6^ 

2QB 
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A quadratic polj^nomial having as the Goerficient of x*'^ offers 

no d i ff'i cu. 1 ty ♦ 



Ik 

16 





Consicier -x^ 


- X + IS. 










If ve wiah to 


I'aotor this 


polynomial^ 


it 


io helplMl 














3 




-X^ - X + 


12 _ _ 


J 




h 




x" + X - 


L£ ^ ( 




) 




HoriCQ 


-X - X 






1£) 


5 






~ -( 


)( 


) 















6 
7 


-X 

1.2 


8 


-X 


9 


'It 

£_ 

X 






10 




11 


2t' 



5x + L2 



In Item li j you- may have noticed that 
at^ + 6t + li- ^ 2(t^ + 



J. 



Tt you did^ then you sa\^ that the complete facbor- 
izatlon could be found by'' factoring- % ~ ^ 3t 2^ 
which- you did in Item 10. Thus 



2t " ^- 6t + k 



SCt"^ + 3t + 2) 
S( )( ) 



5 



If y ou d i. d no t I ■ ro c e ed t h i s way , y ou c ou Id have f ou nd 
by 'trial and ^eri'or that 

■ 2t^ + 6t 4^ if - (Ot + g)( > ) 

- g( )(^ -^g) ' 

In completing /item 1-+ you used the fact that the 
terms in £ have the comm.= n factor * 
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-(x"" + X - 12) 
(x-J+)(k-3) 



x=*^ 12}(x + 1) 
= Jx +i2)'x- l) 
not factorable 
"X -i)'x* at) ;. 
It - 2){t ^ 1) 



!{t + 2)(t ^ 1) 



t + 2 
Sft"+ l)(t 
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17 



You mlEht also have found the complete factorisation of 
2t- + 6t + i^' In these steps: ' 

2€^ + 6t + i+ - (t + l)(2t + k) 

^ 2( )( ) 

ComparinE Items 13 > 15 j and 17; we see (of Gourse") 
tile timm complete iao tori sat ion* We also see- -this 
Is thc*^ Important point-^that in factoring 
2t^ > 6t + U the simp],©st method is to recognise 
first the common factor 2» 



X 



Thm preceding exMple illustrates two important ideas i 

1) In factoring an Indicated sum^ it is wise to begin by seeing 
v/hether there is a common factor in each of the terms. 

2) II' ax^ + hx + c ~ (rx + m)(sx + n)^ and if the terms in 
rx m have a common fact or j then so do the terms in 

o 

ax^ + bx + c . 



18 



19 



20 



Factor completely' 7x^ + l^x + 7* 
7x^ + ihx + 7 - _____ 



Try this one: 2x" + 7x + 3- 
In this case the terms 



have a common 



factor. 



( do j do ' not } 



By trying various possibilities^ we find: 



2x + 7x + 3 = 



21 



If you completed the last Item correctly; you 
observed that it was necessary to find Integers^ ^$ 
m^ n such that 

(rx + m)(sx + n) - gx^ + 7x + 3. 
You may have observed that when you write 

2 

(rx +'m)(sx + n) as a sum the first te™ is x . 



60k 



II 
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The factors 



Thus you could Goncludt* rs - 

you are seeking have the foM: 

(2x + m)"(x + n). 

Alio you could have noted: mn must be t 

Ifou thus may have simply tried out 

(2x + l)(x + 3) 
(2x + 3)(x + l) 

iinoe these are the only possibilities . 

o _ 

From which of these produjta lo you obtain + 7x + 3 ? 



(^+ i)(k + 3) 



Which of 


the folloving 


sentences is 


correct 2 


[A] 


2x^ + 5x + :3 


- (2x + 3)(x 


+ 1) 


[B] 


2x- + 5x + 3 


^ (2x - 3)(x 




[C] 


2x + 5x + 3 


- (2x + l)(x 


+ 3) 



The carrect raspdos© Is CAI. 



If possible^ factor. If not^ write "not factorable", 

ia" 4 - 7 " 

3a- ^ k&^- 7 ____ 

-3a^ - i^a.+ 7 - 
2 

2x" + :^x '3 



not ^aatorable 



Note that in the polynoii al 2x- + 9x + 3^ the maximum siam" of- the 

Inside and outside products that can be obtained Is 1, which is less 

Let US try another exeLmple. SuT)pose we wish to factor 6x + 19x + 10* 

We want J then^ to find Integers r^ Sj m, n such that 



(rx + m)(sx + n) ^ 6x" + 19x + 10. 



213 
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30 
31 
32 



We can compare our polynomial with the pattern; 

(rx + in)(^ + n) ^ rsx" + (rn ^ mB)x + ran 

L ~ I 

6x + 19 X + 10 



We note that tb = 



and mn ^ 



Kie factorization^ of 6 are 6_* and 
Thm fact orliat lorn of 10 are * 1 and 



We can list all the poesibllitiea ve need to teiti 

1) (x + l)(6x + 10) 

2) (x + 2)(6x + 5) 

3) (x + 5)(6x + 2) 
k) (x + 10)(6x + 1) 

5) (2x + l)(3x + 10) 

6) + 2)(3x + 5) 

7) (2x + 5)(3x + g) ^...^ 

8) ^ 10)(3x + i) 

Note that in each case rs ^ 6 and ran ^ 10. toerefore, we need 
select the paii^ of factors which gives ui (m + ms) - I9. We determine 
that this is true only for case (7)* 

toying out each ^ftse is tedious * Can we eliminate any caies without 
actually testii^^ 




33 



31* 



^5 



In 8)^ we observe that the first factor, (ac + 10), 
can be witten as (x + 3) # TOus 8) is not a 
possibility^ because If it werej 2 would ba a factor 
of each tem of the original polynomial. 

Likewise In 6) we'-if.e that the first f actors 

2x + 2^ can be wltten as , Using the same 

reasoning we can eliminate this case as a possibility # 

Using the sMe reasoning, we can also eliminate two 
others j xiraaly . _ and ♦ 

Having ruled out some intrlea In ouf list| we can test 
the rest- 





6qS 
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36 (wt find I 6k + 19x + 10 



factoring by Inspeetlon Is rtally only a mtter of trial and error. 
You do not need to list or try out all the posgltllitiea * Stop when you 
have found a produet lAich does yield the given sum. 



37 



38 

39 
ko 



k2 
^3 



lmt*m try anatheri Factor 3x~ - & - SI, 

Thm teMB have a comon factor, 

C do I do not J 

We muit find inteieri r, ij m, n such that 



(rx + m)(sx + n) ^ 3k - & - 21. 



^e constant in our polynOTial la 



Hence one of 



the numheri m and n must be poaltlva and the 
other 



We can factor 3 ' in only one way: 
We ean factor 21 in two wayai 



3 - 



and 



Recall that we do not need to teat ^(3x - 3)(x + 7)^ 
because the tems in 3x = 3 have a common fact or j 
namely . 



3x 



^ ' 21 . ( )( ) 



do not 



negative 
3*1 or X^3 
21*1 7*3 



(□c-3}{3x + 7) 



kk 
k6 



Itetor: 

^y^ + 23y - 6 

32 - 



8a^ + ICfe 



3 - 



i-yV •. ..• 

'■:::|«i:^^;^'V|:;:iV;'*-•i' 




— - He re l¥~ air^^[ptlonal) e^^^le In oh the prime faQtoriiatlons of the 
coefficients ar# helpftil- You may wish to try coi^lating Itam at oncej 
QT you may prefer to go directly throu^ Items *kj to *5^» (if you wish 
to pmit the starred Items, go to Item 56*) * 



214 

Sen 



17-2 



Eactor 25x - h-^x - 36. 

We have as prime factorizations! ^ ^ 

and 36 - * 

The sum of the inside and outside products is 



Since U5 is a multiple of 5j . and sines we have 
two 3's to put somewhere, both the inside and the 
outside products will contain aj^ a factor* 

Kiis suggests trying; 

Ujx » 36 - ( X + s©mething)( x + something). 

Since ^5 is also a multiple of 3j we also expect 
to find that 3^ which occurs twice as a factor of 
36, is a factor of both the Inpide and the outside 
products , 

^5 is i which tells us that the 2's . 

(odd, even) 

be in both inside and outside products * 



^can, cannot ) 

We have thus eliminated all possibilities except. 



(5x * 12)(5x - 3) 
(5x » l£)(5x + 3) 

We find: 25x^ - ^5x - 36 ^ £ 



5^ 
-45 



5. 5 



odd 

caimat 



Fkctor; 






6x^ + 7x - 24 ^ 












Can the quadratic polynomial 


+ ax + b be factored 


If a ^ Is 


even and b is odd? 






[A] yes 


M no 





ttona lo ^ii <iOT®ti«t V^5ieraf03fa^ either tha Inside pr<^uct v.^^^^ 

or Qwtsld# ^qiyet vtXL fearo a ftetar of g Tlut not b0tfi^^^^^^;^..j^^^^^ 
^usj the itia of ti!^ ioilte outside pTod^XQts vtlX i^^^ 
Ttim mmmr %m til * 



"608 

215 



17-a 



Althou^ this section has emphasized factoring by inspection, you should 
not forget that som polynoiniBi %n he reaognlzed as perfect squares and 
othera as the dl(ferenefe of two juareo. In the following list of oxamplofl 
you will find occasiona to use all the methods we have studied. 



62 
63 
6h 

m 

,66 
67 
68 

79 

71 
72 



57 


9x2 


58 




39 




9a2 


60 




61 


1&2 







lac - 5ix + if 5 ^ 



ICbc + k3K + ^4.5 = 
6 - 23a - ^ 



I9x - 6 + 7x® ^ 

2 2 
p + + q ^ 



25x^ - + hgy^ 

2a + 2C^^ + 50a^ ^ _ 

ga^ + 35a '-^ 25 ^ 

2 



(Caution) 



(3x ^ a)^ 

(3a+s)(3a-X) 
+ 1) 

(5x+9)(2x45) 
(ax-X5)C5xH^3) 

-<3x+l){3C-6) 
(7x-2)(x+3) 

(5x ^ 7y)^ 
(2a+5)(a45) 

(x -l)(x + 7) 



In much of thii section we have eoneidered quadratic polynomials* How- 
.ev#r^ the ideas wa have developed can be'appj.ied in cei-^tain other cases # 



73 



6-3 

z - 5z - 14 is not a quadratic polynomial. However^ 
if we wite 

- 5^^ - 1^ - (z^ f - 5(2^) - Ik 



vt are ahle to facW? thi ea^ression* 
ThuM, - 3^ - Ik ^ i )( 
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75 
76 



Factor eornpletely.* 
a - 13a- + 36 



b - lib" =^ 2fc 
y . - 01 



[Hlnti Your final result 
should j5B%€4.g^''Qur factors.] 



'We have been faGtoring polynomials over the Integers » TJow let us 
consider the polynomial 



This is not a polynomial over the integers* Hovreverj we can factor this 
polynomial^ using familiar ideas* , 



76 



1^53 
y/e may write ^ h= p + — as 


the indies 


ited product 


of a rational number and a -pol^ 
integers . -Fnus^ 


/nomial ovf 


ir the ^"^'^ * 










) 




The advantage of this is that \ 

2 - 


/e know hov 


/ to factor 




)( , ^ ) 




^erefore i-x ^ ^ - r.x 


+ 5m' 





|(x^ ^ 5k * 6) ■ 



(k ^ 2)(x * 3) 



60 
8i 

82 



Here is another example: 

w 12 2 1 " 

^ 3 ^ 



4( ' )( 



NotiGe in Itemtir, uhat 12 is the luast common 

J.J 

denQminator of the ■ of the polynomial'. 
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Here, as berore^ we I'ii'at vrottj the poiynomial as the product ol' a 
ratlonaL number and a polynomial over the intef^ers i then we factored the 
polynomial over the Integerg . 





Let us examine one 


more exai 


;p ] e , UufuU dor 
Li 




Do 


It- vv: ; : : . V . 

t 




__..(. 




Bk 


Unfortunately , 


3x + L 


be 


factored 


»- 


over the integei'S . 




(can ^cannot) 





cannot. 



When you try to factor (x" + 3x + l) over the integers you find that 
there are no Integers m and n ouch that ^ 

(x ^)(x + n) ^ + 3x + i, 

NQtlco that if thpye were such integers m and n^ then mn wouA ^e 1. 
Hence the only possibilities you need to test are (x + l)(x + l) and 
(x - l)(x - l)* I^om neither product do you obtain Jx for the middle 
term* 

^You 'might wonder whether you can find rational numbers m and n for 
which * ^ 



(x f m)(x + n) - + ix + l. 

TOli might lead you to try out such products as (x +'^){k + S)^ and 
(k + j)(x + j)^ and the like. That Is ^ you mieht expect more chance of 
factorine when you have more numbers to choose from. It turns out that you 
cannot find ratioaax values for m and n. Polynomials which cannot be 
factored over the integers will bn discussed, in more detail in the next 
section. 



85 
86. ' 
8? 



Factor . 

1 2 

- 3t + li 



|t3 = 3t' 



kt 



1 2 ^ U , k 
+ yc + - 



\ 
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88 
89 
90 



2 2 h 
=^ ^ h ^ 



Dp not forget thai factoring is useful in solving equationei 



91 



(92 ^ 



93 
9h 



Solves 



6y + y - 1 ^ 0 



If you had trouhle with Item 91 j cOTiplete Items 92 
to 9^. If not^ go to Item 95* 

6y2 +^ - 1 . (3y )(^ ) 
Hence th^ open sentencp 

+ y - 1 ^ 0 
is aquivslent to the sGntence 

3y = 1 ^ 0 or * 



TOie solution iet of this con^iound eentenca ia 




95 
97 



Solve: 

8x^ + Ittc - 3 = 0 _ _ 

9x^ = 

[Hlnti Begin by writing 9x^ . l).x - 0. 

- I3y + 36 * 0 _____ 
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LT-j . FB.n. jTini: ovgr the Real. Irunlers 

H-ii/] rar In .^ur vorh on I'ajtorinc have em].hasiL:o;l ra:torlnr lolj 



In U 



— — - ^ 



Wo J ee : x " 



n-:-.:n: 



^hat ij, it 



^ - - ■ ( )( )• 

In •n.::a .^.-.iti.^ U.^'rri ^ ;/ou I'u^-Lured x'" = ^.x + n over 
iLf^ .!nt'J^=or:: . llmt i^, ;.^ou f:-;md a faetorlsation 
^n'y :r;yn '::nn'j Over tlie , 

It^;:^ tilo i--vlr^tti- j : L-rncnln ^ ig vrrittGn an 
a ]Tua:n^t on tvo ] o l:/nor:uala ^ eanh havirit; det;ree 



(x ^ a)(x ^ If) 



I:; 70--:: -n we arc not coin/; to restrict ourseives to polyno-aain 

over ^liQ intt^ners^ \ \it mcnt our aiscUGoion will stil L relate to 
quadrat I E o^ynoj-Ja^ .\ . 





I"- ' ■ ] nvin/' are 


luaai'ati ^ 


]-Qlyn:?niial.a? 










v^r - 
















[Al 


r and T 






[r\ 


■ ^j Ej and 


T 




ic: 


d, and T 






[D] 


P, S, and 


T 





Jx - 5* is a polynomial, tat its d^gs^ee is 1 so It is m% 
a quadratic? polyn^al*. ^ \%\ ^ 1 tg not a polynomii&l^ 
sinqa it involves shmiM Ij^ve: atogen [o], 

2ZQ . 
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V/e ar© going to be interested in factoring quadratic polynDmial*" j but 
we will not restrict ourselves to factorizations over the integers* To 
emrra.Miiic ^nr present point of view^ we will sometimes spe^k of factoring 
a civno:nlai over the rea; numbers* 



Wo jan write l£x^ + as a product of j ^nomials 
in many ways . 

7 + 3x ^ x( ) 

In each of Items 7 to 10 we have written the quadratic 
poLynomial 2x'~ + ix as a product of two polynomials* 

We v.'iJ.l be most Interested in writing a quadratic polynomial as the 
rrciujt of two polynomials of degree 1. Items 7j 9? and 10 illustrate 

jLieh factorisations. In Item 8 one factor is of degree 2. We would not 

2 

rorar i it as a complete factorization of 2x + Jx* Item 7 Is the simplest 
fa-;tori = ation^ tut we will find that at tirnos we have special reasons for 
us lac facLcrizatlons like that in Item 9* 

In factoririG quadratic polynomials we will make use of what we have 
Learned at cut perfect squares and about factoring the difference of two 



Kg /a LI acain that the jsentences 

i ;^ a" + 2at + ^ 

P - 2 

Ij. " - + ____ 

are xi'ua for a_?.l real values of a and 1 

In factoring polynomials over the real nujiibers we can apply these 
=catterns . 




61^* 



aCx^ + 1=) 
ae(* + |) 



(a + b)(» - h) 
(a + 



Xj li not 



is 



£1 


Wiich of the 


folloving is 


not th© square of a real number? 




[A, 




[c] ri 




[E] 


11 


[DJ .1^ 










= 11 





^ is a non-negative real mmberj approxlmtely 1*1^Ba 
Vv^ iB cDn^equently a non-negative real wwafeer? apj^roximtelj 

-If la neiatlve and henca is the squjare of a i^al laanba^* . 

You should have chosen iDl* ' - • ' ^ 

Any non- negative real number is the square of a leal number. On the 
other hand J no negative real number is the square of a real number. 



It 



Consider the rolynornial x" - TlIs is the 

Ih of x"^ and 

(suri^differense) 

IE the square of . However^ £ ^ 

. , ' ' . ' (is^is not) 

t:;e sjuarQ o: an ^y^^^r . 

Hi-r.::^ i:' wc are fajtorin^ over tj^g. lii^o^gr g we must 
regard x~ - £ aa not factoracle* 

17 Cr. ti-ic o^her hanci^ 2 ^ ( Yl ^ 

1^ the cv\[iTO ' a roa^ n^^rV^r. 

(is, is not) 

If we are factoring over the real n^ombers , we can 



2 

19 regard x' - 2 a:; the of two squares * 

That is, ^ 2 ^ (yf)^. 

SO We may thus write: - £ - ( - )( ) ^ 

We notice that x + t/I and x - Vf are polynomials 
of first degree* 
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X + 5 is not factorable over the real n^ATibera^ so [C] ie 

2 

th^ eorrect □hoice* Nctice that ^ ^ is the dujh 
and iSf, 



It is clear how we :nay factor a polynomial aush as - c (o > 0) 
ov©i" the real nunters: 

x^' - c ^ (x + >^)(x - (c > 0). 



23 
26 



27 
28 
29 



Factor ^ajh o:^ who 
if ^ossicle. 



l-'vini: , the real nunters. 



h 
1 



{y+vl3)(y.Vl3) 
Cax + |)Cax-|) 

not faotorable 



Examine: 

+ 2i^x + J 




: ; ■ ™ : . . . 


Tiiis phrase is a polynornlal* 






+ a/jx 3 - X- * 2i/3x + (vT)^ 






Compare x^ - 2V^x + (v^)" with a^ + 2ab + b^: 






2 2 
a" + 2a b + b^ 






since + 2ab + ■ ( 






we have x*" + S-^Jx + 3 =■ ( )'" • 






Similar ly: + kS^ + gO = { \^ . . 
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Suppost we wlih to factor the polynomial ^ kx - 2* If we were 
asked to factor thli polynDmlal over the Integeri we might look for 
Integeri n such that 

2 



^ kx - 2 ^ {x + m)(x + n) . 



30 
31 



It turns out that we 


find such integers • 


(=1 


in, cannot) 


p 

That is J x~ + kx ' 2 


factorable over 


the integers . 


Ls, is not^ 



In trying to factor kx = 2 over the Intigersj we mi^t have 

preftrrad to try completing the equare. Do this. Then coraplete Item 33, 



32 
33 

3^ 

35 
36 



X" + 



hx - 2 ^ (x + 2y 



Q^are is no integer whose square is 6, Hence again 

- g 

we would concluded x~ + hx ^ 2 Is not factorable 
ovar the , 

2 

Suppose J however J that we wish to factor" x + kx ^ 2 
over the real n^hers ■ 

Slnee ( ) ^ 6^ we see that 

+ l^x - 2 - (x + 2)2 ^ i/Sf 

^ (x + 2 + ) 



We have factored x + ii^x - 2 over the 



numb^s. 



37 



Suppose you are asked to factor x - 6x + 8 over 
the real numbers • 

You mi^t still wish to check first whether you can 
factor X - 6x + 8 over the Integers. 

It la easy to see that x = fix + 8 ^ ^ J ( J^* 

2 

We have factored x - 6x + B over the integers^ btit 
of coui'se when we are factoring over the integers we 
are also factoring over the real numbers. 



Integers 



(x ^ i . ^ 



If you are askedj theni to factor a quadi^tic polynomial over the real 
mjmberi you may beiin, if you likej by trying to factor It by inspection. 
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However^ if you fail in doing this then you will need to apply the method 
of compleling th© gquare* 



Let us try this metliod on 



- ox -1- o. 



) - 



( )( ) 



U2 
^3 



VaQtoT ever tho reaL niLmbers by conpLetini; the aquar.e; 

:S ^ I:, ^ I - U 



/ \ /- 



+ 2y ^ 5 . ( )( ) 



6a + J - ( )( ) 



9, 9 t 
(x.^+v^)(x-3-/3>i 

fool yon?l ; 



You must not be led to believe that thia technique of completing the 
square vlll enablft us to factor evtry polynomial over the real numbers. 



^5 



Consider - hx + 6 = ^ kx ^ k ^ h + 6 
Thia last is not the difference of two 



In fact J - + 6 Is not factorable over the 
real numbers • 



Recalling that (a + b, 



complete the folloving to foiTTi a true sentences 



y " + y + 



Fa~tor ty completing the cquare. Ajigwoi'e aro on page xlx, 
50. a^ + 3a + 1 52. - Jx - 2 



51. y" + y - 3 



53. y*^ + |y - 1 
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5^ 



56 

^57 



59 



Consider the polynomial 2x^ 6x + 3 * 

In this polynomial the coeiTlGien^ of x" is 



If we ^vlsh to ractor this polynomial ly completinc the 
square, it ir \\o.},Vu\ to Voriii ly '^rritU'iri 
-J .-^ -.^ .... - 1 ^ \ . 



We TQZ^c^izQ that 
We aluo I'oca-l that 
i^Ud we have I 



2Lx_ 



In Iterri 59 you should have noticed that adding h_ 
inside the parentheses is the sanie as adding 8 
to the polynonilal , 



8 

-8 



'Let us S'immarize the steps in faGtoring 2yp + Sx + 3 hy completing 
the square. 

s 2(x^ + l^.x + U) =8 + 3 

- 2(x +2)^-5 

- (/ICx + £) + v^)(>^(x + 2) - v5) 

^^ice attain ^ vre i'incl that our knowledge arout i'actoring can he applied 
■when we w^ish to Golve euuatlonG * 



60 
6l 

62 
63 



Consider the equation a"^ - ^a + 1 0* 

Completing the square^ we write the equivalent equation 

(a ^ f ^{ f ^0 
^iUS vrc have: (a - 2 - v^)(a - Z ^- /j) - 
Hie equivalent Gompound sentence j 

a^a-V^^O or ■ 



Thic sentence J and hence the orl£inal equation , has 
the solution set 



0 

a - a + ^ ~ 0. 
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64 



65 



_ 2 



^ kx 2 ^ 0 

[Hlnt^ If you have troutle, refer to 
itema 33 to 35.] 

- + 15 = 0 



Notice that In completing Item. 65 you find the equivalent equation 
(a - 2)^ + 11 ^ 0, Slnca 11 is poeltive and (a - bT is non-negative for 
all real values of a^ their sum is greater than ^0 for all real values of a. 

In the coiirse of thie section we have foundi 



2 

X 


+ kx 




2 = (x + 2)2'. 


6 


(item 


32) 


2 

X 


- 6x 


+ 


fi Mx - 3)2 = 


3 


( Item 


39) 


2 

X 


- hx 


+ 


6 - (x - 2)2 + 


n 


(Item 


i^5) 


2 

X 


- 5x 




2 - (x . |)2 , 




(item 


52) 


2x2 


+ 8x 


+ 


3 ■= a(x + 2)2 . 


5 


(item 


59) 



Notice that In each of these instances we hegan with a polynomial of the 
2 

fonn ax + hx + c. We were able to write this polynomial in the fom 



66 
67 



Thus we observe the patterns 

ac^ + 8x + 3 - 2(x + 2)- + (-5) 

ax +bx + c-a(x-h)^+ k 

We observe that k eoAeeponde to and that 

h corresponds to , 



-5 



By now ypu should realise that evei^ quadratic polynomial can be written 
In the form 

a(x - h)^ + k. ' 

ThiB Is sometlmas called the standard fom of a' quadratic polynomial . 

Notice that wlting a quadratic polynomial in standard fonn is really 
only an application of completing the square* 
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u'lte each quadratic j-clvn^nlal in standard forn; 



68 



70 



Lv 



i r 



Ir yo-i had troiu 



^omt '-etc rtcns 



=((x . 1)^ ) 



. V - 



V/rite in 'standard rorn;; 



ir you had r.i'ouclc vltl; It en aonplete Items 75 
and 



75 
76 



3(x" - + q) - + 5 



-(x + 1)* + 1+ 



-Cx^ + 2x - 3) 



2 h 
^3 



22j 



621 
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- 2 

An equation of the form slx + bx + c = Oj vhere a / 0, is called 
a quadratic equation * 



Solve the following quadratic equations, 
- % - 7 - b 



[Hlnt^ Cofflplete the square , 
6a + 3 ^ 0 
9 ^ ^ 



Rawlte in the fom + hx + c ^ 0. 

- lac ^ kO ^ 0 

x^ + 5x » ll+ - 0 





•:.-;^:?::-i;::::nJ:!:ii;;:Ji 



Notice that the equatlQEi In Items 2^ 3# 5 involve polynQMala 
vhich cannot he factored over the integers* In these equatioin cgrq)letlni 
the square is Indicated* ^ Item 6^ you lai^t have used completing the 
square J or you mi^t have factored the polynomial hy inspection. 



Consider the quadratic equation 

2x^ + 3x - 1 ^ 0* 
2 

tta polynomial 2x + 3^ - 1 _ be factored 

4.V =f * (cflnjcannotl 
over the integers . ^ j # 

However, we can solve this equation hy completing the 
square* order to do soj we begin by recognising 
that 

2x^ + 3x - 1 - 0 



-1=0 



are equivalent equations* 

(We obtain the second equation by mltiTjlying both 
sides of the first by .) 




62S 



10 
11 
12 
13 
lit 



15 



We have: 



fcc^ + 3x - 1 ^ 0 
2 3 1 ' 



(x + )^ 



^ 0 



^om this chain of equivalent equations we can 

S - 

cpncludei the truth let of Zx + 3x - 1 - 0 la 



f -3 - ^ 
( 5 . 




:U you had trouhle with Iteme 10 to 15 do Ittme l6 to 2^4-. not, 
go to Item ^ * * ^ 



16 

17 
18 



19 
£0 



Suppose >re wlsfi to completo the following^ 

« 

We imiit add to the left side the square of 

the coefficient of x, 

^ and (|)® ^ , 



2 • 



You should veri^ for yourself that (x + ^ 
x2 + fx * ^. 



We had x 



+ 4e - i ^ 0 (Item 8), 



2*^^ 2 

Uilng the Mthod of completing the Sqimre, we write i 
Since we added we also - 




2Z0 
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To complete Item 12, ym had to notice that 



IC 



To complete Item^ Ij^ vou had to notic 



25 
26 



-.1 _ yiT n 

Item 13 J when com|:let€dj reads: 



■nils is the 



or two squares. 



Hence it can be factored. ^One factor is the sum of 
K + j and ^-f^* The other factor Is the of 



and 



11 
If"* 



Nov go tlirough Items 10 to 15 again. Be su^re you 
understand each step. 



Consider the quadratic equation 2x~ + l^x - J ^ 0, 

We apply the method of the^ preceding exajnple. 

Again the fii^t step is to imiltiply both sides of the 



equation by 



We obtdir 



Try to complete the soltrtlon for yourself. The truth 
set is , ^ 



If you had trouble* do Items 28 to 3?. If not, go to 
Item 38 * ' ^ 



4 
15 



differenoe 



1 

s 




We want to solve 2x" + -^3 ^ 0. 

Sx" + - 3 0 

+ ax - s " 0 



28 
■£9 



(x^ * ax + _ 



) ^ 



- # ^ 0 



1, I 



30 

al- 
as 



33 

3h 

35 
36 

37 



at 



2 " ^ 



□ 



Thus (x + l)' - i - 0 

may be witten (x + l)" - ( )^ ^ 0 



We then have: (x + 1 + -^)( 



) - 0 



This last iontence ii equivalent to 

X + 1 + ^ - 0 ^ X + 1 

^ ( and J or ) 

which la equivalent to 

/To 

X ^ -1 - or X s 



^'0 



Llkewieej 



-1 - 



^1 + 



10 



■/To 



□ 



timth set of £x" + 1+x = 3 ^ 0 is 



s 



or 



-1 ^ 



a 
i 




em 
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^ this section we have solvad, several qyadratl'o oquatlons^ Including} 



1*0 



'2x^ - *6 



Equation 
0 



X - iSx + l+O = 0 



X + 5x - 1I4. = 0 



ax + 3x - I = ■ 0 



Ix^ + 6x - 1 = 0 



6x + 10 



Eruth set 

' •C-7,2) 

k > ^ 



' -3 * a^ . 



(Item 1) 
(Item 5) 
(Item 6) 
(Item isf 
(Itofn 38) 
(Item 39) 



Each of theaf--^uatlons has the general 


torn 


2 

* ax + bx + c = 0 * 




For ax^ple, we reeognlsa that ^x " + 3: 


< - 1 - 0 


has thla farm^ and that a ^ j b ^ 




Notice that in each^of the equationi the 


^ coeff icent , 


of X la different from 0, 




We have oalled an 'Equation of the form 


2 

ax + hx + e s 0^ 


where a 0, a _ equation* 





♦ 



SuppDie iomeone aike you to Bolve an aquation of the f iim ax^ + hx + e-O* 
You may fUnd that you can factor the polyhomial ax^ + bx + e . by inspection. ^ 
Oil the other hand, this may not he possible. Howeverj you can alTOya apply 
' the method of qom^leting the square. 



k2. 



Let us apply the method of canpletlng the square to 

2 

solving ax + bx + Q ^ 0, 
f 

(Hemember^^ c are real numbera and a ^ 0*) 

% may write the chain of equivalent equationai 

' 2 

ax + bx + c ^ 0 

2 b 
X + -X + = 0 

a ' 
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(i)2 _ 'tXf 



17 



(x + 



— km, a 



b 2 

Note that we have used the fact that (gj)" = 



(If you had trouble with any of these items look hack 
at Itemi 8 to 2k^ where the steps for solving 
2x- + 3x - 1 - 0 are ihown in detail.) 



in Item khp we obtained the equation 

_2 



\ 2a/ 4a a 



We know that the differenoe of two squares can be factored* Kius we would 
like to write 



N 2a/ 4a a 



2a 

as the difference of two squares* 

in order to do thiSj we first write 

as a single fraction. 



k6 



Ua^ a 



hap- hm- 



Thus we can rewite the equation in Item kki 

□ 



^ 0 



^c 

IF 



b ^ 
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We can factor 



^ 2a/ ^ 



2 



as the difTerenae of two squares If and only If 



^ Uac 



Is the square of a real number* We recall that every ndn - negatlye real 
nuaber Is the iqu^e of a real number. We recall also that no negatlye real 
ntMber ia the aquare of a real nianber* ttue vhether or not m can factor 



N 2a/ km 



- Uac 
2 



dependi on whether or not 



la non-negative. 



2 

he, > 0 for all real -umluea of a except 0, (H' a ^ 0, tiie 

original equation Is not a quadratic equation i) Thus ve Beet ^ — " - ±t 

p ■ 1. ^ " 

non-negative if and only If b - l^ac > 0, 



k9 



50 



If b^ - Uac > 0^ then so is 

In this case, is the aquare of a non- 

Ua 

negative real number , and 



y b"' - ij^ac _ yb^ ^ Wc 



Thus if b = ifac > 0, we may wite 

- km 



as 



= 0 



We see th^ we have the difference of two square a. 
Hence we havei 




628 



51 



An equivalent sentence is I 



X + 



2 a 



=^ ^0 or X + ""^^ — 



2a 



TSia twth i©^ of this ientenee is: 



2a 




We have seen that 



ax + bx + e ^ 0 



, b s2 b --i^aa _ « 
and tx + — ; - — =2 ^ - 
& ita 



are equivalent aquations. If b^ tec > 0 they both have the truth set 



-b + ^® ^ 
IT 



^2 . \^ 



Sa 



52 



53 



5^ 



What is the aituation if b = ^ac < 0? 

a 0^ and henee > 0. 

o 

b^ = ^ac 

In this case J ^ is negative^ 'and hence 

2 

b - Uac . " . \ 

- g _ ^ 

Notice that for tivery rfal value of 
is a true sentence. 

/ b \2 

Hence for every real value of x the nma of ^.2a 
and a positive number is 



( posit ive J negative ) 



We may conclude: If - i*ac < 0, then there is 
ho real value x for which 



s I 2a 

is a true sentence* 



b.s2 b^ - ^ac 
X + —J - — n 

i+a- 



0 



When b- - i+ac < 0/ the truth set of \^^^)- ~ kS ^ * 
and hence of the equivalent sentence ax + bx + c - Oj 



li 



pOiltive 



posltlv© 



230 



ERIC 



Althaafii the wrk Is,^ Items k2 to 55 may have seemed difficult to ym^ 
you ihould recognize easily that it is simply a generalization of oult 
method of solving quadrat ios , ^ 



55 



56 



We may iumBarize: 

1) M equation of the form ax^ + hx + c ^ 0^ 
when m ^ 0^ is a equation, 

2) ^ GOTjleting the square^ we can find^ 

2 

If b - > 0^ then the solutions of 
the equation arei 



2a 



and 



2a 



If h - i*ae < 0| then the solution set of the 
equatioa is , 




In 2), we have expressions for the solutions of the quadratic equation 
ax + tx + c ^ 0 In tems of the □oefficitnts^ in the case ^ere b^- kw^a > 0, 
Tiimmm expressions for the solutions are often referred to as the quadratig 
formula. 



57 

58 

59 



io 



In order to show an appllQation of the quadratic f ornmli 
we will use it to solve the equation £x^ + 3x - 1 ^ 0 
(^Diii equation top solved by another method In Items 7 
to 15t) ' 

The equation + 3x - 1 ^ 0 is of the fom 



ax + bx + a - 0> %Aiere a ^ 



b2 . k^a . ( f H ) . 17 

Since b - h$.Q > , 



the elation has solutloni of the foitn 



2a 

The solutloni are 



and 



and 



-b + Vb 



^ - kmc 



2a 



1 r 





237 



You sh^ld verlftr that this is the solution we found 
In Item ig, . 



63 
6k 



Coniidir th# quadratic equation x - 6x + 10 = 0* 
2 ' 

Xt im of the form ax + + Oj with 

For tills equation^ b" - l^e ^ ( ) - hi )( ) 



We may eonelude that the truth set of this equation 



is 



f slnee h - kmc < 0. 



Note that this is the result ohtained in Item 



If you wlshj you may praetice applying the quadratic fornmla by using 
it to solve the equations In Items Sj 38^ 39* 

Let us conclude this section with soma prDblems wlilch lead to 
quadratic equations. 



66 



67 
68 



^e^ square of a nmnber is 7 greater than 6 times 
the number* ^at Is the number? 

Ijet n represent the nwaber. 
An open sentence is: 



We see that , 



n - 7 + 6n 
n^ ^ 6n - 7 



fin - 7 ^ 0 is a quadratic equation^ In order 
to solTC it^ you could t^ to factor the polynomal 
n ^ fin ^ 7 by inspection. 

= 6n - 7 = ( )( ) . 

Hence the truth ret of n - 6n - 7 ^ 0 is . 



Recall ttiat as a final step you should check In the 
original problem. 



631 



n 7 7 + 6n 



n, -1) 



60 
70 



Do both the mimbers 7^ fit the drlglnal proMem? 

Note that this problem has , solutions # 
^ (how many } 



two 



- ■•• ■ :-■ ■ ■■■ W.-V-: 



In this example I we were able to solve the quadratic equation n - 6n- 7 

2 " 

by factoring n » 6n - 7 by inspection* You might have preferred to use 
the method of □ompletlng the aquare in solving this equation* If' you had 
wished to fittniliarize yourielf with the quadratic foimula you vould have 
chosen to solve the quadratic equation by this method. 



71 



72 



73 



7^ 



^e length of a rectangle is 5 inches more than its 
width* Its area is 8^ square inches. Find the 
width. 

Solve this problem* ©len use your work to complete 
the items below. 

If w repreaents the width In Inches of the rectangle; 
an appropriate open sentence isi i _^ . 

Oirice w represents the width in inchea of a 
rectangle^ we should oonaider as domain of this open 
sentence the set of positive real numbers # 

An equivalent open sentence Is ^ 0 . 

Th& truth set of the equation w " + Jw ^ 81+ - 0 Is 



^Only one of the numbers 7j =12 poiitlve* Hence 

only one value for the width- -namely; ^_ inches^- 

satisfies the eonditlons of the problem. 



■ ■ V];."". 



. 632 



17-5 



to this ^apttr we Mv# been psrtieulwly concerned with quadratic 
polynomlali— that Is^ polyneolali of tht torn ax + bx + «here a ^ 0. 

If a^ b, c are inttgtytfj .then ax + bx + e Is a pQl^rnomlal over 
the Integers , and ft Is orten useful to aik whether the polynoDdal can be 
factored orver the Integer i - 

We rtoall that a first step in Jaetorlng a polynomial is to see 
whether each tera has a ccmon factor* If bo, we can apply the distributive 

pr^erty directly* = 

2 

to order to factor ax + bx + c over the Integeri by inspection, we 
'3,OQk for integers r, S| m, s such that 

(rx + m)(sx + n)-ax" + bx + c* 

If a ^ we need only find integers m and n such that 

(x + m)(x + n) ^ x" + bx i- e. 

We recall that .the method of congsletlnf the square may also be used in 
finding a factorlzfttion over the Integers of a polynomial of the fom 
+ bft + c. / 

We have observed that In factorinf a quadratic polynomial over the real 
twmberj the method of completing the* square also applies* 

Ve have seen that fivary quadratic polynOTial ax + tx + c can be 

' written in the form 

----- ^ 

/ a(x - h)^ + k. 

We have also seen that w can find the solution set for evei^ 
quadrttic equation 

ax + bx + c - 0 (a O} 

by "completing the squa,^e, (We may find that the lolutiop set is the null 

set.) If we apply the method of COTpletlng the square to the equation 

■ 2 

+ bx + c = we can obtain a geneml formula^ the quadrmtlc foraula, 
. idiich gives complete Inf oraation about the solution set of the quadratic 
equation in teiro of a^ b, e* 





Use the distributive property to factor (if possible) 






each of the f ollo^ng polynOTials over the integers • 




1 


15a^^- 30b - 15( ) ' 




a 


- 2a^ + 3a ^ a( ) 




3 


(6r s)x - (fir s)y - 











633 



k 
5 



6p - 12q ^ 30 
6p ^ 12q + 31 



6(p - St + 5) 



Wiiich of the following is not a correct factorisation? 

[A] 9y^ - k- - (3y + s)(3y - 2) 

[B] ^3xy - 2xV - (3x - Ky)KS" 

[C] a(c + d) b(c + d) - (a - b)(c + d) 
[d] - 15x + 25 - (x - f)^ 



S 





Write 'li^ reimlt 


of perf OCTni 


ng the 


maltiplicat? rns , Answers 


are 




on pace xx. 












(x + 3)2 . 




la. 


(Cx = 1) + a)f(x = 1) = 

(100 + i)2 H 


a) =. 


8, 






13. 






ix * /if . 




Ik, 


(2x = 3yf - 






(a + . 






(3a + ^^Ij)^ ^ 




11. 




























Factor each ^of th 


e following 


over the Intagers If posol'blo. 


Answars 




are on pace xx. 










16. 


- k 




22. 


1*3 + + 3rt 




i7* 


x" + ^ 




■ a?. 


- 4b - kx ^= bx 




18. 


ht- + ].2t + J 




ai*.. 


>ma 4 Sb ^ 6ab + L2m ' 






- aoz + 25 




£5. 


2^^ I 2Cm% + 50&b^ 




20. 


9?^ + G5t + itt^ 




£6. 








Sa"^ - 20at ■ + 











211 



63k 



l\ictor over the real numberi* AnBymrB are on page 3Q£, 



21. 



n - lOn + 2k 

a 



30, - i^x + 12 

31* -x^ + X + 12 

3a» - l6a + 6k 
2 



35. a^ - l6a - 6k 
36. 



\ 



33 



+ 8a 6k 



37. - 169 

38, iCfe. + 39 + 

39* 5a^ - 15a® + 3<^ 

ko. 7x" - 63 



Jlaetor over the real numbers , 



• kl 


6x2,. 




■ 150 =. 




'6x^ + 


60x + 


150 « 




• 6x® + 


25x + 


150 . 




' 6x8 . 


87x + 


150 =. 


•' ki 


, 6x^ + 


63x - 


150 - _ 




*k6 

*kl 

50 
51^ 
55 



Bometimei wa find that our knowledge of prime factor- 
izationi of the Integeri helpe us factor a polynomial 
by inipectlon over the Integer e * Hie following 
polynomlali oan "be factored over the Integere. Find 
the factorisation. 

6x^ - 6lx + 150 ^ 
6x + 65x + 150 ^ 
6k^ - ilx - 150 ^ - 
6x^ + Tx - 2k - 



Write in the form a(x » h) + 



X + fix - 2 



x" + 8x + 3 - 
fix^ + 8x - 5 



1 



2 



S(x + 2)^ - 13 



33 

55 

56 
57 

58 

59 
60 



61. 



62. 



63. 



€4. 



65. 



66. 



Ilnd the truth set of: 
ft - 5a + 6 = 0 



X + 6x = 0 



X = 2x + 1 



[Hint! COTiplete the squara * ] 



+ 6 ^ 7x ^ 

[Hint I Rewrite in form ax~ + bx + a - 0*] 

(x - 2)(x + 1) m k 
[Be cautious!] 



X + 2x + 5 ^ 0 ' 
3x^ + 6x - 1 i 0 




In each of the following you are to translate the given situation 
into an open eentenae^ find the truth get^ and answer .the ^eatlons 
asked. Remember j you should check by detetmining tlmt^ the solution 
obtained eatlBflea all the conditions of the original problem. 
Answers are shown on page xxi . 



The square of a number is 
What is the number? 



9 lese than 10 times the mmbers 



A rectangular bin is 2 feet deep and the perimeter of its base 

is 2k feet. If the voliMe of the bin is 70 cubic feet^ ^at Me 

the length and the width of the binf 

Two plywood panels^ each of which eost 30 cents ^er square footj ' 
were found to have the saroe area^ althougji one of them was a squwe 
and the,, other a rectangle 6 inches longer thBXi the square but -. 
only 3 inches wide. VSmt were the dimensions of the tw panels f 

If the length of a rGOtangle is 7 inches longer than Its width 
and if its diagonal is 13 Inches^ how wide Is the rectanile? 

The altitude of a triangle is 3 inches shorter than its base, and 
its area ie ik square inchesj how long is the base of the triangle? 

If the perimeter of a reetan^e is 28 feet long and its area is 
2k square feet^ how long is the reetangie? 



a 



ad 



— €T# -Starting from the^ame point Rosemary walked north at a certain 

constp^nt rate^ while Lorraine walked west at a conatant. rate which 
was 1 mip-h* greater than that of Rosemai^. If they were 5 
miles apart at the end of 1 hour> what was the walking rate of 
^ each? - ■ ■ 

I 68, The sum of two numbers is 15 end the sum of their squares is" 137j 
■ find the numbers * 

69 > One number is B less than another, and their product is Bk* 
^- Find the ntmibers . 

.70. The product of two consecutive odd numbers Is 15 more than k 
times the smaller ^^'mber, Wiat are the numbers? 

71* T^ie sum of ih times a number and the square of the number is 
11 * Find the number* 



72* Find the truth set, 


(iWiswi 


ir is on page X3^*) 


+ 2^x - 10 


^ 0 


[Hint: Complete the square,] 



73* 


ft*ove: The square of an 


odd Inte 


ger is odd. 




tt'ovej If m is an odd 


integer^ 


* 1 is a multiple of 8, 




The completed proofs are 


on page 


KXVt 



18^1, jjvlglQn of pQlynoml^g . ^ " 

In Ohapttr 16 v© observed that mvmry ■polynQudw^ co^d be wltten in 
eoMpn pol^eralal foiTOs ' You hava had a great daal o^praetlca in witlng 
product i of polynOTilele in gCTt^n po^nomial f era* ' ^ ^ * 

As liready know^ division and multiplication cloi^iy ralateds 
It ig natural to ask what we can eay i^otit ^vl^ng p^Lyndmfalii 



We can easily verify that k - 6x '+ 8 = ( 



Sie fact that (x - 2)(x - If) ^ fix + 8 cm he 

verified by using the diitrihutivt property ^and other 
properties that are true for all real v^ues of x, 

Thusy in Item 1 you coi^leted a sentehca that li true 
for ilLI ■ values of. x. * ' 



We know tliat if d| q are real numbere and d f 0, then n 4- d ^ q 
means n ^ qd. Thim leads us to coifipare the statements 

. fix + 8 . (x ^ 2)(x . . ^ 

(x^ ^ 6x + 8) 4^ (x ^ i^) ^ X ^ i 



3 
If 

5 
6 

7 
8 

9 



If X has the value of 7j then 
X - 6x + 8 has the value _ 

X - if has the value j 

X ^ 2 has the value » 

15 ^ 5 * 3. a^d 15 + 3 - ^ 

If X is 0^ then 
x^ - fix + 8 li 
X - Jf ii i * 

X ^ a is 



r 



... 



639 



4 



10 



11 



12 



and bIdo li : ( =•■ ) 



We have verified that the statempji;t. 

(x^ - 6x + 3) ^ (x . 0 
is true If x is 7 axid^ If x L: 



li the statement 

(x" ^ 6x H : (■■ 
true fo'^ ai^ real values oi' :< 1 

[A] yes 



•"|lil4'5^\a rCTember that dl vis ion "by 0 1? ^ljj 
T^pl^^ K hy h ±n the statement^ the div 
stfrf^amant Is not true if x is ^4. Yr ■ 



Yqu should now under stand that. 

■ (x^ ^ 6x =^ 8) 

4s true for all real vaJ.ues oi' 



(y - ■)( 



ilinply states that 



U - 0 

We Qaiuiot vrite a correspondiri^ Dtaternoi.i 



13 

15 
16 
17 



X - -9 = ( )( ) 

Henes^ for al.l real values of > 

(x^ . 9) + (x . j) 
Idkewlsej for all real valuer: oi 



r 



(k^ . 9) + (x + 3) 



We have found i 



18,1 



In mmh of these statements we have wltten the quotient of two poly- 
noffliali as a polynomial. Paaise a imment to consider the questions If we are 
given any two poljTiomlalg^ can their quotient he e^reased as a polynomial? 

The anewer^ ai you should have decided/ is ''Ilo''. 



19 

20 
21 

22 



23 

Si* 

25 

26 



Is there a polynoinial Q such that tho pj-Oihict of tl:i- 
po.lfvTiomlal and x is x + 1 ? 



Ther-fc is no polynomial ^ such that 

(x + 1) - (x . Q) 
for all values of x except 0. 
Notice that x(2x + 5) ^ + 
x(x - 1) ^ 
x(x~ + X - k) = 



no 



If Q is any polyTiomial^ the pi^Qduct of x mid Q Is 

a pol5niomial in which each term has tho foetoi' , 

Since x is not a factor of 1^ we see that x + 1 1^ 
not the product of a polynoiraal aiil x. 



(x^ - 7x + 6) <^ (x ^ 1) 



" [Hints Factor yf^ ^ 7x + 6] 
(x- + 5x ^ 6) 4^ (x ^ 1) - 



(x^ ^ 1) ^ (x . X) . 



if X ^ 1, 
if X / 1. 



Consider (x^ + l) 4^ (x ^ l), 

X - 1 ^ a factor of + 1* 

(is J is not) 

We cannot find a polynomial which j.'-. equal to 
(x^ + 1) ^ (x ^ ^1) for all valuec of a oxnnj+ 



27 



Again we are reminded of fajniliai' facte about Inter or: 



We ^ integer q cucli that £9 foq* 

(can^cmnotT 

Consequently_, we cannot wite 29 i 6 as an Intectr* 



2x + 5x 



x^ + 



X + 6 



i G not 



Cfiuinqt^ 



6kl 



2i:' 



23 



Kc of ton write 2/ v C s 
I:: th'^ fraction 

L.- ' 

/ if ihr: livLJciid^ ojvl 
A.: yry\ kj:ow^ =^ ^sj; lo vi'itten ac the rnixo -i niiniLOr 



the 



23 



divisor 



In ^ , 171 thv a^.; 

(aividGnd^JiviGor) 



the , 

c^l:;llai^ly^ i:. the in-iij&ted quotiant^ 
the dividend Ir ^ 
aJid K ^ \ is tht^ • 



2vr 



:X + 



If you were ^iven 



you nirht wite it the 



divide no 
divitior 



£k" ^ ox + 9 
divisor 



10 



I. thic coui'ne we have hud little wjaa;:lo^ to u^e ndxe.i liiunler;.. For 



mor^t piii^oser: i? easier to worh with th^: ^ir^ Hoveverj at ti:;;ec, the 

form T^S is n^el"::. 



ill 7 . 



10 



0 



integer Cf) , timer the divi-or (i^), '.-vi -n. interer (IC 
which ir leer thf-j. the divisor. 

We GO!:;etl:;;er co;/: I'-licn 17i iivI^cM Ij^^ the 

quotiLnt ir 7 and th'-. ren^^tin ir _ _ > 



7 X 23 -t- 10 



10 



In c-neral . if we uxo arked to Uvi.ie a ro: itLve interer ,n hy u noritive 
interior J, we fiiid non-no;'at ive intO:;r:rr j un : r ^ueh thai 

n qa r, " 

vh-re th'; re:;.al:. jcr, r, Ir :cr,: th^... the divl.-»n, 



Id 



13-1 



33 




hi 



k2 



i*5 



k6 



k9 
50 



An altevi.-itive Dtater:;i':;t i'c 



1: 



Since 2,)^ 3 = 227 x 1] 



2, WG otje that 



L 



Considering; now lO'- -i- 7^ 
Here the rc!';ain.J07' i:: 



1 ^ 0 



0 113 a non-ne/^at iye intef;©!' leL;r^ thaij tiie cl.ivi;;02' 















We \r.B^ 


write: 'd:0: 


- n X : 








Tlus i: 


■ oi' the for*^ 




: 1 








q is 




4= C 






Not ice 
•it VI SOI 


that the re- 








: \\\^\ the 



g^7 X 1^ 2 



227^ a 



> * 



±0 an indicated quotient. 
8 - □ X 17 + □ 

Here q ic ^ an^i r is 



13 X 7 + 

0 

7 



0 K 17 + 8 



The remainder,, 3^ Is leGG than the divisor^ 17, ^ 

6U3 



2ij 



ERIC 



18-1 



We new turn to a slntple caie of dlvliion of polynomlali 

a _ - 
Consider ^ " ?^ * ' (x^O). 

OtvlouBly, k" - 5x + 1 s (x ^_g)x + i 
Let us use 

2 

N to represent x ^ px + 1, 
D to represent x. 

Then we observe that 

Q 

- 5x + 1 

has. the form 



s (x - p)x + 1 



where Q is x^ 
and F is 



We Goiild also wlte 



which has the form 



1= Q + 1 

D-D 



In this exanple^ notice that N is of degree _ _ 
and D is of degree » 

ae degree of R is 0^ which is less thm the 
decree of D* 



Of course* that exairjile was easy* Try 
2x^ - 6x + 9 



X 3 



Surely, 2x^ = 6x + 9 - 2x(x 3) + 



Here is 
R is 



and 



^e degree of R is 



In iltfernate fonni 



X - 3 X - 3 



{x - 3)x + 1 



X - 5 
i 



5x +vK 




2u0 



18-1 



63 



Notice that 



Dx" - 6x - 2x( 



We Gee that thin lo of the form 
where R is , 



You should recall that th.o degree of the polynomial 0 
is not definods 



^(k - 3) 



Tliese exaiT^les show the similarity between the division of pol5^iiorriials 
and the division of integers. In each case we wanted to divide a pol^Tioini.ii:l 
hy a polviiOTJ.al D, We were able to find pol^TioTnials 4 oTid K r\;"h that 

itfid either R was a pol^^Tiomial with degree less than that of B or 1; war 0. 

In the next section you will learn a procedure which be used^ if you 
are given pol>7iomials in one vai'iable IT buO, with D not 0^ to find 

Q aiicl H such tlmt 

If ^ QD + 

%^ere K l^ 0 or is of degree less than that of B, Hiis process, you wijl 
flnd^ irj aiiaJa^ous to "loiig division-' for integers* 

Ihe division pi^ocess requires repeated subtraction. Hence, we will con- 
clud.e this section by practicing some subtraction of polynomials. You will 
recall that in Section I6-I ve noted briefly that it is sometimes useful to 
wlte subtraction problems in vei^tical foi'm* 



6k 



Thus^ («3x" + X - 2) ^ 


- (2k2 


3^ + 1) can be written: 


From 


n 


+ :x - L 


subtract 




. 3x + 1 




n 


+ □ - 3 (difference) 


Again, from 


a3 - 


Ja"^' + + 1 


subtract 


B? + 


Ta" + 9a - 11 




1 


1 (difference) 



^ISa^ - Ta + IS 



61+5 



18-1 



66 



67 



Here is a slightly harder one: 

(^5x^ + 2x3 = X + 1) ^ (35^^ ^ + X + 2); 



subtract 



k - 3 
»5x + 2x^ 



- X + 1 



- X + X + 2 



Notice how we placed like powerc of x In the same 
column, 

k 



Frotn 
sub 1 1' act 



-3^ 



^ 5x ^ 7x + 2 



^3x :-_sx- ^ 3x 



Set up the followlns in vertical form on yoiir response sheet and perform 
the indicated operations Check your work with the work shOTO on page 1. 

2 _ 2 - 

68. Subtract 3a 6a + y from 3a + 7a = 11. 

69. From ISx^ - llx^ + 3 suhtract ISx^ + 6x + 9* 

n _ g 

70. Add lUy^ + 8y - l6 and -12y"" + 3y* 

71. From =6x 8 subtract -6x - 1. 



l8-2 



18-2. Mvliion of pQlyTiomlalSj Concluded 



Let N and D te polynomals in one vac'iable. We interested in 
finding polynomials Q and H such that 

N ^ QD + R 

and either R is 0 or H has degree less th^ that of D, 

We haye already.' noted that this problem is simile to a famili^ one 
Involving integers* For exan^le^ 

2933 ^ 227 X 13 4^ 2 

If we ^e given £5^3 13 we can find the appropriate numbers^ 227 and 

2, by long division* 

Scamlne carefully the long division process displayed below. Be sure 
understand how each step is written # 



13 1 2^3 1 227 

26OQ - SCO K 13 

" 35 3 
260 - 

93 
2 



20 X 13 



7 X 13 



Thus: 



i I 

2953 ^ (200 X 13) + (20 X 13) + (7 X 13) + 2 
^ (200 4- go + 7)13 + 2 
^ 227 X 13 + 2 



The display shows that when we divide 2^3 by I3 
we obtain the quotient , and the 

remainder * 

Notice that 22? ^ 2 X IQ^ + □ X 10 + □ , 



by l^j what we really do is to 
^^^^ 2^3, 



Uc rir.t Jia tract 200 X I3, or 2600, We then sub= 
Ir-j't . 0 X 1;,, or 260^ ajid finely 
wc .uitr^;t^ 7 X or ■ 



m 

e ' ■ 



T n 13, 91 



647 



231 



Now let us look at a procedtire for dividing the polynDmlal 2x + x 
by the polynomial x - 3* 



D 



L 



X - 3 



2x + X - 5 

2x^ ^ 6x 

7x^5 
7x ^ ai 
16 



2x + 7 



2x(x . 3) 



Thus 



7(x - 3) 

i . i 1 



2x^ + X - 5 ^ 2x(x - 3) + 7(x - 3) + l£ 
^ (2x + 7)(x - 3) + 16 



In thig exan^le^ we are dividing 2%~ + x = 
This division prohlem is witt^ 



X ^ 3 



2x + X - 5 



Oiir first step is to think: since x 
we should write 



^ - 3 



2x" + X - 5 



□ 



Now multiply x - 3 by 2xj and write 
X ^ 3 



2x + X - 5 



2x 



2x^^_a 



Now we subtract J amd write 
X - 3 



( subtract) 



2x" + X - 5 
gx^ - 6x 

n - □ 



2x 



We now repeat the eteps of Multiplying x - 3 a 
suitahle es^resslonj and then ing . 

Since the result of the last suhtraction was - 5^ 
we think: 



^-3 



6k8 



12 

13 
Ik 



1? 
16 
17 



Multiply the divisor x - 3 by 7 e^d write 
7x - 21 Btnoe 7( ) ^ 7x ^ 21. 

Finally, we obtain 16 when we subtract 
from t 

When we have finished^ our worK looks like this* 

2x + 7 



I 6x 



Tx - 5 
7x ^ 21 
16 



The quotient Q Is seen to h^ 



Hi© remainder B is 



And 



X ^ 3 



7(x * 3) 

7x - 21 
7x ^ 5 



& + 7 
16 

fee ^ 7 + 



X ^ 3 



Here is a brief sumwcy of what we have done. To divide 2k^ + x - 5 by 
X - 3 tc: 

2 

A. Subti^act a multiple of x - j to eliminate the term, 

B. Subtract another nmltiple of x * 3 to eliminate the x term. 

The result of this last subtraction^ 16, is of degree 0^ which is lower 
thaji the degree of the divisor, ^us we have finished the division. 
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On the response sheet try dividing x + 3x'^ - 36x - lO 
by X - 5. Your first step looks like this: 

X - 5 



x-^ + 3x'^ » 38x ^ 10 



□ 



We select x"" since when we subtract this multiple of 
X - 5; ^e eliminate the tenn x * 

Con^lete the problem on your response sheet and then 
coTTipare your work with that on page 1 » 



The result of the preceding exan^le shows that x - 5 is a factor of 
X- + 3x" - 38x - 10, niii is so because the remainder after division by 
X - 5 is 0, 



lS»2 
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Let us try another one. On your response .sheet divide 
2 

the poly-nomal 5x + 3x - 3 by x - 2. Con^are your 
work with that on page i • 



Your re LIU It cliows that 
Wo bXco 2ee that ; 



X - 2 



( H ) 



5x + 13 + 



23 



Perfoi'rn the iiidl^'att^d dl\ iLion^ on ecratch paper using 
tii^' loz'tw we h?iVO dlijcuo'^ed. 
2x" - IjX t- 3 



+ 7x + 



X + 3 



2x ^ 1 + 



3K - 2 + 



X + 3 



26 
27 



'vide 



+ gx + ^ 



X ^= 6 

Check with the work on page 1 



(Hint: Write the dividend as 2x + 2x" + 0x+5*) 



Let's try ariother problem of division* 



x" ^2x^1^ 



The remaindGr iy 



30 
31 



Thus, ^ Ox - 15 - ( ) (x ^ 5)- 

We could yay that x*^ - 2x - 15 is= a multiple of x-5^ 
or that X - 1) is a of x" - 2x - I5* 

Notice that we could also have found the quotient 

o 

K + 3 by factoring x"^ » 2x - I5 • 

3x ^- 1 ^ a factor of 3x^ - 2x^ + lUx + 5* 

{ i s ^ i s ^ot. ) 

You should not have guessed for the response above* You 
should have divided to obtain: 

3^ ^ jx"^ + lUx + 5 



3x + 1 , ~ 

(3x + 1) ajid (x"^ - X + 5) are 
3x^ - 2x^ + l^x + 5, 



of 



^ + 3 
0 

(3^ + 3) 
factor 

Is 



32 


Divide 


- 


3x^" H Tx , 1 by X ^ 3. 










33 






2x + i; by X ^ 3, 




Divije 


>: 


Z'x" - 1 by X + 3, 



33 



'a 



*i+6 



Perrorrn the in^iIc:L':ed llvisioriE; 



Jiint: Wiute :c ^ 1 as 
x"" + Ox^ + Ox"^ + Ox ^ 1, ^ 



Peri'ori:; the inaicated divX^Xonc: 



2x + 2 



2x-^ ^ 1--:'^ ^ 3x + 
Px + < " 



v*" + X ^ 1 

To perfoi-m the indicated division ^" " j, we 

berai by wiut iiii;: 



Con.plc-t l:v: Vim protlem we see; 
J. .,- . ; 

2x +1 = ' 



+ T + 



18-2 

ao 



X - 3 

X 3 + ^ffi- 



2x + 1 + 



x + 3 



2. 

+ + X + 1 
.x^ - 



gx * 2 + 



2 



- x+2 



5 

5 " gx + 1 



ERIC 
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PerfQrm the indieated divisions; 



3x + Sx 



2x + 1 



#U9 



*50 



Perform the indicated divisions; 



X- = 3 

X-^ ^ gX- r 7X ^ 1 



X ^3 



X + 



Sk ^ 1 
x" - 2x *^ 1 



51 
52 
^3 



Ol'tain the second factor in each of the followlr 
9x^ - 25x^ + 3x + 5 - (3x + 5)( ) 



x5 + 1 ^ (x^ + 1)( ) 



2x^ » - X + 1 . (x^ - X ^ 1)( ) 



- 3^ + 1 
6 1 - 



+ S3£ ^ 3^ 



l8-3* Products and Quotients InvolvinE Folynornlals 

We have already had occasions to observ-e certain similarities between dUr 
conclusions about polynomials and the properties of integers. It is i^easonable 
to expect that our knowledge about factoring polynomials will help us handle 
fractions involving polynomials. Just as our knowledge about factoring integers 
helps 1-Aen we work with rational numbers* 

We mist he sure we understand the meaning of a fraction in which -the 
numerator a^d denominator are polynomials* 



For exan^le^ let us consider ^ ^- , 
If X la 3> then 3|- 1 g ig 



n 



652 
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• then ^— 
2 X - 



-Q^^ _ f name a re-d number tor cJl real 
X - 1 



don'^in of the variable T?ti;$t exciude values for 
vr.ich trie denominator has the valiie 0. 



10 



ru-^:^ eorriplete the Hqt.ic- to iii.il^.'ate tlial vcrtyln 



and y / 



X 2x - 3 \ 

iT%ti ,'e in Item 1^' that yowr ability to factor 
- 2x - 3 was Ti-i'efuls 



11 



no- 
1 



K ^ 0 

y / 3 and 3r ^ . 3 

A 

y 1^ 0 - Q la 
pexmit'fced, ] 

X ^ 3 and X 1^ -1^ 



11 



Which of 


t:.'j foil owl nf V 


'jnoc a real rmrnhei' 


for ail values of the 


indieatesi" variables? 






[A] 

[B] 


vv*^ ^ 2x + 1 


V 


^ y ' ' 


X 

X + y 






ic] 


^ y 

X + y 
X + y 


■ I El 


■¥ k -. 

+ iM 



lA] is ROt ft rfial numtar If x Is 0* [B] is not a number if 

X « y. Ibr _^e5ia^l^^ ri] Is not a real numbfer if x la 1 

y 16 1. Neither [C] nor [Dj la a raal nOTber if x - y, [1] li 

2 

the eorrect Gholc€, eince + 16 is positive for all vaiuts of 
Md henee Is- not 0 for any re^ .value of x* 



18-3 



12 

13 
Ik 



15 
16 



We hav© obierved (f lapter 13) that In order to vrite 
the QQimon nwa&s for a rational number expreised as a 
fraction it Is often helpful to factor the nwaerator 
and denominator* 

For exa^le^ to vrite the eiiiipleit nwB for we 
can proceed as follows i 



12 
30 



2-^ a 

2 * □ • □ 
2. 2*3 

5 • rm 



(common nr^e) 



(You may not need to write each steps) 

V?e were able to observe, by factori^ 12 and 30, 
that the greatest co^^an 12 and 

30 is ^ 

We used this observation in coi^leting Item I3, 



a 



BlMlarly, to eimnplify the fraction ^— * we could think: 

' • i^x 2 . 2x 

^ 2 

y 

We followed the sme pattern in this exai^le, ^e expression 2x is the 
greatest coimnon factor of kx and 2^* 



IT 
18 



19 



Notice that if x has the value 3 and y the 
value 5 p then 

±1. 1 ^ kx ^ 12 
the vikLue of — ^ Is -p^ . 

axy □ 



the vaj.ue of — is 

y 



kx 2 

Indeed, ^ =- if x and y are szxy non^zero real 

numbers • 

2 2x 2 

The fact that - • — = - for all non-zero real 
y 2x y - 



ntanbers f ollows from the 



prc^erty of 1, 



5t« 0 



6sk 



2u0 
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Applying exactly the same reasonii^, va ciJi siniplify ^ , (Note 

.-4fmt G must be excluded as a vadue of x*) 



( H ) 



(Factor the nianerator and 
denominator, ) 



X + U 

3 



We see. For all real values of x except . j 

X^ ^ = ^ ^ 2 



.2 L 

i-^rjU"> — which is an indicated quotient of two polynomials^ 

" '--^ ^ 3x - - - -- - -3 

we w-^'o'.e it B.Z a quotient of polynomials of as low degree as posilble. 



^ provided x ^ 1 iJid x ^ -1, 
^ provided ■ 



::o",l 'e that X" may be considered as the Indicated 
q\:ctient , 

^ ^.x « 12 



X - 1 



, 6 



y provided 



^ provided 



+ X 



X 4^ 1 



K^i y 1 



A, D axe polynomials^ 

A ^ C _ 

1 ' i " 



This statement is true^ subject to the restriction that 
we must exclude from the domain those v^ues of the 
vi^lable for ^Ich B is 0 and thoie for vhleh 

D is 0* 



AC 

m 
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1 



28 
29 
30 



31 



32 



33 



3^ 



35 



36 



37 



Slwpllfy; .that Is, wite in lowest temB, AsBumo tliat 
the domftln of x Is propei'ly reBtriated. 
2 



2x 



(x + if 



(x + l)(x - 1) 



(x + l){x + 1) 



(x + i)(x - i)ax 
xCx + IHx + 1) 

3(x ^ 1) . 





1 


. 2(x - 


- 1) 


X + 


1 







4- 



Bimplity aaeh/ of the following* Assume that the domain 
of the variaWes 1b properly restricted. If you have 
difficulty^ refer to Itema 36=39^ where the stepa eure 
shown. 

^ y . X ^ y ^ 

X = y K f y — — 

2 



1 - 



--to 



X - 2 



1 + x ^ -3x + 2 
ab + ab~ 



a ^ ah 



[Hinti l-x^(^l)(x^l)] 

/ 



1 + h 



ax - hx , la^ + 2ah + h^ 



\ , a - h 



Thm follovitig rastrictione on the yariableo in Item 3!+ 
are necessa%, x ^ , a |/ , and . 



t 



Tot Item 31 i 



\ 



X + y ^ X y ^ (x + y)(x y) 
X - y ' X 4f y (X - yKx 4 y) 

\ (x + y) 



= 1 



ix + lbc 



1 

aCx - 1) 
X + 1 



-1 



1 + ^ 

a + b 



ani 



0^ a 
d a^ 



X T y 
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38 



39 



For Item jg ; 



1 . X- . X ^ 2 ^ (1 ^ + x)(x ^ a) 

1 + X ^ 3x + 2 (1 + x)(x - l)(x - fi) 

(-i)(x ^ + x)(x ^ a) 

" (x^ + %){^ - 2) 



For Item 33' 



ab + ab , 1 - "b ^ 
a a"b^ 1 + t a( )( )(l + b) 



1 + b 



Wot Item 3^: 



ax - bx . a^ + Sab + b~ x(a - b)(a + b)^ 



a .2 



a 4- b 





We ihould have no difficulty in einoplifyii^ a^raiiione of the farm 

A 

1 

where A, D a^e pol^oinialo. 



No difficulty^ that is^ if we properly restrict the variables involved. Notiae 
that it is naceisaiy to exelude all value i of the viffiable for which aaiy one 
of the polynoTSd.als C, D is 0. 



ho 



hi 



k2 



We can use the following property of real^ nmberi 
' ^ ^ provl 



Bl^li^: 

X 

X + 1 



a _ d ^^^..^g^g^ b ^ 0| e |/ 0^ and d / 0, 



X - 1 



^ ^ ^ ' ^ 
□ 

(x + l)(x - 1) 



ct 
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^3 



kk 



^5 



k6 



We soma times prefer 



to — 



(x + l)(x ^ 1) 



It depends on whether the conmon polynomial form or the 
factored form of the denominator is to be used later* 

set of excluded values of x for the preceding 
exaii^le is « 



Sin^lify each of the following* Refer to page it, 
if you have difficulty* 

.2 



X ~ 3x 
3X+3 

a 

X + X 



X ^ ^X + '4 
X + 2 



K + SX + 1 

X r 

X - 1 



K ' 1 

X - 2 



Perhaps we had better remind om^selves that it may he necessary to 
reetrlct the domain of the variables in indicated quotients of polynomials. 



kB 



^9 



For each of the followlr^^; state the set of excluded 
values of X, You do not need to siir^llfy* 



X 

y g ^ X 

VI + X 

X 



^ gx + h 
X ^ 1 



EKLC 



l8-k. Rational B^reislons 



^ way of review, Bl^llfy: 



J. J. 
X 5x 



a 2a 




X - 1 



1 m 



5 ^l.x^ 

X - 1 X = 1 

X - 1 X - 1 



In thie exajEpia we used the 



property of 1^ 



writing 1 in the form 



X - 1 



1 m 

a 



2 

a - S 



m - 1 



m - 1 m 



, 3Cm-2) * 2(m-l ) forget the 
pa^entheseel ] 



m - n n = 

X X 

X + 5 ' X + 3 



l^?;'^:!^l•A^^':>;•^':•;>?>!»;»:^iKfIf;f^?!^h^'!fI■;^ ' 




13 
Ik 



a - b b - i 



X + y X - y 



[Hint: b - a B -( )] 




15 



16 



17 



18 



19 



20 



21 



If we enoounter indicated quotients with nor* eom- 
plieated denominators, we procead as 'before^ using our 
knowledge of factoring. 



. ga- 3 ^ 



ga-3 



3a - 9 " 5a - 15 31* - 3) " 5U - 3) 

■ ■ a 5 aa-3 . 3 
" 3(a - 3) 5 " 5Ca - 3). '3 



_ 5* - (aa - 3m) 



[Don't 
forget!] 



5x ^ _X 



5x 



9 X + 3 (x + 3)(x - 3) X + 3 □ 



3x + 7(x - 3) 
(X + 3Kx - 3 



- "b a - Sat + b- 



X + ax 3x + 6 



2 _ 2 

t - ifa - 5 a + a 



22 

23 
2k 



Here are some more^ for practlee, Bl^ltty* 

x+x-6 x - J+x + lt 
- a a - 3 



3 + a 
y - 3 



1 3 .- ^ 1 
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30 



31 



32 



1-2 + 3 
3 X 

4-1 



[Hint! Multiply by 



[Hint I Add within 
parentheses firsts] 




In this and the preaeding i#etione to have worked arfth expreiiions such 

(l^m 17" l8) 



5x ^ 7 



X - 9 3C + 3 



1-2 + 3 
3 J 



(Item 31) 



Such pteases are called rational ejcpreaaiong . 

Definition , A phraie formed from members of a set conii sting of the 

real nmbers and one or more variables and uaii^ at most the opera- 
tioni of addition^ subtraction^ multiplication^ and division is 
called a rational e^reislon. 

If you refer to the itms noted above, you will note that every ration^ 
e3«presslon in one variable can'be expressed as the quotient of two polynomials 
in comon polynomial form. 

Again we ire able to oboerve a similarity ^th our r rlier ejcperiencie. 
We recall that every rational nmber ean be expressed as the quotient of 
'bm Integers, _ ^^l^ 

Althoa^h - A_ ig not wltten as the quotient of tvo integers,^ it * 
f 

li a rational niunber^ since It be wltten (as you should verify) as 
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18. 1^ 



33 

35 



^ - 3 
2 X - 1 

V 

2 - 



es^reBSion In one variable,' 



X + 1 

according tb owe definition. 
We may vrlte it as g^-^- ^-^ ^ 

We observe that ^"-g(^^^\) ^" is the indicated 
of two polynaiiiiBJ.s. 

We might write it as ^ ^ which la the 

quotient of tvo pol^^omi^s in coisnon polynomial form. 



iliHIil 




Notice that the ej^iresalon - 3x + 2 fits our doflnltlon of rational 
ejtpresslon. Me can ■write It, if we like, as the quotlBnt of two polynomlalB: 



X" - 3x + 2 ■ — — f 



36 



37 
38 



\^hich of the following statements is false ? 

[A] Every polynomial is a rational es^resslonp 

[B] Every rational egression may be OTltten as the indicated quotient 
of two polynomials, 

[C] Every rational e^^ression may be written as a polynomial. 

Ill =^^1*2) 
r^l 2. ^ + 2. x(— + S) and " - , we all rational expressions, 
- ^ X ^ ■ X - 1 




For each of the following^ respond NRE if the phrase is 
not, a rational e3^reBsion. If the phrase is a rational 
esqpreislonj wite it as the indicated quotient of two 
po^rnomials having no coimnon factor* 



X 
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39 

ko 

hi 
k2 



z - '1 



i -1 

1 

X - — 

X 

yx 

X - " 1" 



0 X - 1 



1 

k"+ 1 




SiiiTaTiajy ajid Review 

In this chapter va have eonaidered quotienti of -poljmomlals. 

We have seen that if N and D are polynOTials in one variahlej with 

- - , - y 

I different from 0^ then there exist -iQlynomiala Q a^d R iueh that 



\ 



where either R la 0 or R haa degree lower thaji that ©f D, 

We ...a^ reetate this reaiLLt as: ». 

D - ^ ^ D ' 

We defined rational es^resiions^ noting that their relatignahip to poly^ 
nomi^a resembles that of thj rational n-umbera to the integers. 



Review ft^eblems 



1- Sinrpllfy the following rational es^reeilona: 
y 



(a) 



SOa 



a - ab b ^ ab ab 



35a gab Tb^ 



(d) ^ 



gx ^ g 



3x 



- 9 - ii^x + 3 X + 2x - 3 



2V0 
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a. 




(4) 



:^ ^ 1 
X + 1 



1 



3. Sisplify 1 + 



km A rug with tfea of 2h squ^e yards la plaqad in a room Ik f#et by 

20 feet^ l^av^ing a uniform width around the rug* Hov wlda li the strip 
aroimd the rug? [Hlnti ^aw a sketch,] 

5 • Factor I 



2 



aax 



(b) x= 



(c) 3aV - 6aV 




27- 
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Ghapter 19 
TRUTH SETS OF OPffl SEOTmCES 

^roughout thii course we have practiced 'solving open sentences* Our 
general procedure^ which we en^hasized In Section 9-3i to create a chain of " 
egulv^ent open sentences^ finairy obtaining an open sentence whose ^ truth set 
-( solution set) is obvious, ThlB method^ you will rec all ^ depends on the idea 
that tht etepi taken in deriving one sentence, from another are reverslMe steps. 
In this chapter we will exajnine carefully the question of which algebraiy 
aerations, on sentence's are ■'permissible-' j that is^ which operations lead from 
one open sentence to an equivalent one. You wish to review briefly the 
discussion in Section 9-3 before continuing* 



19=1- Equivalent Equations 



Which of the following alwa^/g^ leads from one equation to an. equivalent 
equation? 

I, Mding the same real number to both sides. 
II. Multiplying both sides by the same real numbers. 

[A] I only ' [B] II only [ C] both [p] neither 



5 
6 



■ftaiii' toplo. 



: section ♦ 



X.- 7 ^ 5 equivalent to x ^ 5 +^7 



We obtained x ^ 12 by adding 
of the originsl equation. 



to both sides 



The step is reversible. If we start with x ^ 12^ we 

may obtain the original equation by *gubtractlng 

from both sides. 

Remember that . "sub tr act 7"' means the same as 

''add the' ^ of 7"* or 

"add the additive of 7". 
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If we start with any equation and add a eertalh real nraiber to ^oth sld#s 
to obtain a second equation, we may reverse this step by lubtraeting that 'swe 
real number from both sides of the iecond equation. Our JuatlflQation for 
thli reaioning is based en the fact that every reel number has exactly one 
additive Invere^. 



Which of 


the following pairs of 


equations 


are equivalent? 


[A] 


X + 2 - =5/ X ^ =3 






[B] 


5s + 1 = + kBf S - 


3 




[■c] 


6^t^7^ t^l 




/ 




9 ^ 
10 

11 
12 



Adding the sotib real number to both sides of an equa^ 
tion is a permissible operation since every real nimber 
has exactly one __ _ _ inverse. 

Does every real number have exactly one multiplicative 
invei'sc? 

I y as, no) 

B/c^v roal nuinbcr except has a unique multlpli= 

cative inverse. 



^toother name for multiplicative 



Is reeiprocal* 




15 
16 



^x =7 is equivalent to x = 7 * 3 



We D*btained x 21 by multiplying both sides of the 
orlglnalXog -ition by 



tep is roverBlblc, If we stert with x - 21^ we 
may obtain the original equation by dividing both 
sideD by , 

RemGmber that -'divide by 3" me^s the sajne as 

"multiply by the inverse of 3" or "as 

"multiply by the reciprocal of 
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If ve start with any equation^ mM multiply both si ties by a certain non- 
lero ri£il number to obtain a second equation^ ve reverae thlB otep by ' 
^Vtdlng both gides of the second equation by that seme non-sero re^ mnnber* 
Car Justification for this reaaonine is based on the fact that every non-zero 
Jfeal number has exactly one inultipllcative inverse. 



Bolve each of the following equations* Answers are on page iv. 

.2 




2k, 



1^1 
^ 105 



|x = 17 - 33 
26. y +y^ + y" #y + 1 ^ y +y^ +y" +1 



2T# - 5x + 



, x(;^+ 1) ^ + X 



Suppose we wish to niuiy.ply or divide both oides of an equation by a 
phrase that contains a variable* ^In order to solve * 



c(x" ^ r) ^ s(x^,+ 1) 



\ 



we are tan^ted to divide both .sides by + 1, Is the resulting equation 
equivalent to the original one? 



29 

30 
31 



32 
33 
3^ 



Ihe truth set of x(x" + l) ^ 2(x + l) ij 



The truth set of x ^ 2 is 
sentences are * 



.hence, the 



Notice that whatever real n'^mber S represents., 

2 ' '- 

X" + 1 names a non-zero real number^ 



lb solve x(x-3)^2(x-3) we are tei^teA to divide 
both sides by x = 3, and obtain x^ , 

The solution set of x ^ 2 is t 

On the other hand, 3 



x(x = 3) - 2(x ^ 3), 



(iSjis not)' 



a solution of 



669 
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2 is not 



to x(x - 3) ^ 2(x ^ 3). 



Notice that if x is 3/ then x ^ 3 has the value 

_ f Bnd we ma^ not divide hy 0* We will i^eturn 

to this equation shortly. 



equivaliint 



May ¥ multiply both sides of 

. 2 



i 2(x- + 1) 



x^ + 1 2 
and oljLaln an equivalent equatiOii? 

[A] yes [B] no 



For ^vt: 




Solve 



Solve 



Solve 



2 


+ 1 


X 


2 


+ 5 


X 


rs 




X 


+ 5 


2 

X 


+ 5 



^ 1. 



If you had difflculuy with Items 38- ^Oj see page v* 





Solve 


3x(2x^ + 3) = 


3(2x2 


+ 3). 




Solve 


xH\x\ + 1) = 


Mlxl 


+ 1). 


^3 


Solve 


X(3x2 + k) m 


:3x^ - 






In the last fev items we have considered cases ^ere we mltiplled or 
divided both sides of m equation in open phrase which named a non-zero 
real number for eveiy value of the vaj^iable. Let us return to the ^pen 
eentence x(x - 3) ^ 2(x - 3), 



kk 



If we divide both sides of 

x(x - 3) ^ 2(x - 3) W X - 3 
oMain an equivalent equation, 

(dO|do not) 






How then do we solve x(x = 3) = 2(x ^ 3)? 




Its 


2(x - 3) name a real niimber for every 






XdoeSjdoes not) 






vaJLiie of the variable* 






Hence ^ we ma^ subtract 2(x » 3) from both sides and 




k6 


obtain Bii equation. 


equivalent .: 








vj 


x(x - 3) - 2(x - 3) ^ 




\% 


( )(x = 3) =. 




1+9 


X - p = 0 or 
I^ierefore^ the solution set of x(x - 3) - £(x - 3) 


^ a - 0 or 


50 


Is 






We have discovered that 






x(x - 3) s 2(x - 3) is equivalent to 




x-£^0 or x^3^0. 






solutions of this confound sentence ^e 2 and 3* 






2x(3x - 1) ^ 5(3x - 1) lo equivalent to the eoii^ound 






sentence 




51 


2x - 5 ^ 0 or 




58 


Kiere are two solutions ^ J - 






2 1 

X ^ gX is equivalent to the coii^oimd sentence 




53 


1 

X - = or 

£ ■ 




51+ 


The solution set is' 

x(x" + 1) ^ 2(x'^ + 1) is equivalent to 




55 


^ 0 or ^ 0 




56 


The equation has solutions? 
Xhow imny] 
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a, b 


J c ai'c real nuiriberc 


m\il If ve 


fUlOw tiiat ac - he J then 


we 




□ncliuie that 








lA] 


a b 


[C] 


a - b or c ~ 0 




[B] 


^ ^ 0 


m 


a ^ b ajid c 0 



If ac - 15C^ m mhtTrnt be from ■both aides v Benea^ 
ac - be ^ 0. Jtetoring^ w€ have (a - b)G V 0* Kieref^rfe^ 
a - b 0 or q ^ 0^ <iOT-rec% chQice is [C] » 



60 
6l 



6k 



(^x + l)(x - D) ^ (x - ^ 2) 11- equivalent to the 

^^oriipound sentences: 

3x + 1 = X - 5 or - 0 



x(2x - 5) ^ 7x ic equivalent to 
gx ^ g ^ or X 0 

2x ^ 12 or 



(x ^ 3)(x^ - 1) ^ i^-(x^ - 1) iB equivalent to 

o 

or X" - 1 - 0 



_i(x^ ^ k) ^ (kK + 3)(x^ ^ k) is equivalent tc 



or x 



X ^ ^ m 0 

X s 6 or X ^ O 'l 

. J',: 5:;! 



X =^ 7 or at-a::'<^iil 

or x;:.^=?;i^^^^^^^^^^^^ 

X 0 or X 

or X - 2 ' vif 



We know that If a mid b ore real numbers^ then ab ^ 0 if aiid onl^^ 
If a - 0 or b = 0* We have been usin^ this notion extensively. The 
result ma^^ be extended to more thsm tyo factoids. For exajrplej 

abed =s 0 if ^d only if abc -- 0 oi^ d - 0 

if and only if ah ^ 0 or c ^ 0 or d = 0 

if ajid only if a = 0 ot "b ^ 0 or e ^ 0 or d = 0. 
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66 

61 
68 

(if) 

10 

11 
7S 

73 



x(x . - S)(x - 5) = 0 has the colutlor. .vet 

(3x^ + - l)(x^ - 7:< 'r 12) - 0 is equ:vj.:r-.t t:;; 
(3x2 ^ ^j^^ ^ ^^^^^ _ ^^^j ^ ^ .^^ 



T!ie jolut lonn 
^^^^ 



)(■■:•:■ ■ ' )(; 



(3C ^ 3)(x - h), 

^i, 1, 3, mid k 



K ^ -11 or X 11 



ccti :.n^ It cnU' that wc oi't cu ankcd for 



PerhapB you huvc* noticed in the p2"e 
a response which :^impiy J L^tcii. i/io rnunii. o 
vhich conGisted of aii eqiiivQj^nt f^entence wiilch 'nan aji orviouD truth ret* 
Tl'iiiJ iu in uecoiHi with the pi'actiuc oV mujriy r;atlic:nul 1 ■iun^P I]i;;iuuU oi' ::a;/Ia 



we mitrht yay. 



thu colutioi. cc?t of 



t ho roll it ion Q-: 



*f -■ : f ( 



if Jx - h - 17^ thon : 

We shall continue} to be caa'citn 'O wor-i our 
what response to In pai'tieuio.r ^ ri:fLil ( 

mean "find the solutloti cot"* 



LtC:"];' ^'O th:it ^^QU V/Ljl kiiOW 

o:;t Inue to uue "fjolvy" to 



Here are Bomc more proh.lcmc to pi'oviOe pi'actice in ::^olvinc equations* 
If you feel that you do not i.^oti rnoro pr'i.'ticCj omit Itemn 7^^33, For 
e ac h e quat L o n ^ VI nd t h c s o iu 1 1 o n set* Ai ; : : we i' ai'e o n p u^^ e g v and v 1 » 

1^. (x^ - 5)(2k - 1) - 0 

75. (x^ • 7)(x2 . 21+) = 0 



76. = 25y 
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73, + Sx + 1 s 0 

7.U 6x^(x ^ l)(2x + l) ^ 0 

30. (t^" ^ -'0 ^ 0 

31. . 1) . 3(v . 1) 

3a. x'^Cx' + 2) ^ .:^(x"' + 2) 

33. |(3x ^ 1) ^ i(lrx !3) 



In this section^ wo have not "checked*' our ODtained colutlonc in the 
ori{^inaJ. equationa If we proceed xrom one sentence to another luinr only 
permissible operations^ we may be sure that the i^entences ai'e equivalent. 
Checking J however^ does help to reveal whether caj^eless eri'ors have been made. 



5k 
85 

86 
37 

33 



Let us see whether -3 ^ is a solution of 

x*^ + 6x + 1 ^ 0, 

If -3 + i£ a- solution^ ^hen 

(^3 + 2^.)"^ + 6(-3 + 2/5) +1^0 

is a centence* 

( true ^ false } 

(-3 + 2^)^ = 9 



= 17 - ir 



;(=3 + £ 



(17 - lav^) + (-13 + 12/12) + 1 



9 * ISM^W^^ 



+ 12^- 



Which of the 


A^ollowino always leads I'roni one 


equation to on equivalent 


equationi 






I. 


Adding the same real numVci' to 


both sides. 


II. 


Multiplying both sides by tlif: 


sajne real number. 


[A] I only 


[Bj n only LC] both 


[ D] neither 



67k 

2lU 



89 



Wilch of the follovln£ poliTiOmials has the value 0 for valutc of 
X in the set [2^^1^0] ? 

[A] (x + 2)(x ^ 2)(x) 

[B] (x . 2){k + l)(x) 

[C] (x . £)(X + 1) 



a© aoxreqt oholce ie [B], We know -ttiat (x - + 1){k) will be 

sei^d if arii ojily if x - 2 - 0 or x * 1 Q or x ^ 0. So we 
see lh[it (x - 2)(x -I- s Q if and only If k tfiJ^^L^ a V£±iu& 

f rom tbe sat 

Dp you see a Tnethod for finding a polyiiQniial with the value 0 vlie never 
X ta>;es a value in a given set? For Instance^ consider the set {a^b^c^d}. 
A polynomiu^ which is 0 whenever x ic a number in this set is 
(x - a)(x » b)(x ^ c)(x ^ d). Ihi5 leads^ in turn^ to a method for writing 
equations if we have the truth set. 



90 
91 
92 



93 
93 



If the truth set of an open sentence is (3^-2) ^ then 
X = 3 or X ^ j which is equivalent to 

( _ ) ( _ ) ^ 0 j which is eguivaj.ent to 
^ 0 . 

Let us write an open sentence haYinc the truth 
set (0,1,-1). 

Some possible sentence:: aj'er 

X ^ 0 or X ^ 1 or 
^( )( ) - 0. 



(x ^ 3)(x -f ^)^0 



■ ^ ■ . ■ 



*96* Write a polynonual of degree three having intec®^- as coefficients which 
hail the value 0^ for each of the follovino values of the v^lable* 
--^i Answer is on pare vi , 
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19-2. Equationy InvQlvlng Fraetlone 

Our work with fadtoring pol^momialg led naturally to tht iolution of 
polynoMal equatlona. We turn now to iolving eguationi invglYlng rational 
expreeelonep Such equations arise in a great variety of mtheiaatieal a^liGa* 
tions. Some exa^lei ajre given at the end of this iection* 

First of all, if an equation involves fractions having real numbers as 
denonunators^ we should have no difficulty. Let us solve such an equation "by 
two different methods in order to prepare us for more coD^licated prohlems. 



k y 1 

To solve ^ - J ^ we might first imltiply both 
sides of the equation "by the least coiiiDon ^^tlple of 
the denominators^ in this case, by , * 

We obtain the equivalent equation _ 

The tinith set is 



- 6y . 



i 



k y 1 

Another method of solving — = ^ ^ ^ would be to 

1 ~ 3 J ^ 

first subtract ^ from both sides and proceed as 

follows I 

i i y _ 

3 - 2 ' y ^ - — - 



^inglf frajction we have: 

1^0 ^ 15 ^ 6y ^ 
= 0, or 



30 - 

Hence, ^ - 6y = is aqulvalent to the origlnftl 
equation, and the truth set in , 



Ifrltlng the left hand side 





Our second method (items k^l) d^ended on the following i 

If a and b ^e real nmbers ^d 5 ^ Oj then Icnow thati 

[A] a^O [Cla^Oorb-O 

[B] a - 0 and b 0 



[D] a ^ 0 and b ^ 0 



It turns out^ in actually solving equations involving rational exprerr^ons 
that it 1j unuB^Z^y easier to use the firrt of our two nietho Jn-..t:rLt -aut 
ply-ing by the least comon miltiple of the denominators. If the denoTr^nator- 
involve variabler, liovever, oiir work in Cection 19^1 ^houl i wra^:. u.; tir 1 v;e 
need to be careful. 



10 
11 

12 

-13 



Ik 
15 



16 
17 



x2 

J.:: — 3 1 # [uivctler.t to x-" = x ? 






: 3j no 



0 is a iolutiaa of ^ tiit if k is Q, then ^ 



does not 



najs^ a reel 



[B] is correct. 



We observe that the following sentences are all 
equivalent , 



- ^ S and X 
X — 



I 

X 



ax and X ^ 0, 



liie solution Let of ^ ^ 2 in 

X 



To solve J 



we ma^^ multiply both sides of 



the equation by x(l « x)^ obtaining 1 



X - 



remernberinr that ■ertain valuer of x are not 
permi;^GibIes 



1 2 
Hius ^ the sentence - 

''1 



Is equivalent to 



2x and X / x ^ 



1 ^ 

Tlie solution of - = ^ 
X 1 ^ 



is 



We could have obtained this result by c on o true ting the 
chain of equivalent sentences? 

1 2' 

5 ^ TTx 



1 - 3x = 0 ajid X ^ 0 and x ,^ 1, 
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X 1^ 0 and X 1^ 1 

1 
3 




y ^ 0 




ifQ left r.embsr to olr-toi 



the cet or 



X g 
all reali' 



■"iii-iiiiiiifiifiiii! 



::;'::;":v::;|^S::i 



VA:ich of the follomng Gentences have tinith sets with an element in 



2 


a 


X 


X 


X 


X 


2 


3 


and 


s 



10 T. 

10 u. 
[B] F and U 



■1 



1 

y 



[C] T and U 
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Bi^ -te*^ lets we jtg £oll0i?sr 

2 Is eletotnt of f aeb of the last seti, ea [C] is earreet* 



27 



Solve each of the following equations. Then decide ^ich of them have 
0 for the truth cet* 



» 2 



,t -t- 



[A] S and T 

[B] none of the 



t " 



lC] S, T, and- U 
[ D] all of them 



[A] is 43<:^r#ct* you g^t for the tnrth &et of B end 

(0} for truth sat of tj t Oosq^ar^ the is^lnttona of the f ooir 
equatioM glv©3i on ^sge vl wit^ ymir own*. 



28 

29 
30 



Solve i 

pm^ vi 

The sorution cet ic 



i^. If you have difficulty^ 



^2 _ 1 

The equation ^- - ^ 0 has 
Thiz solution is 



Xhow many) 



solutions i 



-1 



31 


— ^ h haG roliltiono? 
(how mtiny) 




38 


2 

X" = hx has colutions? 
(how mtuiy) 




33 


— . k Qlld K- - kx 

^ I^e^are notj 
equations. 


equivalent 




An open sentence which Is equivalent to — - 


^ is 


3^ 


" - kx ond 






til 

lii 
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^0 rojve 



0, we notice that thlc is 



©'iTilV'^leTit to - l) - 0 and x ] / 



) 



5iinio:; ret of - ' J-1 

X ^ 1 



We might explain our vorl: this section In the following wa^: Wien 
= e Ij.:. i:.Vwl%" i-Lj^ r^.tloii;.! ri^actiohs^ we must I'e.xriijt tne ua::;ain 

of the^^^- : -ible do that no denominator takes on the value 0. You will notice 
tne rdndiaz^it:- of this re-trietior: to those discussed in Chapter 13 on 
xr'iction;- a*..: ii. Cii'ipter l3 on rational expressions. 



37 
39 



In ro:vi:.r. 



X ^ X 



ti;e domain of x is all real 
numbers exoept 



(X + r)(x , r^} ^ x(x = 2) 



0, a 

-1, Q, g 

1 1 ■ 
3' S 



* In .■•olving ^ ^ ^ - ye would use our knowledge about factoring 

integers to choose the friultipller • 5 120 rather than the imiltiplier 
2k • 20 • - 720, In the same way we mr^ use our knowledge of factorin£ 
poljaior:.i^u.s in .^olvinr 



♦i+1 



Factoring _ the denoTninatore of 

1 . S 2 



x" ^ + 2 x"- ^ X x"^ . ax 



we have 



1 



x(x^l) ^ x(x^2) 



We imltiply h^th sides "by 
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Our original equation ie equivalent %oi 

X + 3(x - 2) ^ I and x / 0, x / 1^ x / 2. 

The solution eet is ^ 

Solvit X + 3(x - 2) ^ 2(x - 1) leads to x = 2, but 
2 is one of our excluded valueG of x. 



0 



*U6 



Solve each of the fQllQwii^: 



1 + 



"1 1 



X 1 



x-1 x-1 x + 1 



fl) 



[-2,2} 



It would be good practice If you were to check the 
solutions in the originaJ. equations In Items *^5'^*^7- 

Here are some probleme that lead to epilations Involving fractions. If 
your ansver is net correct, or if you are not sure of how to proceed^ coii^lete 
the itema below the problems > 



The Qvsn of two numDore is 8 'and the B\m of their 
reciprocals is 



What are the numbers? 



•.' •'■■.■ii'i'' "•.'ic-i';';';': -' 'i n"! ''i i'"?!''": 

•• .i.-..,:,-!i--::.f::.;--;i-. !=:■,•;':•::• -.iv:-::!':';::-:':':'!'';' 



6 QBd 



h9 
50 



One of two numbers whoce sum is 8 may be rep=» 

re cent ed. by 8 - x If the other number is "_ 

1 



An appropriate open sentence is 



WT 



In solvinc the sentence " i + r - 
the restrictions ' and _k ^ 



we note 



To colve — + -g-- - ^ we will multiply by 
2x(y - 3«% 



V/e * o'bt id n : 3(8 - x) + 



(8 - x) . 




53 
3h 



57 



llie open senterA'u 2(3 - x) + 3'^""^ Cx(rf - x) 
is fequivalent to 2x ' - x +2^-0. 



HencG, x^ - 3x + 



(x . P/Cx ^ 2) 



This is equiv Silent to x-6-0 or x-2 = 
and, finally/ to " x ^ or x J' 

The truth set ig [6^2], 

Vre con cee ? 11 one numter iy tiie oti.er 

their E^um ij __ _ and tlie sum oi" their 
reciprocals, ^ + is 



16 

12 



7 

In a certain school the ratio of "boys to girls was 

If there were 2600 students in the school, how many 
girls were there? 



59 



CO 



61 



63 
6h 



If g represents the number of girls In the 
school, then there were hoys, 

7 

Since the rntio c / hoys to girls is ^ we wite 
gg°Q.- g . , and s^O. 



We Tnust find the solution set of the con^found 
2600 ^ g ^ 7 



sentence 

S 

g is an integer 



J- and 0 < g <" 2600, where 



To find the solution set of 



S60Q = g _ 7 



we mist 



find ail equivalent sentence whose solution, set is 
obvious* 

The first step'^ noting that g^ Q, is to write 
6(2600 - g) ^ 

For the sentence 6(2600 - g) - 7gi an equivalent 
sentence is = 7i* 

The truth set of the equation is * 

Tlierefore^ there are girls BXiA boys 



In the school. Note that 



1200 



1800 



7 



76 

15600 ^ 6g 
{ISOO} 
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2^7 



' . p'.j't.- '.x-eU .'Lrier to iva^tr vier, 

j> 




we Vlud tlio 



6 qiinrtf 



To we vro'.:^ n ' 
Hot lee th- t 



qiiartL^ of wefed killer u:ied, 



A pri:;tl:ir co;rm^a;y h^r three prenDei:; i^, oiid C. 
i'ver:\ A c^:iL d'!' eert-dn job in 3 ■hov\Ti:.^ icid 
pr^::r B oMj. tlo the .;Mirie,job in hourr:. ir both 
prerTC- /■ ^J: ; B wC'rr on the Job "it the L;;,j:;e tin:§* 
in how T!;-aiy hoMrr^ c??:! they comp-iete it? 



^0 n 

163 ■ 
6 

3^ 



5 



l>TJorut i:^ . "l! one ^ precr: A 

t:» c^TTip.'ete the Job* 



hoikr c 



ih or;f huiii', pi'er:^ A cornpleter 

or the ;ol . 

Ir; -/rie hour, ; i^err B co!:Tp;ete:: 
job. 



^vhat frrLetion) 



o r Vi 



h hourc^ A doen S or the Job and B 



doe;; 



or the J obi 



iFr^w, if h is the niiTnber of hoiirG il t^j<ef4 A 

B together to coTT^lete the Job^ then in h 
hours one Job is completed. 



i 
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b h 
That is, I f " 



We can Gol%^e Tor h" 



h ^ 



6 

5 



Pr © r e V- A cm 1 1 C , wor k i ric oc e t h e r ^ c aji c oirtpd et e 
the L;:gne Jolj in Li iiouri^- How loiv; wuulU it taKD 
C alone? 



6 hours 



You probably noted that A c-oTT^iletes — of the 



1 ne job in 2 houi^c, or 



of it j 1 hour* 



Br-'mch 1 




aranch 2 

In the portion of the electric circuit Ghown^ the 
reciprocal of the reGir^tance between pointB A raid B 
equal 0 the sum of the reciprocals of the re si stance g of 
the brancheG* If the total reslstsuice is 2,^ units ^ 
arid Branch 1 has a resistance of 3*2 units ^ what is 
the reslatcuice of Branch 2 ? units 

(See pagevlii if you need help,) 



1 



9*6 UHtttg 



6Bk 



Markgt 



n 6 
n i+ 



— 



adding re^" r i "5:^ ot- ^ ::\i.r :y ^ :v?n=rero rea' ninrVer to ol't^iln 

siniple eqiiatior:, IT^ithei^ o:' there tecnhl jitef wi^ l ''^et riri" of the ^quuxm 
root. We -^xe te-:pte(i to ^rv ''rji:-rinF l^ui; -Ide; ", In thin rever^fiide 
procesct V^e canj.o' V^^ h.,t let. v.. li-;- 'h it;::2'i/^^' iijiyvaj* 



If we "rqir-re both rl^^er" oi 



we oht-L: 



Nov ye tti^ 



n + '-^ v. 



The solution of thir rjnul sentence li 



8^' + r.^ 



n + Bn + 16 

6 
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10 



fc-ince we are not sure that our steps are reversicle, 
ve check In the original eqiaation 



Mid 



6 + ^ ^ 



Tlierefore we ma^^ coneliide thut the Grant Avenue portion 
of the walk is hlocks* 



In this caeej "squaj'ing hoth siaeS" 
01 the original probJem^ 



fielded a solution 



10 
10 



Although we were successful in our approacli to the last exaitrolej we need 
to InYestigate %^ether squarir^ coth sides of an equation always leads to an 
equivo^lent equation* 



13 

Ik 

15 



16 



17 

18 



Let us start with the siir^Ie equation K - 2} having 
the obvious solution set 



If \m square both sides of y. 



we have 



Thm truth set of ^ 9 Is 



X ^ 3 equivalent to x ^ 9* 

(is J is not) 

We are led to the concLusion that squurin^^ hoth 
members of BXi equation lead to a new equation 



with 



truth set. 



("larger^ smalle^ 



Now square both members of x s 0, 
We obtain the equation ^ 

The truth set of = 0 is the same as the truth set 
of X ^ 0, 



(3) 



is not 



larger 



^.0 



We see that we shall have to be careful in drawing conclusions about the 
truth set when we square both aides of an equation* It may ba that by 
squaring we create a new equation which has more elements in its truth set 
than the originfiLL one had. 



0| 



(2}^ ^ (-S)^^ Is a 'true sentence* &Jt is the sentence £ ^ -£ 
tru^? [B] ts correct* 



In faet^ ve car. correctl:/ rea3C 



if it is true tr 



- n)(a ' 



:r\^c^ ana 
:rue^ njid 



If we ce^in vlth the sentence ~ l or 
step? and ottain a" -- "b" . Therefore, a 



^e coii reverce these 
only if a - r or 



The equation x - 1 - hu 

(x*l)~ = r"^ is equlvnlent to 
X - 1 ^ : or X - 



:ie truth £et 



The truth set of (x - 



1 >^ ^ 1 



23 



24 



25 



We know that if a - e_j 



then 



Hence, any Eolution of a niven equation is also a 
of the equation jbtained by .:juaring hoth 



sides of the given equation* 

Thur^ since ^ i= a, polution of 3^ - 
also a of (3x - 5)- ^ (7)-. 



it is 



[2] 



X - 1 ^ 1 or 

X » 1 - "1 



2 , 2 



eolution 



solution 



As a result of our ditcussion^ we conclude that whenevsr we square both 
members of an equatior. In attempting to discover it^solution set, we mist 
check each solution of the new equation in order to be sure it is s solution 
of the oriiinal equation. 
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non- negdt ive 
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Here 




f crviou' exaniplef. 


Tolv© each 










r.feei see pn^!" 










f - :■: 






(?) 












0 


)^ - 










Set of non- 
negative rat-X 














^3 












LL 










{3] 



Lci I'lrrt write tn€ 



X --- i - . X s 



11] 



^olv«f each oV the l^Dllowlng. Answers are on page i> 
Uo. vCc ^ X + 3 - 0 vTTT ^ 1 ^ 



h9. 



X 1 ^ 2x 



Gqu.arine l:oth side^i of on equation is also a usefiAl technique to apply to 
equations involving abEOlute value. You will recall that for any real number 
r- I a| , 



50 











Ic true for all 


real numbers x. 


We Tniglit 


square both oides 


and obtain 








In 




- Ixl^ 
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We check ttat ^ |x|" is true if jc < 0, if x ^ 0, imd 
finally, if x > 0. ThB oorrect choice ic^ [A]* 



3C + SK + 1 
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the h^7;oten^;^e7 



If h represent e the J^e ngt^ of the t^fpotenusa in Inches^ then the 

third sid e is - l^i* inchee lofig* to ap^n sentence is 

n * ^ i/h^ - 1^^ + 12* We find h = I3, Ihe hypoteniis© is 13 



inches long. 



. it itr vfc m= 



'or c ne/^'tive^ i: 



then ac 



3e < 6 
X > aS 
z < -18 
z > 3 



n9l rj - 



EKLC 



.10 



-1 1 



Cn^ prsc&dure ir to "tnrt cy ''getting rid of the 
:'ractionr" by nultlpli^n^ by tht positive nUTnter 



'^niz jzev ^ reverrible gjid leaves th© order 

■ ' not) 

□f the resulting produetr unchaiised, 
^Kl^tiplyinSy we have 



2Ly - LiO 



ilext we n^ay rewrite thir^ last sentence as^ 

J^^y - y^^r < ^t;- Ine step it^ reversible, 

^y < ::o^. 

IIov we may divide by th- positive nuinber ^md obtrLin 

y ' 

Notl ^ th^^t each step , ^ 



X 1 

V;rite out rill the rte- in FOlvinn k - ^ > x - 

Write out the .^ops noeeccaj'y to ' reverse your work 
of IteT-: : . , 



30 
is 



^ + iSo 



raverslble 



Si.] 



iBet pige xiw] 



Although it ir-^u::ually convenient to "get rid of the fractions" as a 
rirrt -tep in ^^^.v'r.^: or: ineqiKdlty ruch ac 

thij i.:; i;;^^ the- oa!^= way to be(^in. Foi^ instance^ we might proceed as follows: 

t - U t 
^ - - < — + ^ 
^ J i Q 

t t . U £ 

^ V ? " 3 ^ 3 ' w: - " 

12 3 

t < 3 



Notlco thai. nJ.! the .:-tepr rtre roversible. 
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\ 



ution of ^ ^ - < ^ + 



3 

true 



:ort of '*eheckinc"' is not coTTxlete verli'lcatiQn .^iii' reLnilt* 
:'te:: u useful device. In r-.i'ticu;: ^^r^ ir -x L^olution? 



;.e^^t ' V to liVC ii r 



ine'iii 'ilil i*^ 



In^ ret oi 



llie ret of 



llie ret of 



re si ntiffiters 

greater than t/5 

real numbers 
less thin 

real numbtrs 
greater than 2 



093 Of- 



EKLC 



To solve : < 2x ^ : < J., we fir.^^ Tec^C.: 



The L^olution ^ei o-' 1 % - 1 < ^ i/^ t}ie i^et of real numtei-r 

between 0 1, rhir roliition set ie ^ 



I 





Gi'ui'i: tnu XinAth 


■et 01' ziie igiiowijif; ineqiialitie^^ Answer. ^ are on 










1 < hx ^ 1 < :: 


, 2^. -1 < 2t < ^ 




lit - U < 0 r^.d 


1 < 0 Se* 6v + 3 < C or ov ^ 3 > 0 ^ 

/ u ' ^ ™ 



27 
23 

29 

30 
31 



|x| Ij ^he dist'iji^e between x and 



1 i . 

Hence ^ ir x iy between ar.d -^^ |x| 



I 



Similrirly^ | x..^ l| is the distance between x 
and . 

ftiuSj we'^^j^/ interpret |x - l| < 2 as 

"The between x ai!b 1 is lecc^ than 



Graph ^the truth Get of |x - l! < 2* 



dlstaneB, 2 

4 4 1 U 



Which of the following; Bentencen Is equivalent to |x - ll < 2 ? 



[A] ,1 < X < 3 



:B] X ^ 1 < 2 



jx - 1| < 2 and -1 < x < 3 have the wmm truth set| nan^I^, the I 
set of all nmtere between ^1 sxia 3, Hence, [A] Is uorrect* 
ItotiGe that x - 1 < 2 and |x,- ll hive differ ent truth Bmtm, 



6gk 



in 



Gr^r>li the Tri;t: 



eauivalent 



X < -2 or X > ^ 



^ -I 0 i 1 



retweei 



■ev;e!:1 Ol' tiie li":^:: ;.et of 



ilie two points vhi'^h ^'.re ont.- imit Tror:: 



distance 



is not 



-3 and -1 



^'^ '3 y 0 

O 

ERIC 



I'Jife truth set of |y + 2| >'l is the set^ of all real 
number n which nxe either or . 

. ^ : \ yijlui ion umt , 



leiB than -3 ipr : 
greatttr thMa -;!' 



.jw th'it the area of a rectangle is 12 square 
^Ilv iennth ie less than 5 inches, then 
ve L:ay abcat its width? 

; t:/laiirl«^ is V inches wide, then elnce the 
nquare InGhes^ the length 



and w 



^/e Tiiurt have w 0 to eatisfy the 

(><) 
the problems ^ 



, thon c:< < d is equivalent to x 



, then cx < d is equivalent to x 



1€ 



w 5 



V > 0 



-I 



lilty, afj you expect, arises if we wish to Tnultiply or divide 
J 1 nt'^iii-Ll ity by a pli2"a@e containing a vaj'iobles Dome phraces, 
J ai^e positive for all values of the variable- Others, such 
uj'B iLOQrrtiv^ for clII valuec of the varinble. 



I o w 1 1 ID a ne 0 - it i V e r e al nUTnh e r f o i' eve: y v ; J u o o V 



Al .X 



B] Ux - 1 



1 



= 1 

D] + 1| 



I C| is correct. You ihould have aottd toat ie positive If x 

in negative. Also^ (-x - l| cattnot b#. n^atlye, irtiatry#r. the vidw 
of X, Flnsaiy, + l| 1& Mgi^v© exempt ^en x Is -1, 
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TOich one of the following phrases is positive for every value of the 
variable? 

[C] X + 1 ' 



[A] h(K^ + 1)1 [1] (.X . kf 



- ili 0 if X s -it* X t 1 i6 negative if 3£ < -1* 

lletic# tti&t since -(x + 1) 1b iKjn-zeTO: ffi>^: of x. It 

.fi33,<»w3 ■toil |-(x^ + l)| >0. [A] Is -ttie.::!!!??^?^' 



56 

59 



To solve 



1 2 

< 1, we oboei^e that x + 1 is 



for all values of the variable, 
1 



Hence ^ 

x" + 1 



< 1 is equivalent to 



< X"" + 1, 



^is last inequality leads to 0 < 



The truth set is the set of all real numbers except 



positive 



60 



Solve 



The truth sat is the set of 



pi ;;^^il tty^#r s 



Unfortunately^ man^'^ phraf^es Lnvolving v^iables- are positive for some 
values of the variable^ zero for some valueF^ and negative for still other 
values. Inequalities which fire r^olved by Tnultiplylng by such phrapes offer 
a new- ehallengW-^^^e remainder of this section is starred,^ It deals with 
seme problems of this latter type and with related ideas. 

* How do we solve an inequality nuch as 

(x - l)(x ^ 3) > 0 ? 

Notice first that 1 and 3 are not 'Solutions, Let us select one fa^tor^ 
aay^ x 1, and wgue as follows' 

If X - 1 > 0^ then we divide by x - 1 and obtain 

X - 3 > 0, In other words, if x - 1 > 0^ we are 
led to the confound sentence 

X ^ 1 > 0 aiid X ^ 3 > 0. 



69' 



7 ^i)J 



If X - 1 < 0, then ve divide by x - 1 -anfJ obtain 

X - 3 < 0* In other words, If x = 1 < 0, we eje 
led to the comDOund Bentence 



X - 1 < 0 oTid X 



0* 



^61 



The tmith iset of ^'x ^ 1 > 0 and x - 3 > 0" Is the 
net of reu^i numberL: greater thari . 



Trie truth cet of '*x - 1 < 0 ai^n x ^ ^ < 0" is the 
net of rea:^ n\;nber£: lecn than 



T>ie truth net of (x^:i)(x^3)<0 is the union of 
the truth r-^et:: of the compound sentenceE in Items *Ci 

therefore, the tri;th set of (x - l)(x - 3) < 0 is the 
union of tho set of resl numberG lesn thiir; _ raid 
the set of real numbern greater them . 

Gri^ph (x ^ 1 )(x ^ 3) > 0* 



^1 el t » 4 



Ino ■o'ruiTiOTit which ve h^^ve used m:^^^ ce interpreted in the following vl^ 

if and b ore real numbers, and. 
if ab > 0^ theri either a > 0 ajid b > 0 

or a < ^ and b < 0* 



Oro^n (x ^ 3)(x ^ ^) > 0 



Graph x(x ^ h) > 0 



Graph (x ^ 1 )(x ^ 2) > 0 



0 1 i 1 4 • • 



^! ^ I ft B j r 



We have found thnt the sraph of . (x ^ ll(x - a) > 0 Lt 
J L 



^-j) ■ The c^^h af (x + l)(x - 2) < 0 is 
^70 Tlie sraph of (x 4 l)(x - g) < 0 is 



^ ^4 Mi i 



^698' 

Q '"J 



\ We might approach the problem of solving (x + ^l) (x - 2) < 0 by using 
the follovlngi 

If a and 'b aje real numbers^ and 
if Lib < 0^ then either a > 0 and b < 0 

or a < 0 and b > 0. 



#71 
*T3 



#75 
*76 



#77 

*78 
#79 

^30 



If (x + l)(x ^ 2) < 0 is true for some 
then either x i- 1 > 0 and x ^ 2 



or X + 1 



ajid X = 2 



for the samG x. 



We might proceed by first no ..icing that if x is -1 

or 2^ then (x + l)(x ^ 2) 0. We have indicated 

thic on the number line below by '»/riting "o" ^ above 
the pointo whose coordinates ai'e -1 und 2* 

0 0 
' I « I ' I i i i 

-4 -3 -I 0 i i i 4 

V/e ma^^ consider the line as separated into three 
regions? points; to the left of / 

points between -1 and ^ 

ajid points to the of 2* 

For points to ^he left of -1, x + 1 < 0 and x - 2 <0* 
Iherefore^ (x + l)(x ^ 2) 0, 



% * g < 0 



X ■I' 1 < O and 



For points between 



X + 1 > 0 and X - g 
0* 



Iherefore^ (x + l)(x - 2 
(See Item ^71- ) 



For point r to the rifrht of 2, x + 1 > 0 ajid x - 2 > 0, 
Therefore, (x + l)(x - 2) 0, 

Notice that there are no points for which "x + 1 < 0 
Wid X :>.2^>.p" is a true reritence* 



-1 

rl^ht 



- 2 < 0 

< 



* We might draw the following diagrain showing regions where (x + l)(x - 2) 

1b negative^ zero and positive. 

0 — — - — - 0 + — ^ 
' ■ ' i i i ' I 



-4 -1 -I 0 I i 3 4 

With iUQh a diagram we may read off ihm truth sets of the four inequalities 
(x +l)(x - 2) <0/ (x+l)(x -2)^0^ U+l)ix^2)>0, (x + l)(x-2) > 0, 

699 3d 



Construct a similar diagram for each of the following* For^ answari, 
see pCige xii* 

^3l, (x - l)(x ' ^) .. __ __ *83, (x + 3)(x + l) 



x(k - 2)= 



*8U, x^(x - 3) (Carefull) 



^35 

-86 



Using your responses^ con^lete a siti^ler open 
Gentence for each of the following: 



inequality 
(x ^ l)(x ^ h) > 0 
x(vr ^ r) 5 0 
(x -f^ ;i)(x + 1) ^ 0 



Equivalent Sentence 
X < 1 or X 



< X < 



x^-3or_ 



X ^ ' wad X > 



% < X cat X > 4 
0 <K < 2 
M ^ **3 or % s -1 
ar s 'Q and ^ > 3 



Irry to follow a similar procedure ^ 


graph the truth 




net of 






(x 4^ l)(x - 3)(x 5 


) < 0. 





r 



■10 



Grnph the inequalities given he low* 



y < 1 



(x + 2)^(x = 1) > 0 
i 



44 i t A i' 
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19-5. Summary and Revlftw 



In. this course we have often worked with equivalent open sentences. 
Two sentences arc equivalent if they have the same tmth set. 



In finding; ,the truth set of an open sentence we often look for an 
equivaleiit sent^mce whose truth set is obvious. 

In the case of equations ^ two operations which yield equivalent 
equations arei 

(l) adding a real number to both members^ 
i 'd) multiplying both . bers by a non-zero real number. 
Some operations which yield uquivalent inequalities are: 
(1) adding a real nimiber to both members. v 
{2} mul tlplyinc both mDmbers by a positive number ^ in 



whiL-h ease the order of the resulting products is 
reversed. 

It' the I art •n.vrnlor of an eq;jation is a t roduct of polynomials and the 
right member in 0^ then ve can often ajply the property of real numbers 
that: 

For rea'. numbers a and b^ ab ^ 0 
^ if and only If a ^ 0 oi* b ^ 0, 

Wo can aprly, our genera: knowLedge of equations in solving equations 
involving fraction;^* It is very important that we note carefally tlqe domain. * 

Gquaring both momr^rB of an equation Is sometimes useful* However^ this 
operation may not result in an equivalent equation. Consequently j we must 
che-ck fiach sQiutl-jn of the new equation in order to identify the solutions 
of' tho ori>;ina; equation* 

Review ^ob lams 



unchanged ^ 

( ^ ) inu ]tlr'] y i ng b ot h member o by a negative ^ numb er ^ i n 



which case the order 





In problems 1-20^ ^nd the truth set of each equation* 








19-5 

9. (x + - 3) ^ lix - 3) 15* + I -2^0 

10. (x + l)(x^ - 2) ^ -(x + 1) 16, |x + l| ^3 

x(x - l)(x - 2) ^ 0 17. |x| + X ^ 1 

, l8, |x| + 1 ^ X 

' ' 19. |fi=l 

80. 4^-1 
x*- + 1 




Solve and graph the followlt^ sentencei* 

(a) |— I = 0 *M 'h>0 

*(b) |-^ >:0 (d) |x| > 8 

*22. Graph the truth set of eaeh of the following sentencee. 

(a) (x - 3)(x - l)(x + l) > 0 

(t) (x - 3)(x - l)(x + l) > 0 and x > 0 

(c) (x - 3)(x - l)(x + 1) > 0 or X > 0 

23. A man makes a trip of 300 mi lei at an average speed of 30 mil^ per 
hour and rattirns at an aveimge speed af 20 miles per hour* VSiat vss 
his average speed for the entire trip? 

*2^. ^nerallzlng ftroblem 23* A mn raakas a trip of d milas at an average^ 
speed of r Mlas per hour and returns at an average rate of q milei 
per hourj vhat was his average ratff for the antire trip? 

25^ One automobile travels a distance of 36O miles in 1 hour les^ than 
a second going k miles per hour slower than the first. Find tha.rata 
of the two automobilai^ 

26, One leg of a right triangle is 2 faat more than twiee the shortar lag* 
The hypotanusa is 13 feat* ^toat are the lengths of the legg? 

*27 . find the truth set of | x - 5 1 ^ > 9 • 

1 

"*2B, At what, tima batwaen 3 Md k o*elock will the hands of a clock be 
togathar? 

.7^ 



®Affl OF Ax + % + C ^ 0 
Oonsider th# follow ^ open sentenae I 

3y - fix + 6 ^ 0, 

What TOUld wi mean by the ti^th a#t of this eenteneef 



r 



Let ui consider first ^ the open sentence in one 
vmriablei 

3y - 10 ^ 0, 
Thm truth set for this aantence is 



TherefOTej If y has the -vmlue ~f then 
3y - 10 ^ 0 is 



( true ^ false) 

Sie gnjph of 3y - 10 ^ 0 li 

Remeii^er that the graph of the sentence 3y - 10 ^ 0 
li the ^aph of the truth set of this sentence* 



liJIipiiiiSw^ 



We MS abla to gra^i thli sentence since every point on the mmber line 
oonesponds to' a real nymber* 



Now l^t um go back to the problem of finding the truth set of 

3y = ^ + 6^0, 

Clearly^ the truth set mist contain values of the TOrlablea x and 
y irtilah maJce this sentenee true. Suppose we tTy to assign the 
values 0 and -2 to the vmrlables x and Vfelch ^ the 

follbid,ng sentences would we have? 



P. 3(0) - a(-2) + 6 
3(-2)^^ 2(0) + 6 
[A] Both P and 
[i] Either P or ft, 
[C] I can't answer this! 



0 
0 



/ 
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5 
6 



10 




In ttim open eentence 

3y - 2x,+ 6 0 

aisign the value -2 to the variable x and the 
value 0 to the variable y. The open sentence 
becomea 3( ) - s( ) + 6 ^ 0 , 



ThlB ii a 



sentence * 



Itrue^ false) 

If we aeiign the ^lue 0 to the variable and 
the value -2 to the variable the open sentenee 

becoines 

3('2) - 2(0) +6^0. 

This is a ■ _ _ ■ sentence . 

( true ^ false) 

The pair of values^ 0 for x and -2 for y^ 
makes the sentence _ 

l^e pair bf values^ -2 for x and 0 for y^ 
majcei the sentence ^ _ _ * 




■ "... 



Now let us try another pair of mXues for ^bhe- = 

variables x and y. Let x have the value 2 

k 



and y ■'have the value 



3(- |) - 2(1) +6=0 



is a • _ ^. sentenoe* 

rtrue# false) 




It ihould be evident from the above discussion that the truth set of 
M open sentenee in two variables will contain pairs of ^^bers * Each pait 
of numbers will coniist of a value for the variable x and, ^ .wlue for 
the vmrlable y. Thm tmth set will be the set of all pairs which make 
the sentenee true, - ' = 



309 



ERIC 



20-1 



It ii awkward to keep witlng " is the mlue of x and 

is the value of y*" We would like to use a notation that would indicate 

l) pain of numhers^ 
' 2) which nvmbmr is the x-value and which number is the y=value. 

We agree to write_,( 0, -S) to 



X has the value 0^ and y has 
^the value -2, order in which we write the numhers 0 and -2 in ten 

notation (O^-g) is important* Tlius> we are conGiderinc order ed pairs 
££ r^ftl numhere , Note that we write an ordered pair enclosed in parentheneo^ 
with .the munbers separated by a 



11 



12 



13 



Ik 
16 



^e ordered pair (0^-2) is in the truth set of the 
equation 

3y - 2x + 6 - 0 

sinca 3(-2) = 2(o) + 6 - 0 is a 
sentence # 



(true^false) 

in the truth oet 



Ihe ordered pair (l,- 

__ ^ (is^is "not) 

of the equation 

r 

3y - 2x + 6 ^ 0, 

The ordered pair |,l) in the truth 

^ (Is^is not) 

set of the* equation 

3y - 2:^ + 6 ^ 0 
since 3( ) - 2( y) + 6 ^ 0 - is a 
sentence « 



I true ^ false) 



Since 3(-2) - 2(0) + 6 ^ 0 is a true sentence the 
ordered pair ( t ) is in the truth set of this 
equation. 



17 'T^he ordered pair (-2^0) - in the truth 

(isjis notT 

set :?f the open sentence* 





3(1)- 
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The truth set of an open sentence In two variataes 
consists of pairs of real numbers which 

make the sentence true* 

We always write the ordered pair as 

(value of first variable^ of second vai^ialDle)* 

An ordered pair oj^ real numbers is in the 
set if it satisfies the sentence. 



For any equation in the vmriables x and y, we agree always to 
call X the first variable > and y the second variable. 



23 



If we write C^/l) we mean^ x has the value 



and y has the value 



If the equation is in two variables other than x 
and y, we must always specify which variable is to 
be considered the variable and which is to 

be considered the second variable. 



E 

2 



1^^ we consider the open sentence 




' e r + 1^ 




and we take r to be the first vi 


iriable^ by the 


ordered pair '{0* l) we mean 


has the value 0, 


ha^ the value 1, 




<Ojl) _ _ in the solution 

(iS|is notT - 


set of the equation 


a ^ r + 1. 





We are able to graph; on the number line, the truth set of an equation 
In one varl^le , For example ^ th;^ ^raph of 3y - 10 ^ 0 Is 



f 



J L 



« ' ' ' 



* 0 I 



3 ' 



How would we grai.h the truth set of an equation in two variables? 
SinG# the truth set c ..:..*sts of ordered pairs of real numbers ^ we would 
need pairs of number lines to represent these solutions. 

'706'' 



,go-i 



in tvro variallwSj wo jh i:s:'U3G 'tho re^i nurnl er L^ane , 

Can wc ilnl a v/a;.- i^no 'late ordor^a r^irs of rea": nUmlers :-/lth 
T.oints in the : lB.m^ ^ 



— I L 1 i i i » » I 

-^4 -3 -I 0 I i 3 4 



In. a Llane with one real nu:r:ter '..inc droAmj u.; aboYO^ 
the nurnter = In^ vr tr.e n-.:::Aer lino"* 



In this fic-iTQ^ 
the nuirihor^ : ine. 



is 



:irs.:tlv aVcve the point p'r 



2v 



J_J 1 ULJ I i > i i I 



-1 0 I I S 4 5 i 7 

Let araw a vgrti::al nurnter -.i.ne throunh 
shcvni in ti.e :ua^ra::;: 



8 9 

> as 



3 




i 

^ j 




10 12 3^ 


15 S 7 8 9 


"^1 





:na;/ ao.-o-iate r vfi+h on^ tho hori zonta.. 
line, ^ ^ 



F is a Ian as3o.^iated| with a nUmter an ths gooond 
or yertica,.. nuralQi' liriej.-narnol:^^ with 



, Thu3^ we associate vlth the LOiirt I- the real nurnlers an^i ' Ilie 
order of\rritlnc the rair of nuinlers is imr.ortant, hy {^-sl) wg nhali 
a point k i.nit.^ to the ri£ht oi' 0 en the hpriizQntal numler 



and. 3 units, atove 0 cr; the vertiga L nun.ler line.- h Is associated 'with *. 
the ordered pair (^^ i)* 
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30 



31 

32 
33 

35 

36 



In tht diagram shown here 
horizontal nmnber line. 


P is 


^ the 


labove 


^belowT 


£ ■■ 
1 








1 It 

\ 5 B 7 


8 


-2 


P 










In this diagimj P is aeoQciated with 


the niunber h 


on the number line* 






Hence, the first number of 


the ordered 


pair of 


niambers for P will be 






P la at the number -2 on ttie : 


number linei 


The niimber of thxi ortlereU pair 


of nuinberD 


fnv P will, therefore, be 




We can write. In this cmit^j 




for P the 


ordered pair of niiinberp {_ 


. ). 





Haw would we 4abel a point on the horizontal nmriber line, using .an 
^ ordured paitf ^of ..real numbera? ' ^ ' , * ^ 



37 



38 

39 
^0 



In the fieure below, P is asaociated with the 
number ' on the horizontal number line, 

1 

2 

I 



I 



3 4 5 § 



8 9 



With what nwiber on the vertical nianber line should we 

^sBociate Pf P is the horizontal 

C above jbe low , on ) 

ni^ber line* Since P Is on the horizontal. line, it 

would be assoelated the nianber on the^ 

vertleal n\OTber line, 

ThUBp P is associated with fee ordered ^ir ( 



1. 




31? 



70S 



k6 



Through aaoh point R^^ S and T a vartical 
^^=L=„ ' is drawn. ^ 



On the hDrizontai number linaj point B is associated 
wl^bh the number , 

The point R is' associated with the number 



on the vert ic^ftl' number 'iine . 

R is associated 'ath the ordered pair 



The point S is associated with the ordered pair 

The point T ' is associated with the pair 
(3,0), 



-a 

Qrt#red pair 



Do we need a separate yertical line through each point in the pJane? 
Thm preceding items show that each point in the plafie is associated with 
an ordered pair of real numberi. We shall agree to draw only one second 
nuaftier linei pei^endieular to the first number line and vlth the same zero 
point: . 



t 1 



^8 -7 '4 -1 '2 -I I 

-a 

-3 



01 1348678 
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horisonlal. and vertical number linGS are .jiil-lGcl j o ord 1 nat e axe s > 



n n 



'/n uGua:i^' la^Lel tiie first ni,U!iter ■ ins vi';. an x and call it the 

Ljimnar'v. it is uoua' to ialGl. the .:^3;onu nun;t@r l.in© with a 
a:ui ca;.l it th© y-axis, 
The oi'derc;^ numter rair associataa with a rolnt is also caii^d the 
jQord : natos of tlie point* 

Tivj I' irst I' oordinat e indicates v;it]i what nurnh^r on the horisontai axis 
the point is associa^edi it is called the ausoissa of the point* 

'me ::econd coordinate indlcatea with what numhcr on the verticil axis 
• V:v roiiiw aj-.^o-jlatedj it Iq -jaLlcd tiio ord hiavs qi* the j-Olnt* 



H.e juordinate axes intersect at a jjgint whi'^h 1^ 
associated with the number on the horizontal 
axis and with the number u o:\ the axis , 

TniB point is called the oi^i^ln * 

Itz cooi'di nates are ( j O) ■ 



Et'i^er to this dia£;:ram 
I'or I'LQniS ^0- Oil. 




Tue ix^DrdinatoG of j^oint A are _ * 

t Id the ^ oi' A. 

T^ne ordinate of A is 

Point B hah ____ i-Zs^^)^ 

The coordinates of jjoints D are 









B( . ) 


56 


C( . } 


57 


D( , ) 



58 



Both coordinates of A are positive numbers, 
Both QoordinatBB of B are numbarB . 



vertical axis 



(0,0) 
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pDsitlve 



rDnvent Ion 



be 



70 



71 



72 



i3 ^ = S i 



=t -I 0 I i 



::oor' Unites l;ct 



OS 1"! iVG a 



^at,ive i 



2%Z 



le/^ative ana orc^inates positive* 



ono joor'uinato pc^itiv^n^ and the othor negative V 
ana 

Points with coordinates like (O^O)^ (Oj-j)^ (-5^0) 
or (O^O) do not lie in any quadrant, Thmy lie on 
one or both coordinate' 

ir the atacissa is equal to the ordinate^ the point 
Is in quadrant or " , imless It is the 

origin* 

If the absclsia is the opposite of the ordinate^ the 
point Is in quadrant or > unless it 
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I 

nx 

IX 
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Writ© the ordered pairs of numbers which are associated 
with th© points A through M in the fi^re h^lowi 



IL 











.1 • 


» *F 










8 -i 





0 ^ 

i 



Oft3tO) 



V/e have associated with any point in the plane an ordered pair of real 
numbers^ called the g oordi nat e s of bh© point* 

Recall that we found^ in the beginning this section j ordered pairs 
of real numbers which satisfied a given equation in two variables , Can we 
find points in the plane which are associated with these ordered pairs? 

Consider the ordered pair (Oj^S) In the solutlo 
of the equation 

3y - £x + 6 - 0. 

In the plane with x-axis and y-axis as indicat 
the following figure^ can we locate a point with 
coordinates ( 0^ -2 ) ? 

87 Since 0 is the value for 

88 and =2 is the value for 3 we locate 

89 the point Pj units from the y-axis 

90 and units below the x-axls* 



712 



SO-1 



91 

92 
93 
9h 



9^ 







1 




1 _ i 


I'll 


r-- -J - — p 

h 4 - -i 



The coordinates of P are ( j ) ^ 

A point with coordinate (Ij^ would be 

unit to the 
^+ 

^ units 



(above^below) 
that io^ below the x^axia , 

The point Q has coordinates 



of 0 Dti the x=axis and 
0* on the vertical axiS} 




Given any ordered pair ^of roal nunbera wo can alwayj locate a point In 
the number plane with this ordered pair as coordinates . 

We can aseoclate with any orderBd pair of real numberBj exactly one 
point In the real niariber piano and with any point in the plane wo can 
asstjclate exactly one ordered pair of real numbers , ; 



96, On your response sheet locate each of the following points and label 
it with the appropi'late capital letter. 



' A(l,.3)i Bi-e.h)} C(0,j)i 



:o,0); 



C(5,|)i 



H(f,5)} 



K(0,. |)| L(-|,0). 

Turn to page xvl to check your worki 



D(-7,-l)i E(-4,0)j 
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97 

98 

99 
100 

101 



Use the above figure to answer Items 97-101 * 



The 



Cab sclasajOrdi na t e ) 



We could find 
iBBa I. 



of each point is 



abscd 



ordered pairs with 



All points with cQOrdinates in which the abscissaE 
are i can be connected by a » '* 

ThiB line is parallel to the 



axis and is 



units to the right of it , 



y-S3£lS 



102 

103 
lOlf 



Exajnine the following coordinates: 

(10,-3) (2,-3) AO, -3) (-2,-3) (-5.-3) 

ir theoc puinLs were located with rofcrcncc to a izot 

of coordinate axes, they all would be found 

* the axis * 

(abovejbelowl 

If a line were drawn throu^ these points it would be 
parallel to the axis and 

^ units it • 

Chow many) (Sbove , below) 



or x^md^a 



horizontal sMm 



3j belw 
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106 



107 
108 

109 



III the space provided on the response sheet for 
Items LOT and lOuj draw coordinate axes and inarf-: 
the fjllowin£: Loints: 

□:ock with raco 1 . 

A:, or the points for ^lich the abscissa la 2 i.le 
on v.hu l^iiu rara::^; t: the axis ana 

_ units to the __ of it. 

(how man;, ) 



2^ 



On the rostonse ghoot locate several points whose numbered pairs 
have 5 for their ordlnates . 

All these points lie on a line^ 

[Al parallel to the vertical axis and 5 units to the right of it. 
[B] parallel to the horisont^. axis and 5 units above it. 



Thm correct cholea Is [B] * Look at page xvii to chec youi vorkt 



*110« Let us thinh. of moving; all the points of a plane in the folLowfng - 
manner: Each point with coordlnatos (cjd) is moved to the point 
with coordinates (-c,d)* Another my of ^ ookinc at this is to 
-ons:der that ^:hf" t olnts of the piano are rotated ^ne-half revolution 
about the y-axis^ as Indicated in the figure bclov. 



I i I I 



I I i r 



Answer the follovinij 'question and locate the points referred to In 
parts (a) and (b). See page for, the answers. 



ao-1 



(a) To what point a do the follovlng points go: 

(2,1), (2,^1), (^1,2;, (^1,^1), (3,0), (^6,0), {Q,k), (0,.t)? 

(h) Wiat points go to the pointe liited In (a) above? 

(c) What point doee (c,-d) go to? 

(d) What point does (=c,d) go to? 

(e) Wiat point goes to (c,d)? 

(i) Wiat points go themselvee? 



Suppose we change the rule for movi:^ the points 


to the following: ^e 


point (c,d) is moved two units to the right. 


tten the point goes 


to (c+S, d), point does (-a,b) go to? 




[A] b) 




[B] (2-a, b) 




[C] (-a-S, b) 




[D] (a+a, b) 





tt# eorreet eholca is [A] or [B] # I£ ym add 2 to abgclsaa. 
of (-a, h), we find (-s^ b) goei to (^s+S| 0)* ttii ii 
equivalent to b)* 



3:U 
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10-2. The v-F^rm of the a-iuation of a Line 



In the rreceding section we saw that the truth set of 
'An oquaiion in Iv': varLallej -jorii^icti; of lalrs 
of nurx ers . 

rcr any ^r ioru i ] :i.ir .1 r^ju: nijni.crJ:^ tl.o orderea 

riiir r:ay ^my wot i^\onr tu -ha ^^^^ set of a 

river^ 'ijuatl^n I:; >.vo » 

Hius an oren sentence In fcvj variahlgn sorts the set 
Ox all ordered rairs rrJ roa: nurnburs into two suhsets: 
the .set 01" all. oruerca ^ fetirs tnat maHe the _____ 

tr'je, and the set of ____ which make the 

Gentence 



T\-ic first subset is /ailed the 
setitence . 



set of the 



ordered paiS's 



truth J or 
eplutionj 





Wm also found tiiat every 


Dint in the pLane 


is 






asi^o.'iated with an 


i air of numbers^ 


called the 


gt^cr^ 


'4 


of the point . 






eoDrdioates 



Tlius the or.cn S'^ntence sorts the points of the plane into two subsets; 

l) the set of all points whose coordinates satisfy the 
sentence^ and 

* 

41) all other LOints. 
As before^ the first set of roints is called the graph of the sentence* 



,0 



L2 



Given the ot sentence 



Tnm coordinates of the i.oints iO,^), (-0^0)^ C ^5) 
satisfy the sentence. 



I do J do not^ 

^e coordinates of *e points (2,0)^ (0,-6), (5/?) 

satisi'y the Given sentence* 



(do^do not) 

The points (0,2)-, (-6,0), (9,5) helong to the set 
of points called the ____ of the sentence* 



do 



do sot 



717 



3-^.2 



20-2 



13 



Oha points (S^O)^ {0,-6), (5,9) ^belong 

(do^do notj 

to the graph ^ ^^dB sentence * 



The Open sentence "y = k'- has been conalderad as an open ientence in 
the one va^iahle y. We mayj however^ also thinjt of this as an open sentanoe 
in the two variables x and y written as 

0 ' X + y = 4 * 



Ik 

16 



17 



18 



19 



20 



Consider the sentence y 
two vaj^iables* 

(3j^) a iolutionf 

Is (0^^) a solution? 



h as an open sentence in 



Are (-3,^), (2/^)^ (-10,1*) solutions? 



What have all these ordered pairs in comon? 
In each casej the second, number ^ or ordinate j 

Try to visualize the points in the plane associated 
with these number pairs , 



If we consider "x - -2" as an open sentence in one 
variable^ the truth set is > 

If we consider "x ^ -2" as an open sentence in 
two variables, we could write 

X + ^ 






Some ordered pairs which satisfy this open sentence are 

[A] (=2,-2), (-5.-2). (3,-2) 

[B] (-2,-2), (-2,-5), (-2,3) ^ 




I The truth set of y ^ 5 ii the set of all ordered 
pairs whose seeond aimber is . 



20-2 



22 



The truth eet of x ^ 0 ie the eat of all ordered 
pairs ^ose first number ie 



^ftiat Is the graph of ai open ientence of the form & » 3y ^ 6 ^ Of 



23 



2k 



We have discovered that the ordered pairs (0,-2) and 
(l,- 5) are in ^he ioiutioii set of the equation 

2x - 3F- 6 = 0* 
We may guess other solutions^ such as (3j 1 - 

It would be easier, however^ to determine solutions if 
ve could wite an equivalent sentence ^th y by 
itself on the left side: ^us, 

2x - 3y - 6 ^ 0 
2x - 3y - 6 - - 6) ^ 0 - (Sx - 6) 
3y - 2x - 6 

Thaae are equivalent sentences since we have arrived 

2 - _ _ 

at the^ sentenae y ^ - 2 ^ fram the eentence 

- 3y - 6 = D by a series of reversihle steps. 



(3,0) 




The sentence 



Is called the y-fom of the sentence 

- 3y ' 6 



The sentence y ^ -j^ 



2 may be Interpreted in terms of the abscissas 
and ordinates of the points of the iraph. Recall that the x^values corre- 
spond to the abscissas of the points on the graph; and the y-values corre- 
spond to the ordinates of the points on the ^aph. g 



25 
26 



nius , if 



the ordinate is 



y = |x - 2, 

less than j of the 



2^, abiQlisa 
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3 2 J 



27 



28 



equation 2x - jv ^ 6 =^ 0 is emivqient to the 
equation 



To rind zhu ordinate of a rolnta on tht c^arh o:' thiu 



Tl;us we mi^y.t choose alajisaaB whi 'li are mu Lti? 'leG 



o: 



If the at^cigsa is the ordinate must re , 

ii' 'J.jj ^^entenee y - 7^ ^ ;j j_y be Lruc . > 

^Kiu3 (_u ) is a Goiution ox' the c.|uation 
y ^ ^ (3jG) t-^ n^nn a solution of the 
equivalent Gquatloni ^^^^^ 

If the abscissa is -o^ the ordinatu ij ^ if 

the sentence y = - 2 is true. 

C"-^ ) is a aolutlon of the equation k:< - jy - o - 0. 



(3,0) 

2x - 3y - 6 ^ 0 
-6 

(-6,-6) 



Continulnc; in this manner^ compiete the table in Item jk 30 that the 
ordered paira satisfy the equation 2x - iy - 6 G, or the equivalent 
□entence 



0 



i6 
37 



V 








0 




C 




y 




-6 




-2 


0 







'fie I'Oilowlnt' orderod paii'i; are ;ioiutionL3 oi tliir 
equatloiU 

) ' i-6,-6), (-j. ) 



( 3-2). ( .0) 



-8, '~k, a, 1^ 



(-9,-8), (-3,-1^) 
(o,.£); (io) 



Locate the points whose coordinatei arc eivon in Itemo 35, 36, and 37 
ustne the' spaoe on the response sheet for Iteir 38. 
Turn to page XV Ul to check your work. Before C'ontir.uinE, make any 
neGesoary oorreotlons . 



720 

320 



20-2 



Havo you noticed tliat the po\nts whose coordinates satiafy the open 
eentenc.j y ^ 4x - 2 oeem to lie on a -straight ..line? This brings up the 
following quGstion: If '^/e draw the line which passes through these points , 
will we 'lir.a on Lt every point for which the ordlimte is 2 less than 7 
of the absclssal Partheraore, is every point on this line a point whose 
ordinate is ^ less ^.m f wf the abscissa? 



Go back to Item Jd on the response ^hect and draw a 
line connecting the points (-3^-^) and (6,2) and 
extend the line In t>o^h Qlrectione as far as the 
graph paper allovs. Then anrver the followlne 
quest ions: 

Pci all of the othor pointo that you located li i on 
this line? 

{yea f no) 

If there a point on the line whose abccissa is 121 
yooTnrl 

Tne coordinators of Miin l oint are ( Ig ^ ) . 



Is there a point on this line whose ordlrmte i^ -5? 



yes ^ no J 

The coordinatoG of this i^olnt are ( 

Y oil feu nd a j o i n t w I 'z h c onrd i na t e s ( 1 2 , 6 ) o n the 
line. 

Is 5 - ^(12) - £ a trac Gentence? 



es ^ ncrj" 

You found another point, (- ^'^^ ^^e line. 



a tme sentence? 



^yes , n 



(12,6) 



(^1-5) 



yeg 



We found coordinates of severaj. uQintii which satisfy 
the equation y 5 # 

©lese points lie on a _. . * 

For the points we have found on this ilne| the ordinate 
is 2 "less than f of the . . . ^ 



^ J 



Itm 



ftbsdlsaa 
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0) 









' '? 




1 : ' "ir I}; en 








.CD T 


no uuin. 






numi orn arc --"^^ovn iimi cc V \i ^ 




: the 








-r a . oi::z 'wz ::-n the :inc, lU-- 












t=lio oicn sentence* 










[c, 

1 — 


I^;?tii 01' the above* 











A specified line ia the graph of a particular open sentence 
vith the variatle^ x and y if 'the coordinates of every 
point/ on the line satia^ the sentence and eyery ordered 
pair of manbera ^ich satisfiea the sentence are the coordinates 
of a point on the line, CoftBequently^ the correct choice is [C], 

We have Aoen that the oraph of the open sentence 2y. - 3y - u ^ 0 Is 
a line* Further^ tho cooruinatoj or mcv^ noint on thiu Line aatiGl'y the * 
ecuatiori 2k - J.y - b ^ 0* • ' - . ^ ^ 

Us inn tho procedure developed for the sentGnfe^ 2k - iy - = 0- wo 
are able to rind the ^^ranhG ^ol' e^iuations llKe 



0> 
0, 



In each caoo we ;'OU]d 'on'^ude that tho rrarh Ij a l iry^, ;fhio ouncests 
the following 0cnura.L Gtatemontoi 



tr an OTcn i^C!itcnc 



the l'';rni 
hy ■ u - Oj 



whew h and C are r^^^al numbers an^' A and P are not both 0^ then 
the graph of thia open sentence is a line, EVery line in the jjiane is the 
graph of an open sentence of this rom. 



3^7 
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Th- rrarh'o:' an e-m^^lon of the forrr; ^ I;/ + C Q 

I;: the exazn^ Lc - = b - Oj ' 

A • B - C - 



X ^ . : - u ISO 



1:. ^hi^; ^a^o A - j - _ j _C_ 



f the fom Ax ^ H:/ ^ C ■ 0, 



Av,^ I-v ^ C 0 ^^lT.h A - , B 0 , C ^ 



In thc^ t:n sentonco 



0, 



line 



C ^ =6 



5i> 



VJ.^r^^ aru a.A thg 'LolritJ in \hc^ r lano who^e ordinatOG 
arc 

Tills Ennlioh sentoSW can te translated into the open 
syntence: :/ ~- , which equivaLent 

to ' - Oj 

Since thij open G^ntence La of the fgrm Ay + By + C ^ 0, 



where 



the rriiT-h of - y + 3 ^ 0 must dc a 



y + 3 ^ 0 



iO 



VAii-h Si' th'3 followlnG Is the craph of y - -j1 

(Cj 



J 



0 I * 
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6i 
62 

63 

61^ 

65 



67 
68 




^^€laste ^ each polrt of th# gafa^ of tiia . 4= ' Ki-.^ 



Moh of the following point (0,-2)^ (0|0)^ (0,3)^ 
(Oj5)# hfei TOlui 0 for the . 



All these points are on the -axis * 

An equation Trtibee ^aph is the 2^axis is , 

Thm pointi- (-2^0), (0,0), (l,0), (2,0) are all on 
toe ^axls . 

iVn equation for 'the graph of the * x-axli is , 




66* Consider Uie equation 



^ + 5x + 7 ^ 0. 



terete this in y-fom and make a table of federed pairs that satisfy 
this aquation* TOien graph the equation. Bum page xx to 
cheek your work. 



^ite the equation 



in y-f prm . 



X - % + 3 ^ 0 



Thm ordered pain (Oj ) and ( ,0) satigftf the 
equation, 

Ix^eate these points on the coordinate axes ajid draw the 
line connecting therai continuing the line to the endi 
of the paper. 
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71 



72 



73 



75 



76 

77 
78 

79 
80 



Do the coordinates of every point on .the line satlsjt'y 

the equation? (Try some values hefore you answer 

thle question.) ■ 

(yes^noj 

If you have drawn the line accurately; the coordinates 
of every point on the line will be in the truth set 
of the equation. ■ 



yes 



Write the rpen sentence for the set of points such 
that: 

For each point the abscissa i^ equal to the opposite 
of the ordinate . 

For each point the ordinate is twice the abscissa. 



For each point the ordinate is the opposite of twice 
the abscissa. ^ 





Ebraw one set of coordinate axes 


and draw the 


graph 


for 


the set of 




points for Items 71^ 7^ and 73 


Turn to pa^ 


ie xxl 


to 


cheek 




^ your work. 











With referenc% to one set of coordinate axes^ draw the 
graphs of 

^ ' 1- 

(a) y - 3x, (c) y ^ gX 

(b) y - »3X; (d) y - - |x 

Turn to page xxl to check your graphs. 
Tn-n complete the following statements: 

The graphs are all lines which __ contain 

(dojdo not) 

the origin* 



Thm graphs of (a) and 

^e graphs of and 

right , 



rise from left to right, 
descend from left to 



The graph of (a) is in quadrants I and _ 
The graph of (d) is in quadrants and 



do 

.1 

(c) 

I ttiO. Ill 

II and IV 
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with referenaa to one set of coordinate o^mB, driiW the 



graphi of 

(a) y ^ X + 5 (c) y ^ & + 5 ^ 

(b) y ^ X - 3 ^ (d) y * ^ - 3 

^eck your graphi with thoie on page jocll, then 
dwaplete the following stateTCntei 

Thm graphs of (a) and (b) appear to bf a pair of 
parallel , 

The sMie appears to be true for the graphs of 
and , 



3* Definition of Slope and y-^ Intercept 



nil In the blanki in the table below bo that the 
ordinate of eaah ordered pair li equal to the abaeiisa. 



X 


-6 




4 




3 




6 


y 




-3 




*0 










Plot theie points and connect the points (-6^-6) and 
(6,6) with a line. &tend the line In both directions 
Check ycMr graph with ^the graph on page xxil , 

Aare all of the points in Item 1 on the line through 
the points (-6,-6) and {6,6)1 

tyei^no) 

Does the line paaa throu^ the origin (the point 
(0,0))? ; ^ 

All polnti of the line except (0,0) are in quadrants 
and * ; 



?g6 



are 



angle i formed by the coordinate 
bisected by thie line. 

Th^ open ientence ^of this graph is * 

(y y ^ -x; 

^at is^ a Doint lies on the line if and only if its 
ordinate equal to its abscissa • 



Ia.bel the line "y ^ x". Continue with Item. 8, 



Fill In the blanks in the table below so that the 
ordiriat^ of each pair is the opposite of the abscissa. 



X 


-6 








2.5 




6 


y 




5.5 




0 

























0 









Plot these points using the sMe Gpordinate axes as 
you Uied for Item 2, Connect the points (^6j6) 
and (6j-6) with a line tod then extend the line 
in both directioni. (Rememhet that a r.ine extends 
indefinitely in both directions . ) Check your graph 
with the graph on page x4ii * Answer the questioni 
below. 

Would the points (SO^-gO) and («20j20) be on the^^ 
line coimecting the points (-6^6) and (6^-6)? 



T^iat is an open sentence describing this graph 



This line passes through the origin and also . . 
the angles formed by the coordinate axes. (See 
Item 6) " ' ^ ' . 

All points of the line except (6,0) are in 
quadrants and _ . 

label the graptf of y ^-x. Note i^at the graph of 

y * -X _ _ _ _ trom left to right, 

Xrl^ei J descends ) 



Bee raiTOr belom 



y ^ 

^iaectg 

i . 

ILand W 
deseends 
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ae graph of y ^ x , ■. from left 

, . i r Crises, descends) 
to right* - 



f^i the same coordinate axes used for Items 2 and 9^ 
; ocat.e tomo Loints such that the ordlimtfe is., twice the 
abscissa. Use a table only If neeessar^i ConneGt 
aii;, i WC3 oi' j oints with a line and t^ien extend the 
'.In^ in loth directions. Check page xxlii to see if 
y;jur rrU] li is ijorroet » 

VrLte an open sentence describing this graph* 

r£ilel. tlio i:rB.ph of this open sentence p 

'11:-; ^"'uh of J 2k paasGG through the point jp^ _ ) j 
'Aii^'h lis 'jommon to y - k and y - -x* 

"I^iu /^rai h oi' y ^ 2x i'rom left to 

J, f , .| (rises J descend J ) 



1* cl//':?- 'ioini: the Game i;ra])h paper* Locate pointG 
ju.'h i:i:aL the ordinate is one-half the ahsaiesa, 
Cjhnc M an^= two points with a line and oontinue the 
: Ino in I'jti'i directions. Check page xxiv to see if 
;^'y-v .'Ttiih 1^: correct* 

.>[ iiii uuntoneo deD^^riliino this oraph is , 



tlio /ji'^i'ii of y This craph passes through 



!t (except (O^O)) on the graph of 



tr;:. wcvn iha nraph ol" y -.^x and y - £x . 

'-7: ip'.j ,:amo f^ra].5h paper^ oi*&ph the e'luations y ^ -2x 

y. ^ • iiabel the graphs of y --^ -2xj y ^ - 

u ujul . 0, IHirn to page xxiv to check your 



tl;o /;mf^hc contain the roint 



in-' ic%GtwGon the linec y ^ x, ancJ- 

0. 



1^ LuLwecn the Line:; y - '-x and 



■3n 



io.-3 



27 



28 



a9 



30 
31 

32 
33 

3k 

35 
36 



Sit lina y 5_ _ li between the llnea y - x and 

If you i^re to graph the equation y = -fix It would 
be between and x ^ 0* 

^e graph ef y ^ .Ix would be between the graph of 
y - X and y ^ . 



Use the graph you have drawn to help aniwer theie 
quest! ohs . 

If an equation ii In the form y kx^ whert k Is 
any non-iero real number ^ then the equation pas see 
through the point ( j_ _) * 

If 0 < k < 1 then the line lies between the lines 

y - 0 and _______ 

If k > 1^ the line llee between the llnei y ^ x 
and' _ ^ 

if k Is poiltlve the line ^ from left to 

. ^+ (ri$ea, falls) 

right . > ^ K ' 



If k is 



the line falls from left to right. 



If k - 0^ the graph is the ^ "axls, ^ 

Wmt is the y-fom of the equation y ^ kxf ^ 






rlmf^ ^ 



In the prededlng Items we have oonsidered open sentences whose graphs 
are liaes through the origin, toe direction of the graph depends on the 
ooeffiaient of x* As the absolute value of the ceeffieient increases ^ the 
line becomes "steepor" . 



37 



Now let us consider some lines which do" not all 
contain the origin • ■ 

In each of .the following open sentences 

(a) y ^ ^ 

(b) y . |x + 



(c) y 

the coefficient of x Is 



fx - 3, 



2 
3 



729 



334, 



'38 

39 

ko 



The point (O, ) lies on the graph of the equition 

2 " . 

y = 3«. ■ , 

Jor the point on the graph with abscissa 3j the 
ordinate is j( J or * 

o 

Another point on the line - is ) * ' 



|6h ;f 




hi 



In the dlaQram afeovej the polnt.a (-3,-2), (0,o)j 
{jjS) are on the line ______ 

The point (-3|3) Id units above the point 

C-i. ) . 

The points (--SjS) and (-3^*2) Have the same 

(abscissaD jOrdinatesT 

but different ^ 

(abacissag ^ ordinates ) ^ 




h3 



h6 



{Rie points (O^O) and ( jU) have the same 
ahscissaa but different ordinltee * 

In fact^ if we add k to the ordimte 'of any' point 



on y 



2 

3X. 



we obtain the brdlnate of the corre- 



sponding pQint above it, ^is is the ordinate of a 

2 

^polnt on the line y = joc + U , 
Tr.r tv/o points have the same . 



abialsM 



To draw the graph of y - 'pc + ^i-^ we may add h to the ordjnate^ ^"^ 

2 

the points on the graph of y ^ 'pc, Or^ we may say that we move the graph 
of y ^ -jx upward k units , 



hi 
kB 

50 



Since the point (O^O) is on the line y - ^x^ the 
point (Q3 ) is on the line y ^ "Ix + 

Thm point Qj2) is on the line y ^ %c and the point 

2 

( 3j _) is on the line y - ^x + 

The point (-3^^S) is on the line y - ' and the 

point (--ijS) is on the line y ^ -^x + ^ 

p - _ -- — 

2 2 
Graph the lines y = ^x and y ^ - -ot + using the 

same cyordinate axes * Refer to page xxv to check 

your graphs # 



(3.6) 



51 



>3 



The points (0> ) , (3, ) , [^j^ ) are on the 

2 

graph of y ^ jx - j . 

In each cane^ the ordinate of a point the graph of 

o 

y =- ^ ^ 3 it^ Less than the ordirmte of the 

^ ~ ' 2 

correopondini: i>oint on the graph of y = yc. 

Graph the eriuatiort of y ^x - 3 on the same set of ^ 
coordinate aKOS that you used for Item 50* Turn 
to pace Kxv to check the graph * 



• Using tlie graphs in Item complete the following Items. 



w 3 Jo 



^he eraphe of 



2 



y ^ fx + ^ 



y s |X - 3 



Intersect each other. 



QJit graph of y - ^ Int erica ts the . y-&Kli at the 



point 



Note that the coordinate of the point of Intersection 
of two line? would he the ordered ^.palr of real numbers 
which satlsi^ both equations. This ordered pair' is 
the intersection of the truth sets of the two open 
senteuceat 

'^e craph of y - ^ + ^ Intorsecto tho y-axis at 

j 

the point ( j ) , 



If wo add 
graph of 



to the ordinate of each rjolnt of the 



WG get the ordinate of the corre^ 



sponding point of the graph of y 
If we ouhtraet . • from the ordlnate^ of .oftch 



point of tho craph of y = f^x* we ^et the ordinat^a 
of the corresponding points on the graph of _ « 

The graph of y ^ 3 intersects the y-axls at 

the point ( 0 j j . 



do not 



('6,6) 



'0,-3) 



Thm point (OjU) Is called. the y= lntercept of the graph of y - |x 
^is is t^b' point of intersection of the graph arfl the y-axls • Sln^e the 
equation of the y=axis is x - 0^ 'the y^lntercept Is the point of Inter^ 
section of the linos y ^ ^ k and x = 0, 



^2 
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The point (O^^) is the^ ^ 
of 



of the graph 



Thm y--lntercept of the graph of ,y 
point (Oj ) * 



the 



.y-lnter^ept 



(0,-3) 



10- 



6k 



The y-lntercept of the graph of y-^ |5c is the 
point ( J ) . 



^^he- number k is called the _y- Intercept number of the equation 



65 
66 
67 

m 

69 



The y=lntercppt number of the equation y ^ - 3 
Is 



The ^ 



aumbgr of the equation y ^ |k Is 0. 



ffie equation y = yc + 6 has y-intercept number 



^Hie y- Intercept number of the equation y - tm^ + b 
la ^ . 

The eoefflcient of x In the equation y ^ hdc + b 
is 




Bef er back to the graphg in Item S3 * The graphs of the equations y ^ x 
y - ^x, y - 2x^ eta, J all have the s^e y- intercept j but each graph has 
a different direction. We obaerved that the direetl9n dapended on the 
qoefflcient of jc. 

l^is leads to the following definition- 

The slope of^a line is the coefficient of x In the y^fora of the 
equation of the line. 

The elope is a ntimber which detennines the direction of the line* 



.70 

n 

72 

73 
Ik 



Th% slope of the graph of y ^ -2x is 



The slope of the graph of y = 3x + 2 la" 
The ^ 



2 2 
of the graph of -y = jx - 3 is 



Iflftiat is the slope of the graph of y ^ kl Since y 
can be written y ^ 0*x + 1* the slope le , 



It appears that the 'Slope may be 
or 0. . 



J negative J 




20-3 



We have defiled the slope of a Una as the coefficient of x in ttie 
y-fom of the equation of the line. ThMB, the slope of. the line y = mx + b 
is the real nu&ber m. Horizontal lines ^ that iSj lines with .equations of 
the foiTQ y - b have slope £• . = 

What can we sa^ ahout the slope for lines with equations of ^e fom 
X = a? 



75 
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Recall that to flM the slopf we may 'begin ^th the 
fora Ax + % + G ^ 0* 

We put this equation in y-form by dividing by 
^tha coefficient of • 

However^ the equation x ^ a laay be wrltteii as 
X - a ^ 0 and the coefficient of y is 




^ere la no y-form of the equation of the form x^ a* Mnes with 
equations of this form are vertical lines * ^e slope 'Is not defined for 
vertical lines * 
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What can we say about the slope for the line - i^^? 
[a] Thm slope is undefined, 
[l] Thm slope is 0, 
[C] Thm slope is 2, 






Find the slope and the 


y-lntereept of the 


^mph of .each of the / 




followihg open sentencei 


Thm answers 


are 


on^;^ge 3qcv1* 


78. 


y ^ X + 207 


83. 


7x ■ 


- 3y + 2 ^ 0 : ' 


79. 


7 

y - -X + 1 


6k. 


3y = 


.27 


80. 


3y - 3x + 11 


85. 


X ^ 


-5 


81. 


3x + y^ 1 


86. 


y ^ 


+ b^ 


8a. 


£x + i^y - 5 = 0 










- \ 


• 







ERIC 



h ■ . ' 

I ¥e hav# mmmn that If tha equation Ax + 5y C - 0 can^te put la 

the coefficient of x in tht y-form Is the slope of the graph 
the Qonstant Is the y^lntercept numhar« 
BquatlTOS of the fom y - k have zero glope , TOiat le^ the slope of 
t My horizontal liM. is 0, 

J Bquatlons of the fora x * a cannot he put in y-form. ^at li, the 

I sloje la undefined for vertical lines. 



20-4* ApplleationB of tfeg Blope juid Jhtercept 



2 
3 



Graph the equation y ^ - 3i 




We have labeled the polnta (2,2), (0,3)^ (k^l) In the 
^aph of the Una y - ^ 3* ■ 

^e slope of ttiii line li • 



^e polnti ( iS) imd (U, ) are on this line . 

toe ordinates of tee points (2,2) and (4,7) tre 

Md » . ' 





-T3? 



3^0 



ERIC 



so-k 



4 



!0ie difference of the ordlnatei Is 7^ 



We call the difference of tine ordlnfttee the TOrtlaal 
cha^a of the line frm one, point to the other, 

^e ahiciiias of theie mmm points are and 

^ie difference of these ahfiQissas Ig 2. 

Eie dJLfTerence of €he abseisiae is called the 
horizontal ghej^e frcaa one point to another on' the 
line. 



•Die raAlo of these differences li 



V' 2 



J is the ratio of 'the differences of the 
the differences of the ■ 



But we know ftom the definition of slope that 
the of the gr^ph of y = ^ - J. 



% 

2 



to 



is 



7 -'2 ^ 

Note the order of the numbers In the ratio q . 

The differences 7-2 and * U - 2 caine trm noting 
the vertical and horizontal ""changes :fa'om the point ' 
with coordinates t2#2) to the point with coordinates 

r . ) . 

Suppose we look at the ratio of the changes from 
(U,7) to (2,2), ■ ^ ' ^ ^ 



TOen the first niimber in the numerator would be 2 
the first iwmber In the denOTlnator would be _ 

'2 



and 




ratio would 'bB 



z2 - 
-a 



2 -□ 



-2 



TO sea that the ratio of the 



artloal change to the horizontal ehahge fr^ (^j7) 
to (2,2) is the %wm as the of the vertical 

change to the horizontal . change from (2,2) to ('^,7)< 



7 • i 






Suppose we had chosen two other pol|its on the graph of y 3- 
Would the ratio of the vertical change to the horizontal change between 



^eie two polnti be ^ 



to thm mbovB graph we have labeled the' r in": ( 



17 

18 
19 



The points (O, ) and ('g| ) aro tri 

to# dlff^enca between the ordi nates - ^ 

^ is y ^ 

^ 

tte diffaranee batween the abeciasas 

Is 2, (Btmemher to use the fir^t nu/.u jr 

corrtspond to the ordinate 

^# rmtlo of vertieal charge to horlznuta! 
T^lch Is the _ of the 1 i no . 



above discuseion leads to the folluwlru; 

/ 

Theoram For any two points J and 

line the ratio of the vertical -huiuy 
change from P to ^ Is the Giuit 

Cf you ahoose to omit the proof of thi:j th'.- 



0 and ^2 



i 



^ si ope 
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Theorem 20= a . For any two points P and Q in a 
non-vertical linej the ratio of the vortical 
change to the horizontal change from P to Q 
is the elope of the line* 

Proof: 

Tiic equation 



Ax + By + C ^ 0 



13 the equation of a 



If B = 0 this equation becomei 
B^-it this is the equation of a 



line and the 



r lope of this line is undefined^ 

We therefore make the restriction^ B 0* ' 

Thm y-form of the equation Ax + By > C ^ 0 le 



The slope of thla line is 



If P and Q are points on this line the coordirmtes 
of these points must satisfy the equation 

Let P have coordinates (ajh) and Q have 
coordinates (c^d)* 

^e ratio of the vertical change to horizontal change 
from P to Q is 

Since P and Q are on the line 

Ax + By + C 0^ 

and also A( ) + e( ) + C ^ 0 , 

Tht sentence: to + Bb + C ^ 0 and Ac + Bd + C 0 
is equivalent .o the sentence* 

Aa + Bb + C - (Ac + Bd + C) 0 

or 

A( - ) + B( ) ^ 0 , 

A(a - e) + B(b - d) - 0 is equivalent to 



.^-^^^ Bb + C ^ 0 



b - d 



(since P and Q are di f f erent points on a non- 
vertical linej a ;^ c so that a - c 0,) 
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^ + 0=0 



A . 0' 
y ^ " P " B 
_ A 



r A Oi 



b - d 



Ae + M + 0 



a - d 



A 
I 



or liio , iirui 



■'chant wu rave i.rcv'j ^ that thu rati^:"o:" the %'02*tleal 
chan.-'j to the hori^or.^ai .^har.re rro^n I ;^ iu the 



glope 
b - d 



r 



-■-^^ ' '-' -^ rorri wo i,av!? /u^^t ^tai-.-a^ vo.oan alvavj ilnd the uiopo oi' 
^•^ ^ ^'^ • • i-^ ■ -o^-; o'v^n ^i-^ ^..or^i hiaro^ c two roint;^ on the 





Ii' the ooordirmtas or t-Wj 


I. -^iutj on 




^ine have 


the 






jame Qr^ilna::^ the ' Liiti lo 










horizontal 


f 




(vorti /a; 


n 


\:unta: ) 








If the ooordinato^ ..o' two 


point:: on 


a 


". int} i.ave 


the 
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oanio al::^iooas tl^e : Ine io 










Yertlcal 






(vcrLi.a 




iOi'lucntaL) 




















Find the o ..0^)0 oi^ tiig Lino 


tf.rourh oa^ 


•h the 






foLluwinr I'liv-. 0:" {.oLriLj. 


Coni are 




air answer:; 


with 




thoyc on pane vxvl . 










36, 








(o^y ) and 


(u,0) 


37. 








( 0^0) art/l 




3'^. 


(0 ^ ainl ( - : 0) 






(0^0) and 





Examine the j'qL lowlrb- oi^anh' 



y 









4 

units ' 


1 \ 
1 \ 

» \ 

1 \ 

3 uniti V 






1 



X 
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Since the pointa (-6,6) and (-3*2) are on this 
line, we know the elope is 
a > 6 

-3^ °^ . 



We could check this by counting the squares, ^at lij 
from (-3,2) to (-6,6) there are units In the 

vertical chaise. 



There are 3 unite in the 



change * 




What is the equation of this lino? 


We could write this equation 


in y»_form If we knew: 




[a] the elope 




[B] the y-intereept number 




[C] both the elope and the y- 


-intercept nvimber 



By examining the above graph we find that the y^intercept Is (0,,-2). 






















_4 — ^ 

1 
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h6 

hi 

i+8 
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siore of this line is - |. (See Item 42.) 

Tne ;/-intercept number o:' this lim is , since 

the lino intersoets thn y-axio at 

^e equation of this line is y ^ 



Tli''^ eiuat 1(^:1 of a :inn j^2'n.''o: 



to thlG :i::e 



A line ;;ontaiiun£- the point (0,6) and raralLoi to 
tho ] ine whose eriuati on I s y ^ - 2 h^^^ 
equation y - 

What is the e luation of a line with nloi^o - ^ and 



y -intercept number -3? 



52 



5^^ 
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What is the open sentence of a line containing the 
points ('^,a) and (2^h)j and having y-intercept 

Since the line passes through the points (2^^) and 
( the slope of the line is 

^ - ( ) 
2 - { 



The equation of the line is ^ 



Ihie ordered pair i^^ll) also satisfies the equation 



y ^ - ^Ince 



4-3 ii 



; false) 



Ihe e juation of the line can alvays - found from the 
GLQL€ and _ 



-2 

(0,^2) 



- |x + 12 



1^ = 3 



- (-3) 7 

S - 0 ■ 2 



true 



if ^^ou want more practice on this type of example^ do Items 5t-i 
othcrwiso zhLi, tc the .-naterial rwi.:.GVing item o^ , 



To write an equation of the line oontaininE (-1^0) 

and iOjj)^ we need to know the or the line 

ana ^;ha ^* 



Uiie sLoi e c: zae i^me is ^ ^ ( — ^ 



^J[\Q :/=Li;lorcc:x io the point 

An eraation of the line containing (-l^O) and (0^3] 



Write an equation of the Line tt:r:^U4i: each oi" the 
following pairs of points, 

{0,j) aru. ____ 

(5,3) and (O^-i^) ' 

(0,-2) ana (-3,-7) ____ 

{1,1) and (0,3) 

(3,j) ami (j^O) ____ 



ilope 

(0,3) ^ . 

y ^ 3x 3 



y ^ 3 ; 
X - 3 



If we arc given the slope and the y-intercept of a linej can we graph 



SuTjrose a Line has slope - # and y-intercei^t 
niiinber^ o. 

T^io e ' I u at ion o I' this lino is 5^ _-- . 



One way to craj^h this would be to f in i ^ome ordered 
:airs In the ti^uth set. 

V/e may also draw the graph by firiit loou.ing the 
y-intereei:^t ______ anfl then trylnE to Locate another 

Doint whOGC eoordlnatee would satisfy the riven 
equatlun- 

o 

Since the slope is - 7 we know that between any two 

points on this graph^ the ratio of _ change to 

change is ^ 



(0,6) 



> 

verblpai 



Finn Inn luaLiuii and tjrafh eacl. of the following lines. Compare 
wi*=:. ti.c au^^vers on races xxvi^ xx\^ii, xvlii, 

A wl' t: ' i ^ f- anii y-intercept numbgr is 0* 

A ^inr ::h:-ON.-:: i:\o ] oint i^^^-:;) and with slop© un^efinC: = 

n iiii' iL.ro'^ri. tLc rolnt (Ujl) and with slope - 

. I no i,L.r ^i-;:. CjiC luint (-^u^-j) and with slope 
{v.ci:\onh cT -Jiav wo oan find a se.rond poiiit on this line Eoinc ^ 
\;:ULJ to Ih^ rirht and then 5 units up*) 



^^7 



i'^iat tj the i3-jj o of the line containing the points 
and (^^1)? 

The GlOpO LG . 



•i_ ; wO 'alf^: another point 0?^ this line ^ith the 



nii^'/o the y ! G is -1^ and the point is 
dli'jv^i'cnt rv-m tliO [ oint (-J/2)j we may write 

U'lilc .oa*i;: to Uic e;|uatlan 

V = :; -;-(:■: ' .) or y ^ 



cn^f^ji: that (difs .1-0 tlv-: equation of the line by showing 
that liiC oi'od ? airs and -Satisfy 

thin Q|uat[on* 



V/l.at Ig tho e iuation of the line through the points 

T}]^ n^v^e ol tliir line Is 
TliD oquation Is . 

If tha ] Ine containo the points (-3/3) and (-3>5)j 
the oquatl:.n is , ThiB is a vertical line. 



-1 



y - 2 



0 

y - 3 

3£ - -3 



744 
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the line Gontalns the points (^,S) and (-3^1) 
the slope of the line is . 

If (x^y) is another point on this line the slope is 

y - □ 

Ginco (^jj^) In ^ciiiTerenL from i'^^^Z.) wc uau wtL^.q 



- □ 



oquatlon of the line is y 



fU + i) 



(x^y) iu alr.o dirferent from {-3^/\)^ so we can n,\ do 
write 

V - □ 1 



Th^ equation ol' thu Line ic y 2 ^ r^ix ^ ^\^) or 



Cheek that the pointii (-+j2) anfl (^j^l) arc on 
this line I 



Conaider a non-ver^ticaL line* 

We have bcrn witinc the ei|uation 01 " such a line in 
either of the forms i 

Ax + By ^ C - Of where we ins let B / or 

y " mx h^ where m is the of the line* 

Examining: the ep^Of?nd of tliese forma ^ we see that the 
richt-hand side "'mx +^ h" is a j)Olynomial in the 
Variable - ^ * 

If m ^ 0 the decree of the polynomial mx + h 



Any polynomial of the first degree is called a 
linear polynomial* 

ThxxB, kx + 2^ + 7> and ix are all __ 

polynomiale in x. 



y - 1 



1 ^ 10 



y - 1 ^ 1 



1 ^ 10 



3^0 
slope 



linear 



■J 



LOO 



Ii' i; aru n are real nu;jnl;er^j h / 0^ than 

]'^. ^ is a in x. 

:n=o al.^o.-tlV'j ^'linear'* is aLrl.i^a to sujh a j^oiynonua! 
ti.o r:'a; h c:^ y - ^ n is a , 

We JurT;OtirnQS roller the £:rat:'h of the i-O ^':/non;ia L 

^ i.L. ^ i ^^i u ^ 



T};un ^'tho L'^'^i^^ "thG linear Lolynomial :■: + l" moanG 
"the -ra; i: w t::- o: on sentence x ^ ! ." 



linear polynomial 



line 



y =^ to + n 



Witr. r-^:'orenee to a dLlIi^Iq jet or Goordinato axes^ Mrav the ^-rau.u 
c:' tlio fc:,1.7v;inc linear i:0:ynomiaLs . 

Com: are your ^raihs with those on j are :ac%"lil* 



I-CJ-^ ' '^'tuiL^.ar:/ and Kevicv/ . 

IhicrQ is a one- to-one corrc;:iondenco letv.^eon the JOt oi' ordorofJ rairs 
of reaL nMr:lerj and the set s:' ; jints In tno roa. nu::l er . !ano* * 
llie ri'aj'h o:' the e'juatlon 

Ax + i:;,^ -t C U 
u- a : Lt;c it A and h are not loth 0, 
I:^ A . 0^ the ! ino is hgrlsontai. 
It 1 0, the 4-inu !□ vertlia: , 

It 1 / J, we niay ^rritc the e: A:: - ry ^ C 0 In ^d;e 1 

y ^- !n;< ^ h * 

TliQ I'orr:: y m:-: d 1 is ^al ieri the v^^^^jl^ ^ t^ Gl^^tlcm of i^V:i _i,in_G. , 
In the y-form^ thcj euerilGient of ;■: is "^aid.ed tlie dIoijc or the line 
and the constant iGiTn is the y^lnterGeut nuinhej: ♦ 



7k6 
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The point oi' intersection oi" the line and the y-axis is called the 
y -Intercept . 

The slope is uLso the ratio or vertical, jhanco to horlsontal ohange 
between two jointt;, on \hQ line. 

The s^ope oi' a L . rlzontg-l 1 i no is 0, 

The Liloi^e of a vgrticai line i^^ not defined > 

Review iTol le:ns . 

Annwor^ I'cr the i^evl^^w Lrotlemo are on pares xxiXj KKXf xxxij xxxli^ xxxill, 
1. For p?ach o:' *-hi- f.Ml?vin,: t^ruphii^ write an open sontonoe. 



i 



(V) 



y 




E 




(c) jy - La ^ 0 



(d) ^x + 5y - C 0 



20.5 



(a b) 



3. Thm point (a,b) at the right 
is in the second quadrant . 

(a) Is a positivel 

(b) Is b positive? 

(c) Ir the coordinates of 
ariLL B ijave zh^ same 
absolute value;^ as the 
abGcldsa and ordinate of 
(a,b)j state the coorcii- 
nates of P> and R 
in terms of a and b, 

(d) if (=^d) Is a point In the third quadrant^ in wliich quadrant ii 
the point i ',-d)l Tlio point (-c,d)? Tlie point (-e.^i)? 



I^aw the graph of "y + 4", 

(a) y ^ J(*x) + U 

(b) y . + U) 
Which of these lines are parallel? 



On the same sut of axes ^^raph: 



5* (a) With reference to one set of axes^ riraw the gi'aphs of: 

2x + y - 5 - 0 
6x + 3y - 15 - 0 

Vftiat is true about these two craphzl Mow look at the ?*^uutions| 
how couLd you get the second equation I'rum the first? 

(b) Wiat is tmc of the rraphs of 



Ax + b-' + C - 0 



ind 



kAx + kBy 4 kC - 0 
for any non-aero k? 



6. (a) WIrh I'Pi'oro! 
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7. Wr' 



( -•) ( , ) 

(0 ( 



( , 



(i ) 



(a) WrU- 



.un it J width w. 



3?i 



io-5 



/ 



*10, Consider a/ circle of' diametsr a, - ' 

! 

(a) Writ^ an expression in for the -jirc'=unferenie of the circle. 

Is ^t^is expression linear in d? W-az hap j.^ns to the ciroumference 
if yiQ diajneter is doutied? Halved? If j is the circuniference^ 
i&Aj can you say about the ratio How does the value of s 

cha^e when the value of d l^ phanjed. 

(t) Wr^xe an expression in d i"or the area of the circle. Is this 
expression linear in d? ir A iz ^hv of the circle, what 

ay about the rat:c -1 l^'ia- acou^ the ratio ^ ? 



in you 



3.;o 
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Chapter 21 

GRAPHS OF OT^ 0PM SI^raCES IN TWO VMIABI^S 
21-1* Graphs of Inegua l Itie^g 

The graph of thoge points such that the ordinate of each 




EKLC 



"n the same set of coordinate axes as that need in 
Item 3, locate arid lal^ the points («2^-3)^ (-1^1) , 
(0,1 ), (1,^), (2,9). 




"1h- pnint ( - g , ) is on the line y = 3x, 

lo 'l; ■ of the pol.rits in Item k lie on one line? 



(yee.no) 

I/et uv- think of one point as "corresponding" to another 
ir tney have the cme abscicGa. Kius^ the point In 
h correL^poncUng to ( = 2^-6) is {^2, ) * 



pc.3 i n_t- 



thfe point (-.^'--3) lie above the corresponding 
(yeojno) 



IB.. 

Piiiii!""" 

iliiliillifc 



liiliL 
^^^^^^^^^ 

J * : >: iX:- : : : x : : : l:^ 





w cfiii we^ express the relationship between the ordinates of the points 
:ine y :,x ojid the ordinates of corresponding points above the line 



35; 
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10 

11 

12 
13 



The ordinate of a point abov© the Una 

the erdlnate of the 

Xis^ greater" than ^ is less than) 

corresponding point on the line, 

Thm ordinate of each point on the line Is 
the abiclsia* . 

This' Is eagres sed by the open sentence y ^ 



times 



For the points above the llne^ the ordinate of eaeh 
point Is more than 3 times the 

TOli may he expressed by/ the open sentence y 




Do the coordinates of eVery point above the line y ^ 3^ satisfy the 
open sentence y > 3x ? / 



Ih 



For exajnple, (6^l8) is on the line y ^ 3x, A corres- 
pondinG point above the with abGclssa 6 would be 

(6, ) 



(Write 



rdinate /.iiitiLilViiiil the 'condition, ) 



For any point with] abECiSGa 6, anr] ordinate greater 

than l8^ in y 3x a true sentence? __ [ 

' (yes^no) 

(Try any ordinate greater thun 18 and you ^111 see 

that thic is true 



IM^ w4L*i^d pair 
i?tth afe^ciii^ $ 

^iftter t^han IB 



open nentence y > 3x in satisfied by every point above the line 
y V 3k. Ihot ir^ the truth set of the sentence y > 3^^ consists of all the 
points above the line y - 3x. The graph of the sentence y > 33^ 1^ "the graph 
of the truth set. Thus, tl^e praph of y > 3^ . is the cet of all points in the 
plane which lie above the l^ne y ^ 3x, 



35, 
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We shall Inaieate the gragph of the ^en sentence y > 3x 'by ehadlng 
the portion of the plane CQntainlng all of the polnti In the truth eeti 




Thm points on the line y ^ 3x s^e not in the truth set of the sentence y > 
We draw a dashed line to show that the points on the line y = 3x are not in- 
cluded In the graph of the truth set* Ihe dashed line is the bound sjy of the 
region of the plane all of whose points satisfy the open sentence y > 3x* 



16 



17 
18 



How would we graph the truth set of the sentence 

y > 3x ? The truth set of this sentence is the 

of the tnith sets of the 

( union ^ InteFs^ c t ion) * 

sentences y > 3x and y ^ 3x, 

ThuBf the graph would consist of the region of the 

P^^- the line y ^ 3x ^d the 

line y m t 



ilBMiiiBW 
^^^^^^^ 




Graph of y > 3^ 

Note that the graph of y ^ 3x ie drawn as part of the 
graph as a heavy llne^ since the points on the line 
y = 3x mre in the truth set of y > 3^^ 



3 CO 
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OomtimT thm gragpb of y ^ S^ci 
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1 i 






1 

















Thm graph of this equation is a line. Thm points of the plmm mrm above the 
lina, below the lint or on the line. We see that the llni gepa^ates the ^Imm 
into tvp half-^planegp 



20 

21 

22 

23 
2k 



Itoe gr^h of y < 3^ Is the set of points 
line y = 3x. 



the 



Thm grmph of ; y 3x ii the hrif -plane BUah that for 
evei^ point the ordinate is less than tteee tlMg 
the _^ 

Thm graph of Y < 3^- ii the eontalnlng mil 

points such that eveiy ordinate is lesi than or to 

three tlmas the ahieissa. 




Using a s^arate set of coordinate axes for eaohj draw 
the graph of* 



26. 



y ^ X + 2 



27- y > X + 2 
28. y > X + 2 



CoWare your graphs with those on page sotiv. 



756 



tt^av the graphi of the following c^en sentences on separate 
eoordinate a^ee* 

30, 2k - ly > Ih 32* 2k - ly > ih 



Turn to page 3qqcv to check yow answer* 



The line vhleh datarmlnes the hslf-pl^e in the graph 
helow has a elope of _ . . -_ _ 

and its y-intercapt is * 



The line Is the graph of y ^ 



ThB open sentence which deecribes 
the shaded region is 




The open sentence 
de scribing the 
shaded region of 
this graph Is 

y 





to a sheet of gr^h paper and with reference to different ee' 
^aw the gr^hs of the following Mid determine which of them 
points (0,10) and (-5>^)* 



y >^x - 1 
[A] R only 



S, y < |X + 7 
[1] R and S 



T, y < 2: 
;c] S and ' 
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feamln© taoh of th^ followir^ graphs and open aantances and match each 
ojen ientenct with iti graph, T*teieh list below aaMoeiatee the ientence 
afld Its graph correctlyt 

J* X - ay < U 



G, 23C + y > 3 

H, X + 2y > 1^ 



2x - y < 3 




[A] Lj Rj N| M 

[B] G, Lj Nj Rj M 

[C] neither [A] nor [B] 




If you had trouble with Item 39, continue with Item UO. If not, go on 
to the next sentenat. 



You might find it helpful to write the open nenteiirei 
in IteiTi 39 in a form similar to the y^rorxii of tlie 
equation of ri line, 

2x + y > 3 TRoy be written as y > , 
X 1 5y > h mfiy be written ud y , 



X - 2y < ^ m-'^y be written as y 
« y < 3 may be written as y 



Go back to Item 39 to aae that the [A] Is the 
cQrrect choice • 



Gi-gpha gf Open uantences Involving Absolute VsLlue 



ConL: icier the following as open Bentences In two 

X ^ 3 
|x! ^ 3, 

Ihe fraph- of x ^ tn b , 

•#iat doee the r-entence | ^ 3 mean when we think of 
thi;; :j--< u r^entence in two variables? 

v/f- recall that |x| = ^ is efjuivalent to the corr^ound 
sentence x ^ 3 or 

yiinr 1.;^ the centence is satisfied by all ordered pairc: 
oi' real numbero which sgtlsfy the sentence x ^ 3j 
y-j i:y the oi'dered pairr; which soticfy the sentence 



The truth ret, of the open centence |x| rt 3 is" 

^^^^ ' _ _ or the truth set of x =^ ^ and the tr^jth 

ret oV X ^ -3* 

Ihe 4|rriph of the sentence K ^ 3 is a line 

thi'ee unitr. to the right of the line x ^ Oj that is^ 
three unitr to the right of the y=axis* 

. . . ■ q 760 



21- S 
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10 



11 

13 
1^^ 



equation ' |y( m g la equlvaLltnt to the compound 
ientence or . ' 



nie graph of y * 2 Is 
the X-axis* 



line two unite atove 



The grap*! of y ^ -2 is a horisontsLl line tyo \mite> 
below the * , 



The graph of \y\ - Q is the 
of y = 2 and 

The graph of jy] = 2 is 



of the graphs 




Graph the folloving open aentences. Turn to page soocv to cl 
graphs • 



15* |x| - 5 
16- |y| - 1 



17* 



^e equation |x| k is equivalent to the confound sentenc 
X - ^k" for Bny real number k. ^us, the graph of the aquatlor 
alw^E the union of the graphs of x ^ k and x - -k* 



o 
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18 



19 
20 



What in the ^rriph oi' the Q,\urition jx| 0 ? 

I X I 0 i .' e ' jU 1 V f 1.1 fe? nt to t ht? Q ompou nd r snt e nc e 
"x 0 or " bvit 0*' rinrl "x -.- are 

llifj i,'j'?Lpli or |;<] 0 Iv. the union ol' the orriphy of 
X 0 ^utd A -0^ vhich^ in thii^ t-iue^ ic the single 
line 0, ' 



Tim iz^apli oi' X Q ir tiii 





Itie fraph or |y| 


0 Is 


the 


ruune an the (^rnph of the 


21 

y[ 


open uentenc^e y 


■ 








Did you roncmlGr ti 


"y 


0 


or y -0" iri 




eq-uiVfLlent to y 


0 f 








Tiie ^.:rMph oT |y; 


1;; 


the 






whut 


ID the gr:iph of |x| -.1 ? 






[A] 


ITie p." ir or linet; x -1 fUid x K 






[Bl 


'jlie whole number plane jiince the truth net in 


the 


uet or all real 




nuniberCi 






[Cj 


'ITie 45raph contain^', no pointd^ lunr-e the truth 


uet 


i£j the empty set. 



23 




2!+ 

25 

26 

27 

28 



What the grEiph Ol" |x - 3| ^ 2 7 



j u ef^uivajent to the compound uentenca 



lliun^ the li'uth net oV |x - 
the tn^th mtv. of x ^ 3 



io the 



of 



fmd X ^ 3 / -2. 



I'he truth cet of x - 
oet of X ^ 

The gr.Mph of A ^ j i-- '1 

the ri^^ht of the =axl5^ 



2 the aame as the tinith 



line^ units to 
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31 



23 



Inci trui h ;'et of x - 3 ^'^2 Ie the same as the truth 

nut nr X ^ 



unite s) 



Ti'iQ :'X'..i h nV X - 1 is a vei'tlcal line 
tn of The '^nat s. 

T:v>: ^ 'M--ph of ;y ^ 3I if. the pair of lines 

X 'ir.j X ^ . ^ 









. .. Id 


^1 


























p. 




























































•J 
































































Jf 










































































































1 


... ^ -■ 




• 




4 


1 

1 1 






-J 






, o:: rur;Ver 1 x - l\ ic interpreted as* 

K:-: t o:. : ; i ni ! on 10 1 he numbcjr plrtne^ we crm refer to'the graph 
ruch T:--* "t ^^ ^U.-l^ai^D hctween of 



the n ir.o ^ 



'a=d ^ hQ II r;r^ x - ^ 



0 1 



^2- 



m 

M 
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ko 



the 



Desoribe the graph of |x + 3| 1. The sentence 

|x 1 can be written in the form * ' x = ( ) | = 1 . 

Using the jiame reasoning as above we can now state our 
pi-obJorT! in the followii;g w^: 

Wiere sa^e the points in the plane such that the dls-. 
tanue between them and the line is 1 ? 



Thef^e poiiitL- ai'e on the linen x ^ mid 
T\\v crraph of U + ;! - ^ i;: a rair of 



lin 



(vei'ticaJ jhorizonta^ 



We c . :iu ] d. h ave ii g e d the definition of ab s q lu t e v alue to 



e.niiyalent to 

■( ) = 



An e - \u 1 V a i t * 1 1 sente n_ee 



iiiiis^ the tnit^h i:et of ^ k + j\ = I is the ssine as 
the truth ;-et uf cor 'OUU'l ODen sentence 




From -fiie al.ove ^ci iBcucsion we see that we arrive at the same raeult using 
notloi! or' "distance between-' or using the properties of absoliite value. 



Given below ai^e four graphs and 'some open sentences* 
For eaoh open rientence, either indicate the assoc^ted 
graph, or v/rite *'none-' if the graph of the sentende Is 
not one of ^hosi' given* 



(continued) 







— — * 




( 


1 1 
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hi 


\v\ . 3 




h2 


!x - £| 


- 3 


hi 


|yl - 3 




hh 


y + 2 - 


3 or y + 


1+5 


|x + l| 


= 2 


h6 




- 3 


hi 


ly - o| 


- 3 





y 










■ ' ■ 1 






j 1 ' ^ 



= 3 



50 
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How would wa find the graph of the oj an sentence 
lx| > 3 1 

Uging the properties of absolute v^j.ueSj we know that 
|x| > 3 is equivalent to ^'x > 3 or -x > 3^'; that is^ 
to **x > 3 or X < 

The graph of x > 3 is the half -plane to the rigiit of 
the line x ^ * 

The graph of x < -3 is the half-plajie to the left of 
the line x ^ > 

Since the truth set of |x| > 3 11 the _____ of the 

truth sets of x > 3 aiid x < the graph of 

|x| > 3 will he the following 1 
1/ 
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'llX' rv^iph or "x < :ui'J x > ir ii.^ veri j-l 01' the 
letvteii the x 0 idul K * 




Tlote that we h^ive iiulLoateU that th(^ y^axu^ 1.- not part 
01' the graph b;/ riiaKiii^ it a daL^heii lirie* 

rince. the graph of |x| < 1b the of the 

e::-iq:^hL; of "'x > 0 and x < md "x < 0 aiid 

X > -^-'j it in the ref^ion of the plrijie between the 
lineD X and X - * 

Grai i: |xl < aiid turn j pn^e sccvi to nlieck your 





ConLiider the open sehtence y ^ jx|, finca the abnomte vjue of a mi?nber 
is defined for all real numbers we know that there munt be a valuf^ "t" Uie vai- 
iahle y for every value of the voxiable x* let lu^ dr'iV the f-n"iv\\ oV this 
open sentence , 



For raw real numher, the value of the vfU'inbie :/ in 
the sentence y - fx| io non- . 

If X has the value 0^ the valae of the variablei 
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Complete the I'oll 
sentence v ^ ix. 
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69 

70 

71 



It corit-^n.^ tho pQl:.t ( , 
(0,0), the n-M}^ y 



l^e Graph or x: 
point (0, ) . 



{0,0) 
1 II 

<0,0) 
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For the points of the f h ji' y . , ^ 
Ig tvlce the ordinatg of tho cg.ri'fjr.jajnd 

y ^ 



'rhe rroph of y ?ix| (..'ontrdrii: the point _[_0j^ 



Hie rraph of y - ^\ x\ ench ordiiii^te 1;' one- hull" 'a^ 
ric the nrdinate of the •.irre::poi:dinc point 



^Hir •^:--.ph oi' y -,^1x1 Ld r:^ ^;ont^_i.I:;c the pciut _ 

point.; the rv^iv]: of y each ordinate 



ir the 



the or-lLnate Qf xntj -La-re:^po::tiinc 



. the points exeept (0,0) .if the c^i^v^^ /f 



x| lie iri .paadraiits 



(0,0)* : v 




. reference to a repaj'ate set of axes, drrc^ the {^i^aph of eaei; of 
I'ollowiiig: 



1, 



1-K y ||x. 

Turn to pafex^rii to check your work 



00. y ^ - I 
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Given the open sentence x - |y|* 

The graph of this open sentence contains the oi'igin and extends 

[A] above the x-oxis, 

[B] to the rlcht of the y^axis. 




Write the open sentence aBRoelnted with each of the. 
followinr ^raphi': 
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Tfrlte the open sentence aissaiated with the following 

graphs , 

y 

(a) 




■rr 




(a) 
(b) 



On icratch paper sketch the graph of each of the following paire of open 
sentances with referanee to a separate set of sjces. Then answer the 
queetlon below* 

!• y ^ |x| 2. y ^ a|x| 3^ y - -Sl^l 

y - |x| + 2 y ^ 2|x| +3 y - -3\x\ + 1 

How is the graph of the sentence y ^ k|x| + b (^ere h is a positive 
real numher) related to the gfaph of y ^ k]x| 1 

[A] The graph of y ^ k]x| + h (where b is a positive number) Is the 
reiult of sliding the graph of y ^ k|x| vartieally b units up. 

[B] The graph of y ^ k|x| + b (where b is a positive nmber) im tb 
result of sliding the graph of y ^ k]x| horizontally h mits to 
the right. 
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mte that thm gr^» of y ^ k\x\ §11 .^oatsla tt# oi^igia, %mmrmm 
mmh Qm^ the gr^spha ot y b klaej * b mete at ttt 



■x' be octaintd fj'om tl 





:"'-^rn:.::'e to \]\e 


ta:L© ^fet o:' vjces draw 


tne gr.iph of 




I L hc^ rrapi. 




ick ^vit:> the 






3: be obtained i 


'roni t},e 






■ ii.iinr it 


unitr to 






(hov mrmyl 






'=* .. = ' , -t y 







3 

right 



pail' oi open senteiV-'en with i^efei^iiee to a 




rv '^V V /'x' ly j-li'linr i- u::lt.- to 

i-.f' "*^:'t ri>v •:; V L:..^ It ^iVnut the ^ ■ 1 r . 

v;e la-rive at the r^.^ resuit ty revolvi:\g y ^ ylxi 

r: r;t y^x:r ay.: tlicy rU^U^V it unite 



3' 




r ■ '\v M"y:L h:\ ' |y^ ' ' '^^'^ ' L'-"^i i^t i\r m&e n table 

..; : .1 .y ' h y- li.^or--:^., :o'. y 0, ^j;d yet the 

■rji\]^ va:uer V which ULU\e the sentence tiiie. Ihen let x - 0^ 

.A yet ti.e po..^^lh:e y va..ueE, Now fill In the rest of the table. 









































0 


0 












|yi 


0 












y 










0 




0 










f1 












0 



v/lie:. yo% ii'-ve eo:r;plole!] tlii;^ t;l :e^ tun-; to p-^^e x:o:viii njici rheCfU Make 
■•J:;, -yrr^j J ty : ei".jre ^-ontlMUay . 



ll:e entrle.- in thr^ 


firrt rov 


of the tahle coj. be paired 




■vLth tho/e in th& 


:'OLirth rov 


to form a set or .wrdered 


* 


l-\vi', (x^yl, v-hl 


v'h -atlPfy 


the open rentence 






Ix' ^ |y 








ixl ly! 






l\i>-. to yru^e :co7n±L 


to ch&aV ; 


-our worli* 
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*21-3« Graphs of Open Sentences involving integers 

ThUB far ve have considered open eenteriQes in two variables where the 
domain of the variables has Y^m the set of b11 real niamters. Wiat happens to 
the graph of aui open sentence in two v liable s if we restrict the domain of 
the variable i to he the set of Integers f 

Before we study the graphs, let us agree to use dashed lines to indicate 
the coordinate axes in a plane in whioh we consider only points with integer 
coordinates. 



Consider the following graph' 




1 




- -1 -- - 













" The points on this graph have coordinates which 



U'e 



Bomi of the points on this graph are 
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What inttgtri TOuld be in the domain of the open sentence y 

[A] X have all integral valuee and y may have all in1 

[1] X may hay^ values vhich axe isultlplei of 3 and y m 
integr^ values, 

[C] X have all Integra ve .lues and y may have valucf 

multiples of 3, 



Next^ consider the 
set of twelve points 
in this graph* Find 
aji open sentenQe which 
dessrihae this set. 





i . : ; : , 




f 

i 1 

r " 



















^ ^ y ^ ^ : 














FT 


1 ■ . 




: ! ■ ^ 



We can write immediately that x snd y are 

The smalieet value for the ahsclssae is , 

The largest value for the abscissa is , 

In the same way^ the smallest ^d Ingest values for 
the ordinate s are and ^ respectively, 

Iliis suggests the confound open sentence: 

-- 1 < X < 1 < y < " J 

Bnd X and y are _ _ _ , " ' 



The sajne set of points could be described by; 
and X and y iffe integers,'' 



Notice that the connective for the confound sentence is ajidg 
; tte truth set is the intersection of the truth set of the sen' 
l.< X < 6 and the truth set of the sentence 1 < y < 5. 
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18 



19 




Find an open ^entenee which will deecribe the ir^inite 
1%^ of points on the graph above. 

An ^ari eentence whleh deacribes the three horizontal 
rowi of dots is < y < ^ and x and y 

are integers. 

An open sentence "v^ich descrihea the three coluimis of 

dots is < < j and x and y are 

integers. 

The graph includes the points which belong to the 
horizontal rows^ the colunms^ or both. 

to open sentence describing the total set of points is, 

therefore, 1 < x < 5 < y < 7> ^d x and y 

are iftegerss 

Another open sentence describing this let of points Is 
1 3C ^ 3 1 < 2 or |y «^ gj and x and y are 
— istegers»- ^ - — 



3S3 
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What is a*; open Jtntence that descrl'bes the infinite set of pdlfrts indi- 
cated ly the graph balow? 



# # 

# # 



# # # # # 

# # # # * ^ 

• # # # # 4 # 

###### 

• ♦ # ♦ ♦ 1* 



• 4 • # « # 

1 

# ^ • * • 



# # # • 

# # 9 

# # - 



[A] y > X + 2, and x ana y are integers , 

[B] y > X - 2^ and x ^d y are integers, 

[C] y > X + 2j and x and y. are Integers, 



Below are three open sentences and three graphs * ftetch each sentence 
with the corresponding graph, 

y 

and X ajid y L, ; 

integers, „J . . 

I 

. . . -. . 4- ^ . . ^ 



1 
I 

- ' -i f - ^ ■ ■ ■ 



I 

I 
I 



(cQntinued) 
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S* y ^ 3x - 2, and 

X amd y are Integers. 
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1 

! 
I 
I 
I 

J 

T" 



X aiid 



For graph S tb^rt mxO.A have to be tox^i^ 

i ^ i 3* 341 .the Qmm of ..iripi:-^;::;^^^^^ 
C-3 
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Write open sentences whose truth seti are the folloving set of points: 
Turn to page xxx\'lll to check your work. 



23 ■ 



2^, 



:inaefinlt* ' 
'0et o f poin^ 



T 
I 

r 



I 
j 

T 



4 
I 

r 



I 

I 
I 

I 

' \ 
t 

, J 
I 

T 
t 



I 

1 

f - 

i 

r ^ 
t 

i ^ 
I 

r ^ 

I 
I 
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(continued) 
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27. 



1" 
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y 
I 

"T 



I 



- t - 
I 



0 I 




30. 
32. 



With rsference to gepM*ate eoordinate axes 6tsw the graph of each of the 
foUwlng ^en ientances. Turn to pages xxxvlii and sqqcIx to check your 

y m + 3j and 1 5 < 3, and x and y ara intageri* 

y > ^ + 1, and X > 0 and y < Mid x md y ara intagars. 

^3 < X < -1 or 0 < y < 2 and x ijid y are Intagars, 
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2l-k, BvirmBjr/ and Peviev 

In this crapter ve have lookeu at some graphs of open sentences vhlch 
have graphs thy.t are not Mneo, rnesa ma^^ be s'^^arized as follovsi 



y > mx ^ c Ihe region of the plane above 

the line y ^ thx + b 

y > TT.x - D ^he region or the plane above 

the line y = inx h aiid the 
line y s inx ^ 

y < mx =^ b Ihe region of the plane below 

the line y ^ mx + b, 

y ^ 1 7^ ■- region of =^h^ plane below 

the line y - mx + b jjid the 
line y - mx 



^ h / 0 The pair o /* vertical lines 

■V'.i X = k and x - -k. 

jX, - C Tlie y-axit^* 

|y| - bj b ^ 0 The pair of horizontal lines 

y ^ h ond y ^ ^b. 

iy| ^0 ^ Ihe x^a^lc. 

|x - k| - b The pair of vertical lines a 

distance of k units from the 
line X ^ D. 

{ - ixj The pair of rays intersecting at 

(0^0) itfid forming a right angle. 
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Zr j^ "i.c C''3a:h ?f each the fQllovin^ ^pen rentGnces. 
(^^) :r < (e) ;x + ly' 

(i^. V < 5 - :- if) 3y > 2x . 1 

(p) x ^ 3 and y - ^1 
(d) X < t^^:,^ (h) X ^ y < -af < 

i^'^v the rraph of "y - ^l^^l*'* Give -^ai equation of the ^raph which 
"rtir:lt.- frDin each of trie following change?. - 

(a) Ine jr^h i? revolved one-half revolution atout the x-axls, 

(t) The graph is moved 3 units to the right. 

(c) The praph is moved 2 imitc to the left. 

(d) Ine ^rsph is moved ^ units iip. 

(e) ll.e gi^aph is moved h units to ihe right and --^ mritc down. 

CGnsi:i^T the sentence -'Sx ^ 3 > 0" and d^^aw its gr^h if it is con^ 

cidered ar rm equrition in 

(a) one variable. (n) two variahles* 

Consi.ier the sentence "!y| < 3** ajid draw its graph If it is considered 
as a sentence in 



(a) one v.^j^iable. 



(d) two variableE 



*6. Write the equations of the following: 



(b) 



# # 

♦ # # 

♦ # # ♦ 

♦ ♦ # # * 
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If a positive Integer of the ferr^ iOS Is divided by the sum of it^ 

digits, the quotient Is i* and the remainder is 3, Find the possible ' 
ntanbers* * ^ 

KameiTiber thpt the jjirn of the digits would be t + u, .^e open 'sentence 
could be expressed as 

lot + u , % 



- + u t - u 



A faraer has felOOO to buv steers at $2^ and cows at $2^, if you know 
that the nu^er of steers and the number of cows are positive inteeers, 
what is the greatest numbei^ of animals he may buy^ if he must use the 
entire ^1000? 



/ 
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' r^;*:^-: Ly.r there thi'oe ./--rhc'T 

■ which vo:. j:uve drriwn huve 



.{^1,3) 



either ' h^:^ 11::' :: - : 



1 - C ^ or y - 3 - 0^ 
rt^ the points vhiah lie on 



r oor io^a: ; open re:. tender 



^•^'"h ^:aurer are tiiie, 

: . . a:;d :■ - 0 - 

in vh" -h -he hlr. T t-n ^l. 



0 c^onri.t;: oV ui: -i^'jered 



Hon-, t:^: .-et of "x + i - 0 ai:d y - - ^ 0" 

^^i:^o:- -er;her, n--:hy, the oruereh pair ( , ) , 

treth ret or ::oiutior: * oi" "x - 1 s 0 and 

■ - 3 - 0" ic 



pairs 
r.? 

second 
set 

((-1,3)) 



let u= Uii::i;t tiie ror::: 



/ X + 1 . 0 

in p-iuv'e o:" 1 - 0 y - 3 - 0**, 

-nn..: .Leur: or tni. a jy;:te::; oT 8 gu at ions in two vao^iabieF, % the 
trnth pet of a jy^tem of ^quations ^ we mean the c;et of ordered pairs conmion to 
th*i iinith ret- of tho Individiial equations; that Ie, the tnith oet of the 
cy^tt-::; i." ti:e inteivection of the truth ^ets of the equationt^, 
Ar \v:Vfj i^en^ the truth cet of 




J - o = ^-^ } 

is i(-i,3)j; it is the intersectiori of the truth sets of x.+ 1 ■ 0 and of 
y - 3 ^ 0, Correspondingly, the graph of x, + 1 = 0 confldered as an equation 

790 ' 

3j3 



in two variacles is a vertt^a^ line: rr&ph of y ^ 3 ^ 0 li ^ 

llne^ the graph of U-lo)- ^i^e poi.;t of i^itersection of the tv: 
Likevis©, the ^raph oi" the ^-^^rte-, 

t >; ^ :/ - 5^0 

is the Intergestion of "he ^vo lines that LU'e graphs of - - Ih 



X + 


y = 3 ^ 0, 






Ik 


The coordlr: .te^- 0:^ ev^-r; 


' -Dint in the of 


graph 




5x . y = 10 ^ 0 moi-^ -\ 


ilf e. tr^ie sentence^ 




15 


The coordinate- if ever; 


^ piin" in the graph of 


X + y - 8 ^ 




niiG^:e x ^ y - 5 ^ C a " 


rue rentence. 






If a poi..^ (a/. ' 


I ei'^ ^- J ^ C^: 01 iWw ^J^ne^ 




16 


5x » y ^ 10 ^ C a:ri x 


^ y = 1 = 0, then the 






of this point r^;Lho hoth 


rentenc€F tin:e. 






if . (a,h) is a pcin- 0: 


inTereection of two lines _j then 


L . 


17 


is the solution 


of ine cysterr. of equationr* 





18 



Graph the syetem 



5x ^ y ^ 10 - 0 
y ^ 3=0 



[See Iraph 
below] 



1? 



The point of intersection of the lines appears to 



We may verify that (3^5) i_E the solution of the 



10 0 



Kb) - (5) ^ 10 . 0 



(3,5) 



+5-8-0 



th& following Bystems^ draw the corresponding graph and find 
: interseetion. Verify that the eoordlnates of the point of, 
. -atlsfy the system. Answers for these items will be found 



■Ivi. 



23, / X - Uy - 15 ^ 0 

1 3x ^ 5y - 11 - 0 



2^. / X + y ^ 30 ^ 0 
( X - y + 7-0 



x:.:^- ctsted in aiglish that leads to a system of eauat: 



ji ore of unknown weight ^e placed on the 
u rnt of scales; the scales are balanced 

r'} 20 gr.3jn weight is placed on the other pan, 

rLecmt ore placed one on each pan, a standard 

niust be added to the pgtfi containing the 
Ir. order to balance the scales, %at is the 

■ ch ore? 

equations for this problern is 
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X + y ^ 20 
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30 



31 



32 



33 



3k 



35 



The point of interiectlon of the lines appears to 
be , 

Howivar^ (-if, 2, -8,1) is not the solution of the 
syitemj ilnce 5(-lf ,2)- (-Sgl) + 13 ^ ^ 0* 

Graphing^ even though carefully done^ does not always 
yield a preciee solution. However^ we will see that 
examining the graphing procedure will be helpful in 
daveldplng other methods. 



Coneider the following systems 



X = 2 ^ 0 
y + 5 - 0. 

The tiTith set of this system is "obvious*'; the tmith 
set is s 



In fact, the tmth set of 

r 



X - a ^ 0 

b ^ 0 



Is "obvious"* nie truth set is 



Suppose we start with a system of equations whose 
sglutign set is not obvious* 

For example, at the beginning of this chapter we con- 
sidered the system 



/x + Sy-5^0 
I 2x + y - 1 o 0* 



We know (see Items p and 8) that this system has the 
solution set • 



That iSj the system ^ x + gy = 5 = 0 

^ 0 



/ X + 2y = 5 = 
t 2x + y = 1 ^ 



and the system 



X + 1 ^ 0 
- 3 - 0 



have the same truth set* 

In other words, the two iyitems are equivalent . 



Any point close 
to (-1^.2,-8.1) 
may be given 
as an answer. 



{(2,-5)) 



f(»,b)} 



((-1,3)) 
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y - 3 - 0 



1 



3i 
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If we wlrli toj'inri tlie t-olution set of a eystem such as 

it would Ve eonveiiient to find firet an equivalent eystami in this caoe^ the 

^ X + 1 = 0 

^ y - 3 - 0 , 

h av I nr t h r • : ■ : t r o ( bii 1 now ^ obvi ou s ) truth se t , 

Our pi'er.eiit tark, tiien^ is to develop a method of finding equivalert 
syfitems ol' equationc* Oui' task is aided by exandnatiDn of ^he graph of the 
equations, 

Guppose we Dtnj't with a pair of lines intereectlng in the single point 
(a,b)# Ine correnpond ing system of equations has the truth set {(a^b)). Any 
pair of ciiLitiriut lines tlirough (a^b) corresponds to a system of equations 
which iv equiycilent to the original sygtem. In p^tlculbx^ the horisontal ajid 
verticaj liner, thi^ough (ajb) Gorrespond to the system 

{X = a = 0 
y - "b ^ 0 . 

I^ie truth cet of thlr -system is obvious. 



Vie b^gin our discuusion by finding a inethod of wlting the equation of 
ajiy line througii the point of Intersection of two given lines. 



,36 

37 

38 
39 



In looking for equivalent systems of equations^ let^B 
recall first some ways of writing aji equation equlva^ 
lent to an individual equation of the system* 

For exaiT^lej 2(x + ay-5)^0 aiid x + Sy_ ^ 0 
are equivalent. 

Similarly^ 3(2x+y-l)^0 Is equivalent to 
2x + ^ 0 , 

If the coordinuteo of a point (a,b) . satisfy theT-= - , 
equatipn x + 2y - 0^ then they also satisfy the 
equation g(x + ) ^ Oi that Is^ 



S_(a 



= 0. 



X ,11: 2y - 5 ^ O ' 

2(x + 2y-5) = 0 
2(a + 2b-5) =0 
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Further^ if the point (a,b) lies on the line 
2x + y - 1 = 0, then it satisfies the equation 
3t2x + y - 1) ^ 0 and. 



) ^ 0. 



Hence, if (a^b) is a point of intersection of the 
liner, then a ^ 0 , and 2a -f- b - 1 ^ C* 

Go 0(a ^ 5) + 3(2a + h « l) . 2 3 * □ 



k3 



ho 
50 



Wg ree then that if (a,b) satiGfies both the equation 
X + 2y ^ - 0 anO the equation 2x + y ^ 1 = 0, then 
it also raticfieo the equation 

V'e ha^^o peon that ^lie lineo x + gy - 5 ^ 0 ond 



2x + y - 
Hence, 



0 intercect Fit the point (-1,3), 
_ catirfien the eqiiatlon 



2(k + 2y - 3) + 3(2x H y - 1) - 0, 

Ihe eqiiatlon 2(x + 2y ^ 5) h 3(2x + y - l) ^ 0 may be 
wittcn in tho form ^ 4= C 0 by multiplying BUd 

collecting terriis, Ihe equation witten in thie eim= 
p ; if ii d. rorr: Ip ' * ' . 



8x 



0 I 



the nraph of thin 



is a lijie. 



We ■ an verify that the jjolnt (-1,3) lies on this linej 
namely^ that ~ 



a + ab - 5 
i * 0 + 3 

0 



^ 0 



('1.3) 



From tho e^urtions of two given lines we ha\e found aji 
Gqu'ition of 'uiotiiei' lino through the point of 
of the ni^on liner. 

Leti^' oxj}eriment some more with the original two 
equations* 

We have noticed that tho equations 2(^x_ + ) = 0 and 
X + gy « 5 ^ 0 are equlvaleni. We can see that the 
equatlonfi -(2x + y ^ l) - 0 and gx 4- w 0 are 
are equivalent. 
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Since (-1^3) satisfies both equations x + 2y - 5 ^ 0 
and 2x + ^ = 1 ^ 0^ ( , ) satisfiee 

2(x + 2y » 5) « (2x + y - 1) ^ 0, 

Another form of this equation Is . ' 

3y ^ 0 . 

siiT^lified form of this last equation Is y = 0* 

We can verify that the coordinates of the point of 
intersaction _) satlBfy this equations (3)-3-0- 



Let's try 



5(x + Sy - 5) + 7(Sx + y ^ 1) ^ 0, 



the saine line of reaeoningj we shoiild be able to see 
that (-1^3.) satisfies this equation* 

The sin^lifled form of this equation Is » 



Verify that (-1^3) does satisfy this equationp 



- 9 ^ 0 
y - 3 ^ 0 

(-1.3) 



m 0 



In the next section we shall im^estigate further such combinations of 
equations aiid see how to find combinations leading to equations whose truth 
sets are obvious « » 




22-2. Systemi of Equmtloni (CpQtlnuad) 

In the preceding ieGtio^p we have tried various combinations of equations 
of two given llnei ^Ich intersect in exactly one point. Each time, we 
arrived at an equation of a line that passes through the point of Inter iection. 

In particularj we worked id^th the syetem 

/x + 2y-5^0 
^ I 2x + y - 1 ^ 0. 

The point sf intersection of the two llnee of thii iyitem is (-1,3)* 



k 

3 

6 
7 

8 

9 



We can see the equations r(x + 2y ^ 5) ^ 0 and 
X + 2y - 3 = 0 are equivalent if r ^ 

This means that if (ajh) iatisfles the equation 
X + 2y ^ 5 ^ Oj then it alio satisfies the equation 
r(x + ) m 0 , 

Similarly, the equations s(2x+y^ l) ^ 0 and 
2x + y - 1 ^ 0 are if s 0. 



^ 0, 



If (a^b) satisfies both x + 2y - 5^ 0 and 
Sx + y - 1 ^ 0^ then a +^ 2b - 5 - 0 and ia + 

Hence, r(a + ) + e(2a + b = l) ^ 0. 

We have seen that the linee x + 2y - 5 - 0 ^d 
2x + y - 1 ^ 0 intersect at the point (-1,3)* 
So satisfies both equatlona* 

TOis mems that (-»1,3) also the equation 

r(x + gy - 5) ^ ^(ax + y - l) ^ 0, since 

r^-1 + 2<3) - 5) + s^^g( ) H- ^ m 'T 0 + s ''^n^ ^ 

If r and 1 are non-^ero real number Sj then ( a ) 
satisfies r(x + 2y - 5) + i(2x + y - l) ^ 0* 




We stirted with the ayitem ' ' 

/x + 2y-5 = 0' 
I 2x + y *i 1 ^ 0, 

and we noted that r(x + 2y - 5) - 0 and x + ty - 5 ^ 0 are equlvalenti 
similarly, that e(2x + y - l) ^ 0 and 2x + y - 1 ^ 0 we equivalent, W# 
do not me^ to imply that the combination r(x + 2y - 5) + ^(2x + y - l) = 0 
is equivalent to each of the equations in the original syitem for slLI reaj. 
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maiibera s, Thm m±n point we want' tb make Is that if (a,b) iatiifies' 

each equation in the systemi then it g&tisf lee the combined equ^tiDn. 



10 

11 
12 



13 
Ik 

13 
16 
1? 
l8 

19 
SO 

21 

22 
23 



In the previoue section we have actually tried various 
values of r and s* For exM^le^ if r is 2 and 
s is 3# w S^'t 

g( ) ^ 3{2x + y ^ 1) ^ 0. 

ThtB equation can be sin^lified as 

8x + ' 0 , 



and we verified that the point of 



of the 



original two lines lies on this line* 

If r i^ 2 and a Is ^ -1^ the equation 

r(x + Sy » 5) + s(gx + y = i) m^O 
in slngjlifled form is ^ 

We ean^ alio verify that (-1|3) this equation. 

If r is 1 and s ^ Is -2^ the equation is , 

( j ) satlsflee this equation since -1+1^0, 
If r is 0 and s is 1^ the equation Is . 



Ibea (-1,3) satisfy this equation? 

(yes ^ no) 

If r la 1 md s is Oj the equation la^ 

,("1|3) __ thia equation, 

Ve can aee that even If one of the numbers r, s ia 
0^ the equation is that of a through (-1^3), 

Suppose both r - 0 and a ^ 0* Hie coordinates 
(__ i ) still satisfy the equationj but the. equation 
Is = s and is not that of a line* 



Ttim virious equations we obtained are as ^follows ^ 

[11] 8x + 7y - 13 0 
[13] y - 3 - 0 
[15] ' X + 1 ^ 0 - 
[17] 2x + y ^ 1 ^ 0 
[19] X + 2y 5 ^ 0, 

404 



X + ^ - 5 

&i: + 13^0 



satitf iai 

3£.+ 1 ^ 0 

& + y - 1 = 0 
Ic *• ^ - 5 = 0 

lint * 

C-1.3) 
0^0 
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graphs of these have a point In coTnmon; any two of 
these graphs have the same point of 

Any two of these equations form a syBtem of eqiiations 
that Is eqiiivaJient to the original Bysterrij 



X + 2y . 5 
2x + y » 1 



0 



A p^ticular pair of these equations is especially 
interesting because the solution of the system is 
obvious for this pair, Wiich two equations make up 
this pair? [ ] and [ ] t 

My pmlT li equivftlTOti [I3] md [13] are the 
aattiral cheiaes ae the pair in which the eolutlon 
ii obvioua. 



interieGtlon 



We indicated that the system 

r y = 3 - 0 
I X + 1 = 0 

is of special interest hecause the solution of this system ig obvious* Refer- 

f 

ir^ to Items 13 and 15 for the choices for r, s^ which yielded theee simple 
equations should prove profitable in that it may indicate how we may best 
choose particular pairs of numbers r^ s^ most useful to use. 
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Hie equation 

r(;: + gy - 5) + s(2x + y - l) - 0 



may be rewritten 

(r + 2s)x + ( 



)y - 5r - s ^ 0, 



In Item 13 we used r,^ 2 and s = ^1, 
i 

For this choice, the coefficient of x ii 
(2 t 2(^1)) M 0, 



since 



Th^ resulting equation Is y - 3 ^ Oj ^ich we think 
of as an equation In two variables In which the 
VM'lable _ _ • does not appear, 

_ 

In Item 15^ we used r = 1 and s - =2, For this 
choice^ the coefficient of Is 0. 
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The reiulting equation is thought of as m equation In 
two variablei In which the varlabie y does not appear* 
That is, the ' of y ii 0. 

ThiB gives ua a hint as to how we may chooae numbers 
Tj s, in the combination^ r(x + 2y » 5) + s(2x + y = l) ^ 0. 
Writing the equation in the form 

(r + 2s)x + (2r + s)y = 5r ^ u 0, 

if the aoef^cient of x is to he zero^ then 
r + ^ o j 

Thia indicdces that a choice such that r - 
would give a very single equation* 



In the same way, we can choose 
coefficient of y is 0, 



so that the 



For this, we rmist have 2r + ^ or 



eoeffleiant 



r + So ^ 0 
r ^ -2e 



2r + s - 0 



We are led to conclude that If Ax + + c 0 unci Dx f- hy > F - 0 
meet in a point (a,h), thdn (a,h) fs a point of the line 

tIAk + ^ -i- C) + e(Dx + F) 0, 

where r and e are real numbers ^ not hoth 0* 

We can see that this is so hecauGe (a,lj) patiuriuc botli eyuutlonu; 
that" is, . 

Aa + Bh + C = 0 ma Da + Eb + F 0, 

Thue^ r(Aa + lb + c) + s(Da + Eb + F) = 
satisfies 

t(Ax + ^ + C) + B(ac + Ly + F) ^0, 
This iast equation can he rewritten as 

(rA + sD)x + (rB + sE)y + rC + sF = 0. 



For each of the followii^ systems^ write the equation of tho line throu^jh 
the point of interieetion in the form ^ 

(rA + sD)x + (rB + sE)y + rC + eF ^ 0, 

Answers for these Items will he found on page xlvi, 

t & + y - 1 ^ 0 

r(x + 2y 5) + e(ax + y ^ l) ^ 0 
(r + 2b)x + (2r + s)y - 5r - e ^ 0. 

801- 406 . : 
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/ X + y ^ 
t X - y + 



X + y - 2 = 0 
y + k ^ 0 



5x . y - 10 = 0 

X + y . 8=0 



.36. 



*37. 



|3x 



>^ - 111 ^ 0 
Sjt + 3y + 6 = 0 

3x 4 12y , 5 ^ 0 
15y + ^ ^ 0 



7 ax ] 
I ^6x + 



#45 



UTi«: -lyatlon for a line through the common point of 

Ix-y + U^O 
is (r + s)x + (r - s)y - 2r + Us ^ 0. 
Wlvjt is the reoulting equatiDn if 0 ^ r ? 
atung ^ , by r, 

(r + r)x + ( )y - 2r + - 0 

2rx + ^0 



Since r ^ c and not both Tj are O5 then 

r ^ 0 Diid ^; we can divide by Dr To^get 

2rx + 2r ^ 0 in the Eimplified form 

ThuSj in this case, if we choose r ^ s^ we get 

a ^ line through the point 

^hori^ontal^verticall 

of of the original lines. 

If e s -r^ the reeulting equation 1g 

. ( )x + (r + r)y - Sr - 4r - 0, 

Simpiifying, y ^ 0 , r 4 0, 



a ^ 0 

"^JE + 1 p 0 

vartleal 

r - r 

y * 3 ^ 0 



If Ax + By + C 5 0 and Dx + % + F - 0 are equations of llnee^ by 
rewriting r{Ax+ftr+c)+s(Dsc+%+F) ^ 0 ^-s (rA+sD)x + (r&i-sE)y +rC+sP ^ 0, we 
are led to some desirable ehoices for Tj s* ^ choosing r tmd s (not 
both 0) so that rl + sE ^ 0^ we obtain an equation of a vertical line 
through the point of intersection of Ax + 1^ + C ^ 0 and E@c + ^ + F ^ 0, 
A different choice will m^e rA + ^ = 0- and result in an equation of a 
hnrizontal line through the point of intersection of the original lines* The 
ecjUatlons of the verticni and horizontal lines form a system whose truth set 
in obvious^ ajJ which is the same' as the truth set of the original system, ^ 
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, In praotiee, ve :en do not need to rawrlte the equation In the form 
(rA * sD)x + (rl + iE)y + rC + sF = 0. We .can uBU^^y determine what numbers 
r, s to choose by Inspeotlna the original ayotemi 



k6 



j*7 



h9 
30 

51 



52 



53 



For example , . for the syBtem 

{ 2x - y - i i 0 
3x + y - 3 = 0, 

if wo ohoOBe. r = 1, s ■ 1, (thus, r = b)^ then we 

can gee that the' coefficient of in the com- 

biration.wlll be 0, 



If ve choose = 5/ i 



the same %rtll be true, 



If ve choose r ^ 3 and e = the coefficient of 
in the combination will be^^^ 

Using ^the choices indicated in Items k6 md wa-f Ind 
that the original system is equivalent to the eystem 



The solution of this system is obviously 



Using r ^ 1| s = »5j and then using another pair of 
numbers ry s, " the solution of ^ . 



f 5x = y - 
\ X + y - 



= y - 10 - 0 

8-0 



can be found to be ( j 
^e solutioh of 



is- 



The solution of 



is 



J Qx + 1^ = ^ ^ 0 
I -6x + 15y + - 0 





{3r5) 



(17,12) 
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t^at did you use for r and i to make the coefficient of x equal to. 
•0 f Perhaps ^ou used r ^ 6 and s ^ S, You may have noticed that r = 3 
and 1^4 is as good a choice. 



Notlct that 



is the least coTmnon raultiple of 



So we can pick such that 

8r ^ 2k and 6s 

_ s . 

that 1^^ r ^ and s s 



Let's use this Idea to find ^ r and an s that 
vould make the coefficient of y equad to 0, 
Instead of using r ^ 15 and s ^^-12^ we notice that 
the - . of 15 and 12 is 60, 



Kierefore^ we choose 

and =15^ ^ I _ 

that Is^ T m and 



30 that 12r 



60 



Find the -solution of 



hx + 21y - 

I5y ' 



t «6x + 



37 



For Item ^6l you may have found a difforent- r and a 
different s than r ^ 6^ b m k by Examining the 
least Gonsnon miltlple. You niay also hdve noticed that 
yo\i caji find an r smd an s by, examining greatest 
common factors. Try to describe how this cki be done 
for the case 

i kx + Sly - 27 = 0 
^ -6x + I5y - 37 ^ 0, 

Compare your description with the one on page xlvi-. 




In Items kS to 51 w ^rked with the system 

/ 2x - y - 
I 3x + y - 



2x - y - 2 - 0 

3-0 



: Using r f 1^ a - 1^ we wote the equation 

/ " " " 

I (fix » y - g) + (3X + y 3) ^ 0 

: which, when simplified^ becomes 



Let UB examine the systemi 

1 3X + y ^ 3 ^ 0 \ y m 0 



If an ordered pair is an element of the solution set 
of the flret system, then it is also an element of 
the solution set of the second system* 

a 

^e solution set of the eyatem 

/X - 1 ^ 0 
ty - 0 



We can verify that' (l,0) satisfies the original 
system. Since every element of the aoiutlon set of 
the first system is an- element of the solution set of 
the second^ we see that (1,0) Is the only solution 
of ^ the first system. 

Sinne the two systems have, the same Bolution seti 
namely, {(l^D)), the systems are 



Examine carefully the steps in solving 

' ' (5 k - y 

^ X + y 



5x - y - 10 ^ 0 

8^0 



We might use r ^ 1, s ^ l. To indicate this, we may 
OTlte simply 

5x 10 ^ 0 (fTom the first equation) 

X + y - 3 ^ 0 (from the second equation). 

Then, (5x - y - lO) + (x + .y:_^. 8) ^ 0 is easily seen 
to* be 6x 



Similarly, we might use r'^ 1, s 
thli^ we may wlte* 

3x - y - 10 ^ 0 



To indicate 



r 3x - y - 10 = ( 
' -5x - 3y + 1+0 ^ 



Then' ..(5x - y - 10) - 5(x + y = 8) is seen to 
be 
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{(1,0)) 



equlvaleat 



6x - 18 = 0 



-6y + 30 = 0 



[ /■ in. 



=vs"en> has the solution set ■ 

v-v:;;/ tha='. i:-,"^) ^ -:c.:\;t Ion oi' tho original 



- - 10 = 0 

i . 0 



X - 3 = 0 
y - 5 « 0 

{(3,5)} 



equivaltat 



I:. . clvinn systen.s oi' trquaxioni, you pi^uiwi- to vi'ite your steps in the 
:. .-tl :or?:. ?ho^/:; atove, Tht: niexhoJ o= colviuj jy^tenis or e^^uations we have 
1- -o-^tlr^es called the adaitiqr: n:8tl:oai 



^ :: ^ ly -22^0 



i:olutiQn 



L>.j th- 50lution..of / 3x - - ^- ■ 0 
r . + V- ^ 3 . C 



rolutlon of 



I 5x + £y - ^ 

I ^ 2y - 1:;; 



2v ^ 27^ an:^ Sx - :y - -JO Intersect 



(2,-3) 
(17,12) 
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77 



78 



79 



So 



Let us Tise the addition method to find the solution of 
each of the folloving systems of equations, 

0 
0 



X 


- 'ty 


= 15 ^ 




+ 5y 


^ 11 ^ 


2x 


- 3 ' 


2y 




_ I, 




2x 

3y 


- ^ - 

_ 1. 




3y 


^ k 


3x 



Truth set: 



(7,-2) 



Did you diacover that your work led to an in^osslble conclusidn In working 
with Item 8o? We will investigate this tj-pe of system In more detail In the 
next section. 

Sometimes problems stated in English lead to Bystems of equations. 



81 

8a 

83 



,8t 



87 



Tickets for a ^i^^^ttall game bxb 25 cents for- 
students and 75 cents for adults. 



Suppose X 



were sold to 



were sold to Btudehts and y ■ .eketi 
^ with a total sale of 311 tickets , 



We know that 3 11 tickets were sold. Hence j we are 
led to the equation x + y ^ , 

25^ represents the receipts (in cents) from student 
tickets soldi 

repr€:rent" the receipts (in cent:-) fror. adult 



ticketo sold* 

If we know that the total rece^ts were |l03,75, we 
are led to the equation \ 1097,5. 



tleketa 



Solving th^ rysten 

we have t];ie truth /set 

Hence J there were 
adult tickets sold* 



/ X + y s jll 

\ a^x ^ 75y - 10375 



student and 



75y 
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Lot'.: hiT/e co::;o run* 

r'air.]!:/ ic joriii^ to visit and vfe have to piwiua teds'; 
cut no on^ ::f::Sn::^ to know how many chilciren there aj^e in 
tho ta:!.ily. 

El-i'S, on^T or tn- jfiU^hter;: , wvix^^ ^hat she has a> 
:;;^.y rroti;viT as sisters, 

li" x ret resent s t:;e nuniter ot :lau^hterS; then Elsie 
r.as ssst^i^s* 



FiU-her, 



is the numher or sonS; we know that 



rortunately, (one ot the sons) writes that he hac 
twice as :-anv sisters as Drothersp 



Or joui'se, h^^ has 
So we know that x 



slgtei-s and 



hrothers. 



, Hint: Thm number of 



r.^^ slstei's is twice the number oi^ brothers* 



We 



then have the system | 



Solvinr, we f--;cl that there are 
and sons. 



daii£hters 



On a bank telipr^s a^^f^ouiit sheets the following info: 
tion was entered for the tally, of one= dollar and five 
dollar bills in a particular tranjaetlon. 

Total number of bills 13k 
Total amount collected $U65 

Show that something was wrong in the tally* 



X ^ 1 [neie le 
not hmt cm 



y « X - 1 



X - y - 1 ^ 0 
X - Zy + S ^ a 

k 

3 



Try one on youi' 


owiu 




-1 . — - 


A class bought some three-cent 


and so 


me four- cent 


stamps to mail I 


luletins* 






Tl.ey spent ^12.':. 


7 on a total 01 


^ 35s 


stamps. 


They bought 


three-cent 


and. 


four- cent 


stamps 



413 



ao8 



22-3 



This problem leads to the eyitem of equations' 



97 
98 

99 
100 



The solution of the system is 



This points out an error because the domain is the ^at 
of positive ^ 




(74* 77|) 



positive 
Integers 



We hav^e 'been cori^ldering soma open sentences in two vai^iatles. We have 
bean interested in discovering the truth set of such a system and In drawing 
Its graph* Our main method of solution has been to obtain an equiv alert 
system whose truth set is obvious. In the following section we shall discuss 

i 

some special cases of open sentences in two variables. 



22-3* FareLllel ajid Coincident Llnes ^ . Solution by Substitution 

In the last section we considered^ for the most p^t^ situations in which 
a system of equations had a truth set consisting of a single number pair. We 
could equally well say that the graphs of the separate equations of each system 
have intersected. in a syigle point* 

Consider the two lines 

2x + y ^ U s 0 

and 2x + y - 2 - 0* 



2 

3 



Starting with 



(2k + 
t 2x + 



Y ^ k m 0 

y - s ^ 0 



we 



both sides of the rirst equation by -1 to 



make the coefficients of y opposites. 

We form the equation -(2k + y- ^) + (2x + y- 2)='*0 
or ^ Q * 

It Is reasonably clear that 2^0 is a 

. (true .false) 

sentence, j / 

How does a faise sentence arise from applying our 

?^^t:iod of solution to this system of equations? 
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multiply 

2=0 
fidse 



____ o:' r^tkl rmniVei'ij (a,b) 
^ ^ 0 m-J 2a + I ^2^0 are 



pair or roa: wi.l .mtUriej lotn ^quaiioni; of 



i/^uation.. Wo ha^.^^ proved that 
f V - " 0 



irJirti-t n.otroii or proor (prcDr Jontrail ion) 



true 



Wimi wouij ve huvQ oLtalnej :r we had xrieu to rraph thii? system of 
equat Ions:? 



9 

10 
11 



Gi'aph the sy 



2x + - ^ 0 

2x -H y ^ £ ^ 0 
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1 
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1 


1 












1 
1 


i 

















Tho c-^ap}i ciaTF^stc that exanilninr the slopes of the two 
lines i?LL^iit have roveajed that thts linet: are parallel, 
h-uall that in Chaptar £0 we have noted that if the 
:inor! 'u'o parallol^ the Llope- a>^e equal the 
y- iht ^.ivup L,: ai^u aiitV^'unt. 

The ^vlope or 2x y - h o i^: 

The slopG of 2x + y - 2 ^ 0 is 

The y=intcr-cpt of r y _ _ o i. 

T^ie y-intei'cept of 2x + y - 2 ^ 0 is 
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5 



[See msver 
below] 



-S 

(0,lt) 
(0,2) 
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12 



15 



T;:c:i-e:"orc, th'i^ two llnt;^ oi'v 

point whir*}, llor on iQtr. line = . 



parallel 



Arai^i In ilI.- -a::-:- t-.o lliivc loth iiavo t];€' co;no jlope; 
namoiy^ : lut tht? y^interccptc (O, 4) . aiiJ 



0 





We not ; 0 al 


rerent situatJon if we ©xainine the system 














lb 


We nn^ii^iplr/ the 


I'irst equation by " to raaiia the 






A opposites^ then aadin^, the result 


1^ 








It i-u^nuVV 


/ .'luai' tha^ 0^0 is a 




:ontenje. 


(tru^'^falae) 



0 ^ 0 



tjyi;a^lQ:. lix - y - - : 0 1^ equivylei. lo . equation 
- 2y - 10 0 Ein-je we can obtain the second by trrultir ^ ,.oth sides of 
the n--t equation by 2, 

Hen-j^j -jvvvy orJerel nuniLei^ pair whivL ^atlsfle^ 2x - y - 5 - 0 also 
saticriv.; hv ^ 10 o 0. 

We jomIj .vtate thiL; I'eErult in terns of the nraphc of the corresponding 
lines: ;^/ery point wLLch liof: un one of the lines also lies on the other. 



Ill- rraph of 



\ K Sy 



5-0 
10-0 



sists of a sij^lle li 



19 



20 



Wlien ye try our mothoc! of solution on the system 

I gy ^ y , 5 s 0 

(:.v ^ ^ - W - 0' obtain 0=0 whi^h is 
certainly but this sentence does not seem to 

provide us with any new informationt However^ from 
the observation we Just madej if we do apply our method 
of solution to a given system of eqiiatlons and obtain 
0 ^ j we know how to intei^pret this. 



8u 



4ie 



trua 



0^0 
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Every point on the line 2x 
line -Sy - 10 ^ 0, 



y - 5 = 0 is alio ©n the 



Since there are Infialtely mmy points on the line 

ax ^ y ^ 5^0 

^ 2y - 10 ^ 0 
is a(n) _ _ _ set. 



2x - y - 5 ^ 0^ the truth set of 



S3 



2k 



The truth set of i ^ y - 2 - 0 
( 3X + iy ^ b = 0 
all ordered pali's that are 



is the set of 
of points on 



the ling 



(Be sure you see that we are dealing with only 
one _ _ _ ) 



irfinlte 



{Ax + ^ + 



We have seen that for the truth set of a system of equations 
C ^ 0 

Y ^ Q there are three possibilities i 

(1) IhB truth set contains exactly one ordered pair; 

(2) The truth set Is 0| 

(3) I^ie truth set is ^ infinite set of ordererl palrG* 

We msy translate these possiMlities into statements about the corres- 
ponding lines. 



25 

26 
27 



Given two lines whose equations are .^x + + C ^ 0 
and ^ + £^ + F s 0^ then there are three possibil- 
Itiee* 

(1) Tho lines intersect in exactly point (s) 

(how many) 

(2) The lines are parallel; they do not , 



(3) The two linfs are really only 



line and^ 



hence^ every point of one lies on the other, 



one 



Suppose we are given a particular system of equations. It would seem that 
we should be able to foresee which case we have without either graphing the 
lines or solving the system. Certainly we have discerned that the differeneee 
among the cases are related to the slopes of the correspondii^ lines. 



To 'jeterrnine thm -lope o:' a lln^, we wite an equation 
o:' ti.e lli-o in V - 



ai:\n', to fin : 



:^lgp'3 cf ^ - ^ 0 we 



Oi' ^^our-o, we oa:. a^^g ^tj^ x-ut xlx v=i:itercept of 
Stai^tinc with ti:e equal -o:;.; two line:^, we caii write 



are jLlTorent^ the lines ai^e not parallel^ 
noi- ai'^ thf3 lines th-? BarM lin*#. 

If the slopes are the same, but the y-intfrcept£ are 
vUffereiit, ^h^^ lines Bj-e 

If the slopes ai^e the same, and the _____ ^e also 
the rame^ t)ien the "two'' lines are i-eally only one lln^. 



-i 

(0, ^) 



parcel 



For each of the followin^i systems^ determine the number 
of elements in the tnith set. 

Rerpond "0", '*1'% or '^infinitely myny" as appropriate. 

It is not necesraj^ to £;raph the lines nor to solve 
the Byuternc « 

/ 3x + 4y ^ 13 ^ 0 ^ 



^ 2y 4^ 13 ^ 0 



/ 6- + ^y ^ : - 0 
(ISx + ^^y + 2 - 0 



■ X ^ 2y ^ 3^0 
3x = 6y ^ 12 . 0 



[ = % + 2 ^ 0 

;10x ^ 3y + ii ^ 0 



2x ^ y ^ 7 - 0 
,5x + 2y ^ - 0 



Inf initt^ many 
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1+1 


Which of the follovii^ linei 


is different from^ 


hut parallel to^ the 




line X ^ |y - 1 f *^ 








LA] 3y + 2x ^ 1 


ici i-f. 


1 . 
3 ' 




[B] 3y ' 2x - 1 ^ 0 


[D] 2x » 3y 


+ 2^0 



i+g 



kk 

k6 




Let lis examine one of the preceding systems more care^ 
fully, 

r2x=y-7^0 
t 5x + 2y - 4 ^ 0 - 

V&itii^ each equation in y=forni^ we havei 

We £ee that the tvo lines intersect in 
p©int( s) • 



(how many 7 




At this point of intersection^ the value of y for the 
equation y ^ 2x - T imist he the same as the value of 
y for the aquation y ^ , 



Hence, at that- pointy 



"This last sentence leads to x = 
whose truth set is [2)i 



ar= equation 



If the ifbscissa of p point on y ^ 2x - 7 is 2^ the 
ordinate of this point Is y=2(2)-7^-3,. Also^ 
if the ordinate of y 



-|x + 2 is y ^^|(2)4^2^ 



If the ahscissa is 2^ the ordinates on both lines are 
the same since the point of intersection lies on 
both 



-3 



We have discovered another method" for solving a system of two equatloRi 
The method may be siunmaj'ized as follows i 

(a) Pfrlte each equation in y^form, 

(b) Set the two esqpreaiioni for y equal to each other, llie 
resulting equation Involvei only the variable x, 

81^ 
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(c) Solve this sentence^ thus determining a value of x. 

(d) Use this value of x to determine the value of y from one 
of the original equations* Use the other , equation to check 
the work. * 



Uilng this technique^ let us try to solve 

/ X + y - 7 
I 2x - 3y - ^ ^ 

Write y ^ y = « 

Hence ^ we have for the point of intersection r 
-X + 7 ^ 

2 k 

Solving the equation -x + 7 = - — we have the 
t^th set . , 



if X le 5/ then using either original equation we 
find that y is ^ 

So the solution of the system iy 



/ X + Y m i 

Consider again the system < ^ " , 

We could shorten our work somewhat (i^ aroitf the 
frantlo^^r i^y writing cnly the first equation in y-forffli 

Thus , y ^ 



Then we replace *'y" in Sx - 3y - ^ by ^'-^x + 



We have, then, gx ^ 3( ) ^ k . 

Solvit^ j we ohtsin 2x + 3x = 21 

5x ^ - 



Since y = ^x + 7> at the point of intersection, and 
we have x - 5; we can write: y = -5 ^ 7 



Finaily, the solution of the system is 






Thm method just deicrlbed is called the sub sti tut Ion method. 
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62 



When we use the substitution method, we solve one of the 
equations for y in termo of , 

Ihen gubstitutg this expreBsion for in the 

other equation* 



03 

6k 
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66 



Find the solution of the following Eysteras by 
substitution. 



y - T - 0 
2i ^ I 0 



2x « y + 15 . 0 
X + U ^ 0 



eoiutlon: 



Solution: 



i ; ) 



67 
■ 68 

70 

71 
72 



The solution of the gj=8tem of equations In Item 64 is 
(-^,5). &u might have noticed that if you tried to 
solve this system by witing the first equation in 
y-form, we have y = 

i 

However, thei^e is no y-form for the gecond equation, 

- ^ > Kie graph of thin ^^^km x + 4 ^ n 
□.vertical' lln^. line is not paa^sllel to 

y ^ 2_x + 13| so the two lines do intersect. 

But, we carl cBxry out the same reasoning .for x that 
we did for y. 



That is, at the point of 
the equation 2x y + I3 
value of X in the equation, 



^ the value of x for 

0 must be the same as the 



acpressing x in terma of - in the rirst equavlon 
Sa ^ y + 13 ^ 0, we have x = 

Finding the valuj of x in thi second equatior, 
X + U = 0^ is especially eauyj It is x ^ 

TtiQ last two items lead to 
1 



from which we get y = 



y 



(2,-3) 



ae + - ^ a 0 



3E + 4 a O 



y ^5 



421 



816 
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We see +hen that inste&d of jolvlr^ one equation for 
in terms of we could^ of course^ solve one equa- 

73 tion for X in terms of » 



15 

16 
11 



Then wo would 
o 1 r & q uat. i o v\ 



this expression for x in the 



Thir. would alco V'C uoiHi^ the 



method , 



To eo .vc I ^ ^ . 11 , 0 ^an lirct 

write X ^ 3y 



Tnen^ "sutstitutinn" ^ wo have ( ) + yy - 11 ^ 0. 
Hence J y = 

Setting y t= ^ in either of the original equat-Lons 
yioldp * 

Honce^ the truth set of the system is ( ) - - 



7 



We have discussed vai'ious method or techniques for solving a system of 
equations. Only, practice and experience will enable you to choose a *'best" 
method for a particular system. 



81 
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83 
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Find the solution of the following systems , using any 
convenient method. 



3x f y T la - U 
2x . 7y . 3I4. . 0 



5k ^ Sy ^ 5-0 
X ^ 3y = 18 - 0 



3x + £y ^ 1 
2x - 3y ^ 18 



Bee pige xlvlia 



(3,-5) 



Sae page xlvli. 



317 dOo 
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3t 



37 



33 



2x + y 



1 



^ = J. 



X + 7 = , 



I 

( 2x - (3y ^ 1) - 
I 6y + (2 ^ 



,1' 1% 



xlvll. 



Xlvll, 



Here ai-e some more* examples of problems, stated in aiglish^ that lead to 
systemc Of" equations. 



39 
90 



FlnJ iitwo numberE whooe sum 56 and whose difference 

is ^ la, 

A aysten: of equattong for this problem is 



The numbers are 



and 



U ^ y ^ 18 
37 md 19 



91 
93 



^e sy^m of Polly^s a^e and Ca^ol^g age is 30 years. 

Five yeai'S from now the difference in their ages will^ 
Td© four years. What are their ages now? 

Wri-Le a system of equations for this problQm, (Hint- 
>^at is the difference of their ages nowf') 



Their ages itre now 



yeai-^s and 



yeai's. 



Can you tell how old Polly is? 



(yes, no) 



r X + y ^ 30 
\k ^ y m 



17, 13 



A dealer in nuts has cashews selling at ^1,20 a pound 
i^d almoRds at $1.5C, 

How many pouuJs of each should be mixed to obtain a 
200-pound mixture to sell at $1.32 a pound? 

A system of equations for this problem is 

^ pounds of cashevs and pound e 



He needs 
almonds. 
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(c .+ goo 

120; So 



22-3 





It takeo a toat li hourr to qo -.12 raleE dov^ristr^ein 
and C hotirs to voxurn^- 










Fini the rate oi" tho curi'ent 
boat fc,* ■ ■ 


c ajiri. tht:? rat©" ol the 








96 


DownEtrear: tho tOTal ratu iz 


1: + * (Tiie w-urront 


b 


+ c 






helps 1 j 










97 


Up st rear." the total rate io 




b 


. c 




93 


So a system of equations I'or 


thi:^ probler; is | 


{ 


6(b » a) 


= 12 

^ 12 


99 


The rate of th© current Ie 


niiles per hour. 


3 






100 


The rate of the toat is 


miles per horn"-. 


5 









A 90% solution of alcohol i^ to be mixed with a 75 % 
solution to make £0 quart of a ^ 73 % solution* 






How 'much of each should be used? 








X quarts of 90 % 
of alcohol. 


solution will yield' 


#9x quarts 




101 


y quar^ts of 75 % 
of alcohol* 


solution will yield 


quarts. 


.75-y 

« 


102 


We need ,73(20) 


of alcohol » 




quarts 


lOS 


SOj we wish *9x + 


^ (.73)(20). 




.9x + roy^ 


lOU 


I. 

On tiie other hand^ 


X + y - 




20 


105 
106 


Hence ^ ^ need 

quarts of 


quarts of 90 % 
75 % solution. 


solution and 


k 

16 ' 













Two Jet planes axe kOO miles apart ^ flying in the 
same direction. 

One will overtake the other in 2 hours. 

If t^ey flew. toward ^ach other, they would meet in 20 
minutes,. How fast Is each flying? 
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it-it - 



- 108 

log 



110 



l&t#^ equfJ.s dlvidtd 'by tikt. / 

Eie difference ih their ratee im ^2^ ^ 

2 - 

&e sum of their ratei is = Q ^h. 



TOe two rates are 



mph and 



s^h* 




Byitems of equationi^ aa you sea, wise in a variety of aituations. In^ 
^recent ywm, the aEplieation of syetama of inequalltiaa have become increaaiBg. 
ly iEportant. Before readii^ Seetlon 22-4/ you might ^sh to think how to 
might invaitigate'^syatemi of ' inequalitiea, - . , 



2Q^k^ Syatems of Inequaaitiee 

In the preceding ieation,^ aaw exai^lea "of problema that led to ayatems 
of ©(Rations in two variablei. For exasple, in -^e saee of the eaahev nut 
dealer^ wa obtained one equation as^reieing the total number of poundi of nuti 
in the mixture ana^e esqsreeBing how much tht E^^rture was worth. 

We have alio aeen before that quite often problema may lead to Inegualitiea 
Coniider the following esiample, 

Peroy^i mother sent him ^o the post office with a dollir for eom 5-eent 
and S-aent staiipai At the poet offlGe^ Percy- forgot how ma^ of eaah kind he 
waa auppoied to get, but he did ramember there were -be be laaa than 15 ita^a 
altogether, and he remembered his mother re£&^ him not to forget the changt* 
The gueition is; How mmy of each kind of atsji^a does he buy?" 

It will turn out that the aolution set for thia problem contains mare than" 
one ordered pair, but that there will be a finite number^ of sueh aolutiona, ' We. ' 
shall lead up to the aolution in ittges throughout thli chapter. * 

The problem leads to the system I ^ ^ ^ 

^~ I 5x + 8y < 100. 

Before exmining this section^ let us rev^imf how we graph an inequality. 
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22-4 



1 

3 



3' 



In order to graph x ^ y <-15j we first write the 
sentence in y-foiTBi* 



^en we graph the line 



and shade the ^ 



region ' thie line* 

. (above J below ) 

Hie laet reiponae is -'beiaw"j since we wish to indicate 
all those points whoae ordinate is less, than the corres^ 



ponding point on the line y = =x + 15 

Recall that the line y^-x + lj is djawn with 

a ^ rather than with a solid line^ since the 

include the 



graph of y < -X ^ 15 

( does ^ does not} 

points of the line. 

If you need further review^ refer to Section 2I-I. 



y < -X +^15 

y = -X + 15 
b©l0V 



dashed 
does sot 



To graph the system (or^ more accurately^ the truth set of the system)^ 

■ ■( 



X + y < 15 
5x + 8y < 100 



we graph th§ truth set of each inequality separately and then identif;!! those 
points that the two graphs have in comon* Remember that ^r notation implies 
that we are considering the confound sentencrf 



^3c + y < 15 5x + 8y < 100'*, 



6 

a 



Graph x + y,< I5, Shade like this ////. 

Graph -f- 8y < 100, Shade like this . 

Now^ combine the gra^s of Items 6 ^d 7 in the space 
provided for Item 8^ using the proper shading* 



[Bmm p* xlvllgj' 
[Bmm p, dvilt] 
[Sat p. sayii*] 



Th& graph of 


1 ax + 


y < 15 

8y < 100 


eonBists of thoae paj'ts that are 


[A] shaded 


//// . 




[C] Bhaded^^. 


[3] shaded S 


m\ . 




[D] unshaded. 



821 



tote" laequi^* clWr"' R^W fBj In^'^s - (16,6)*^ ft*S (a^ifrr 
imq^i^ty* [cy is tte correct choiQ@« ^ m 

AlthDugh this doubly shrted region la the graph of the iyateffl, we have 
not yet given a eo^lete mmv^r to Percy problem* Ihe aoiutldn a#t of tha, 
problem is in this region Md ve ihall return to thie matter after to 6lBmxBs 
the graphs of similar ayatema of inequalities, 

A careful exraination of the graphs ^at you have draim in raiponse= to 

Item 8 ahows that different regions of. the plane are shaded differently. We 

X + y < 15 



have seen that the doubly ahaded region Is the graph of \^ q- .iS . 

- e |5x + oy < 100 

Suppose these inegualltlea were reveraed ao that we are conaidering the system 

(X + y > 15 
5x + 8y > 100 ' ^Bn, of course^ graph e^h of theae Inequalities as we 

did for the other syatemj rWlth the graph of the first system at hand^ let's 

(X + y > 23 
5x + 8y > lOT autually graphing. 



10 



The graph of {3^ + 8y > ^ oonalst s of all the point a shown on the 
reaponse to Item 8 which arei 

[A] singly shaded, [B] doubiy shaded. [ G] unshaded. 



[Al is tte gT9fii ©f 3E + y<3g w 5s + %< 100 btit sot rf 
31 4^ y < 15 5^ + < iQOi mm unloa of tfets graph »d 

llms 3£ ^ y » 15^ 33C + By s 100 Mke yp all tte points ©f the 
pine fbat to sot bal^^ to tte ^sgt of ^ + y > 15 aad. / 
5x + % > 100* 

[B] Is^tiie gi-^|ii of tte ^^giatf. iystm of tnt^iaUtlas (ueiag '*<^}« 

It ahould be clear that we may^ following the general procedure of our 
illustrative example^ solve, oiaier systemi of inequalities^ involving >, 
<• To graph any such aystem^ gra^ the truth set of each clause aaparately, 
9Thm truth set of the system consists of ail 'points which belo^ to the graph 
of both clauses. Remeaiber that it la uaually convenient to .write the inequi^- 
Ities in y-form. 
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822 , 



H^re we mowB praetlce protlers. D&n't forget that a iolid line indicatee 
that the boundary Is InGluded in the graph. To exclude a toundtry, use a 
dashed line. Answer a will be found on page xlvlx* 



Cfraph the following eyiteme^ 

U, I 6x + 3y < 0 1^. I fix + y < if 

\kx ^ y < £ ' I gx + y > 6 

k 



12, f2y-3>0 15. |2x-y<i 

I - k + y + 1 > 0 1 i+x - £y < 



8 



13* / 2x + y > ^ l6* I X + Sy - ^ > 0 



I 2x + y > 
1 2x + y < 



y<6 l2x-y-3>0 



For the eentenee x + fiy - the y^form le 

y > ^ix + 2,. 

The graph consists of all the points above the line y^-ix + 2, We can^ 
instead^ write the Inequality in the equivalent form x > -2y + ^. ^en the 
graph consiiti of all the points to the right of the line x ^ 2y + 

We can verify that the ^ines y - - ix + 2 and x ^ -2y + k are equiva- 
lent* So the above coment indicates that for this graphs the set of points 
above the line x ^- 2y - U - 0 and the set of points to the right of this line 
are Identical * Verify for yourself by refeiring to the graph that these two 
seta of points are the same set, ' , 

Let's discuss now the solution for our post office problem in more detail. 
In this corniectlon^ we considered the systam of Inequalities 



/ ^x + y < 15 
1 3x + By < 100 ^ 



and the graph corresponding to this system, ^is is the region below both 
dashed lines in the following graph. 
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Iteat has not been eaid but what wa would like to mentlQn now we lomt 
unspoken agreements comected with thii type of problem. Bie first of thege 
is that we asiume that there will be itampe of e^h denominatlori In tht 
chase. Ihie means that we are reatriGting x to be greater, than 0 and y 
to be greater than 0* 



17 



In termi of the graph these are the points within 
the quaar^t. 



Another agreement that raiet have been imderstoad la that the post office 
stanips are sold in whole numberej that is^ x and y ^e reitrlcted to Tmole 
nimbers, Sie graph of the solution set, noting these v«loui reatrlGtions, 
are ^e points indicated In the graph below* Bie coordinates of any of thege 
points is a poislble' solution* We see, for exarole^ that Percy might buy 
twelve 5-cent sta^s and elther^one or two 8-cent stains. You might have fun 
in trying tc ans^r such questions as: Which ^chase leaves Percy ^th thi 
least change from his dollar? Can he purchase exactly fourteen et^s? If he 
buys thirteen itafl^s, ^at Is the least amount of change he can reeeivef 



43D 



J_f>tiiiBbJir a f 5 is rat stamps) 
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19 



20 



21 



GQnaider the. lyitem f ^" f ^ " 2 ^ S * 
- I X + 3y - 9 < 0 

ftia By§tmm aonsiita of one equation and one 



Thm truth set of the iystern con el its of those ordered 

palri that iatiafy the amd al^o satlify the 

inequality^ 

aihus^ the graph of the syitem coniisti of thoie points 
on the line gx^ ^ Q ^loh lie In the region 



daf ined hy x 3y - 9 < 0* 
draph li^ - ^ - 0 
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Graph 


1 y 


+ 2y ^ -1 




Graph 




+ 2y + 1 > 0 






I3x 


- y - 6 ^ 0 



[tea pag@ 1^1 



We have de^t with syiterai of equations and inequalities* i^eh sygtam is 
a aoiBpoimd oj^n lentence which usei the conneetlve "asd"* 
N Consider - y - 2 > 0 pr x + y - 2 > 0"* 

Thm truth set of this sentence eonilats of those ordered pairs of niMberi 
Vhlch satisfy at least one^ of ^e Inequalities* 



EmQm, to graph "x - y - 2 > 0 or x + y . 2 > 0",, we proceed In our 
n$ml vmy, first graph *x.y^2^0 :wid ihade the proper half^plMe, 
We. then graph x + y-,i^O again shade the proper half -plane* Bie 

graph pf the eo^ound ientencea conslsti of all the points in either ehaded 
region, ' 



Graph eaoh of the followirigj Indicate which regions of the plane are in 
the truth set. Ansrors are on page 11* ' *■ 

2^. x-y-2>0 or x + y- 2>0 

25. 2x + y+ 3>0or3x + y+ l<0 

26*2x + y + 3<0ori3x + y-Hl>0. 



Graph each of the following compound sentences* toswers are on page II, 



S7. 


X - 


3y - 


6 > 0 


or 


3x + y + S > 0 


28. 


X 


3y - 


6 > 0 


or 


3x + y-+ 2=0 


29* 


X 


3y - 


6 < 0 


and 


3x + y + 2 < 0 


30. 


X - 


3y - 


6 > 0 


and 


3x + y + 2 ^ 0 



31 

3i 
33 



3^ 



The sentence 3^ ^ 0 does not appew^^ to he 4 
co^Qund ientance. 

HoTOVeri our Imowl'idge of real nturibers enables us to 
write xy = 0 .as "x = 0 or 

mm graph of sgr ^ 0 consists of . lines; 

(how MnyJ 

namely^ the vertical ttii^ and the , 



Si^lttly^ the graph of (2x - y + l)(3x ^ 2y + 1*) ^ 0 
consists of the two line s whose equations are 
2x - y + 1 ^ 0 and ^ 



|Jow consider 3^ >.0, 

Thim is also a coi^oi^d sentenee, hut "djigulsed"* 
For the product of two ni^hers to be positive j either 



bote 



or both we negative. 



two . 



3s - ^ * ^i^ ^ p 



1 ^ 



36 

37 
38 



39 
%0 



kl 



ahus, 3Qr > 0 Is itqulviaent to; 

f 

* "x > 0 and ^ 

or 

X < 0 and ^ 

Ttim graph pf . and y > 0 aoneists of ill thm 

pointi in quatoant I, 



Sia graph of x < 0 ' and 
points in ^ 



consiita of all tha 



Hencf , the graph of ^ > 0 conelete of all the points 
in quatoante Md 

Ramamber ttiat quadranti do ggj eontain the points on 
the axaSp 




Bi^larly, 

(x + 2y - k)iQx " y - 3) > 0 

is equivtaent td l^a coi^ousd santance 



" /X +^ ^ U > 0 
I Sx ^ y - 3 > 0 



or 



X 2y - U < 0 " 
2x - y - 3 < 0 * 



tow turn to page xlvix and examine the graph givan for Item 16, ^Cha dmibly 
shaded region is the graph of 



Sy - U < 0 
y - 3 < 0 



f X + ^y - ^ > 
i 2x - y ^ 3 > 

She imshadad region is tha graph of 

lax - 

Ihereforp^ the graph of 

(x + Sy - lt)(2x ^ y 3) > 0 

eonalsts of tlje regioni ^ich are althar doubly shaded or unshaded. 
It follows that tha singly shaded regions give the graph of 

f (x + 2y - U)(2x - y - 3) < 0. 

In practica, wa proeeed aa in the follOfwing exaB^le* 
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U5 
k6 

hB 

kg 

50, 
51 



"!K traph (2x - y - 2)(3x + y - 3) > 0, first gra^ 
the two BlD^le sentanoes 



"2x - y - 2 a 0?' «d " 



0". 



Graph these twe sentences, drawing the lines with 
dashes, 

Ihe two lines divide the pluie Into regtonB, 

(how 

Label your graph (Item 1*3) as shown on page 11, 
Cpmplete the following tatla: 



For point g 


2x - y - 2 


3x + y 3 


]^oduct of 


in region 


ig 


li 


(Sx - y - 2) 








(3x + y - l) 








is 










A 


positive 


positive 




B 






negative 


C 

D 






poiltive 


positive 









The graph of (2x - y - 2)(3x + y . 3) > p eonsiiti 
of regions and , 

graph tff (Sx ^ y - 2)'(3x + y - 3) < 0 consists 
csfjeglone , ^ 



52- 



53 



IndiQato by one doubly shaded and ona tmshaded region 
the graph of (x - 3y - 6)(3^ + y .+ 2) < 0. (Begin 
by ehad:.ng, for each factor^ the region rtere it is 
poiS^tives) 

Ref erring to your last graphs th^ singly shaded 
regiofis sho^^ the graph of (x ^ 3y- 6)(3x + y + 2) ( 



'I>raw the graph of (x + 2y - 6)(x + 2y + 2) > 0 using 
one doubly shaded and one imshaded region* (Use suit^ 
able shadings to show firfetj for each factor^ the 
region when it is positive.) 



r 3^ 

! 56 
• 57 



58 



Can you find the cruth set of 
(x - y - 3)(3x - 3y - 9) < 0 ? 



Before you draw a 



think a minute I 



3x - 3y - 9 = ll 2* 

Hence, (x - y , 3)(3x - 3y - 9) < 0 in equivalent to; 

3( f < 0 . 
Th% iquart of a real numbar cwmQt be , ^ 

Hanee, the truth iat of 

- y - 3>(3x 3y - 9) < 0 li 



59 
60 

61 



If ye^ had tried to grkph (x - y - 3)(3x - 3y - 9) < 0, 

you votild have found ^that x - y - 3 ^ 0 ^ and 

3x - 3y - 9 ^ 0 are equations for the same , 

Jhii line dividas the plane Into regions, 

■ & ^ - - - ^ 

for th© pointi in one reglqnj both fetors of 
(x - y - 3)(33C - 3y 9) are poeltive. For -the 
©th#rj "bath fiwtors are » 

15iere is no point %^ere one factor li poiltlve one 
negative* 



*6i 
#63 



Notice that (x - y 3)(3x - 3y - 9) < 0 is equivalent 
to 3(3C - y ^ 3)^ < 0 (See Item 56). 

Binee 3 is ^positive nmiber we cm divide both ildes 
by 3 and/the inequality 3(x y - 3)^ 
turn equivalent to " g 




for real 



Reciai /bhat by definition, = ^ , 

mimbe^s a. 

If X, y tte real numbers j /(x - y - 3)® = 
»d the inequality (x ^ y ^ 3) < 0 leads to 

}^ - y - 3l < 

Hence, (x - y - 3)(3x - 3y - 9) < 0 leads to the 
inequality |x-y-3|<0* The tnath set of this 
ihequality is « 



3(x - y - 3) 



0 



JLine 

2 
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Coniider the inequality 

Thlm ihequ^lty Is equivalent to 
iy + 3x) > 2 > 

Graph tha santanee |y + 3x > 2* 




Reeall that -^lle our peat office problem originally appfeirad to involve 
only the compound sentence " . 



I X + y < 15 

1 53£ + 8y < 100 ^ 



under closer exMl nation to also have the additional imder at ending that the * 
following requirements imiit alio he mmti ^ 



X > 0 
y > 0 ^ 



X and y are integer a. 



We see that our procedure may be folloved even though we may have ©'%re 
than two alauies« 





Here is a compound 


sentenea with three clause a r 








X > 0 




1 




y > 0 








ky < 12, 


69 


Graph this ay stem - 


(Remember the braces indleata the 




connectiye "Md", 





70 
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72 

73 



Graph the system 






y > S 


{hy + 


% < 3x + 8 











Consider the system I f ^ f ^ • 

- " 3 _ y 2 J 

Th±B system ia equivalent to a system with four clauses^ 
name^^ 



y < 3 



Gr^h this system. 
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Coi^DUnd open lenttacaa in two vwlableSj as to may Involve equatione 

iaegualltli&i or toth* , In aiiy caie^ we cim httdle them by comblnli^ two 
ttolags--our Imowledf© ©f sl^le open ientencei in two variablei end our tiider-^ 
stasdingf about co^'oimd lentenQes* 

Hart im mn intereiting, tat dlf f la^t problw. It Is typioal of a Iwge 
class of problems that arise in Mlltary plmning^ in manufaeturlng*^ in the 
transportation Industiy^ etc. 
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A footbsll tmmm finds itself on its own hO yard lini| in posession of 
the ba^l, with five minutes left In the game, Ohe score la 3 to 0 
/ In favor of the opposing tem. ^e qu^terback taows the team should maki 
3 yaj^s on each running play^ but irtll use 30 seconds per play* He can 
make 20 yards ob a successful paos pli^j lAich uses 15 iecondg. How- 
ever, he usually eoffipletes only one pass out of ttoee, Wiat combination 
of plays will assure a vlctoryj that Is ^ what should be the strategy of 
the quarterback? . ^ 

Hotel Some of the assianptlons we are iMJcln^^tt^e sli^llf iaatlons of what 
may actually hara^n* For exMple^ the assu^tlons that the team makes 
3 yards on each running play aid uses 30 seconds per play^ etc-i may 
have been estimates obtained the past performwice of the team. The 
eomblaation of plays, as wl%h^pther aspeets of the problem, are questions 
in the field of probability. However^ following the analysis of the ' ' 
aolution will give us a glln^se into the ch^acter of such problems, 

See"yae dialysis and solution of this problem on pi^e 1111, 
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22-5* Review 

'^e anrvfari to the review proMeme &re on pages liy-.lv, 

* 

1^ Find the truth set of "2x - 3 m 0" ' and draw 4te gkmph if it ii oen- - 
. gidered as an equation in . , ' * ' 

(a) one varlahle (b) twc varlablea* 

2, • Jind the truth set of "|y| < 3" and (to^aw its graph' if It is coniiderei 

as a ientence In ' - \ ' » 

(a) Me variable (b) two variabler. 

3. Given the linei with equations 3x - ^ k m Q a^d 2x + 3y -i-.i-.^ ' 
Find the equations of the horizontal and vertical lines which contain 
the point of intersection of the. tiro given lines. 



Solve the following systems: 
fa) "*3^ + ^ 



Olx - ,Ogy = 0 

lOy ^ 8 




1. 1 



' X - - 2 = 0 ■ i 1 1 



5# (a) W.scuas the relationship among the coefflclente of the equations of 
* two parallel llnec* ^ . 

(b) Edscusa the positions of two lines if their equatloni are 
^ + and Ebc + ^ + F ^ 0 and * . ' 

^ A _ B ^ G ^ 

D E'F* ^ ' 

(e) Describe *the conditions on the slopes of two lines wh4,^ guarantee 
that the lines have exactly one connnon point, 

6, Draw the graphs of" the following sentences i ' 

(a) y +*3x - 2 > 0 

(b) 2x - 3y + 3 > ' " 
■ (c) y + 3x ^ 2 > 0^ ,and 2x - 3y + 3 > 0 

" (d) (y + 3^ - £)(2x - By + 3) < 0 " 



Ufad. ttit ©pen lintenee suggested by each o 

(a) Flad tTO consecutlye integers vhose s- 

(b) . Ffiid two Integers such that their sun: 

three less/thai the second. 

(q) Thm sum of tTO numbers h^). 1^' 

snialjer^ the quoMent is h and Iho > 
Vh^t are the numbers? 

f \ ^ 

(d; Two grades of tobacco are mixol, 1:L__ 
^ uiS. the other for ^6,00 par pound. IL. 

' BWit he blended to obtain 20 pountJs 
per poiind? 



Chapter 23 
GRAPHS OF QUADMTIC POLraOOTALS 

23-1* Graph e of Equations of the Form y a ax^ ^ k 

In Chapter 17 we studied quadratic polynQndale of the foiTn ax" + bx + 
where a ^ 0* In this chapter, we will coniider graphs of quadratic poly- 
nonuals, that iSj graphs of open Bentences of the form 

y ^ ax^ + bx + c * 

p 

Let ui begin \*lth the polynomial x . 



X is a quadratic polynomial of the form ax^+bx+Cj 
where a ^ , b = . e ^ 



In order to graph the quadratic polynomial we 
find ordered j 
open ientence 



find ordered paire of real numbers which satisfy the 



These orderecj pairs arc? coordinates of points of the 
graph , 



Complete the following table of ordered pairs 

2 

satisfying the equa'tion y = x . 



. X 


-3 




-1 


1 

" 2 


0 


1 

2 


1 


2 


3 


y 










0 
















-3 


-i 






9 


4 
S 


1 




3 


y 


9 


k 


1 


X 


0 


1 

\ f -1 ifr 


r\.".'::i.t 


k 


9 



■1. Op 0 



y ^ % 



S#6 maiwtr below. 
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Laoate tht pointi corraiponding to the ordered palri 
Indicated above with referenee to a get of coordinate 
axes* 





The arrangeraent of ^hege pointi suggeits that the graph of the 

p 

equation y = k ±bi 

[A] s A itralght line. 

[B] Some kind of oiirve different from a line. 



4 m 




4 a 
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ERIC 



The graph of y = x pass©i throTjgh the point 

The value of y is alwayi 
(positive, negative , non=negati ve ) 



(0,0) 



ne ^raph of y ^ x ig called a parabola . Let ua consider the graph 
of the ejuatior; y = ax" vhere a ^ 0, 



'■siut: the eame set of coordinate axes we shall 

In order to do this, let us first complete the table 



below for 



1 2 
y = — X 



y ^ ax . 



X 


-14 


-2 


"2" 


-1 


1 




1 

2 


3 

as 


F 




n 

X 






















n 


































0 








18 



X 




-2 


3 

"2 


-1 


1 

"2 


d 


1 

s 


3 


2 


3 




16 


1+ 


9 


1 


1 


0 


1 

f 




If 


9 


1 2 

r 


8 


2 


9 


1 
2 


1 
t 


0 


1 
E 


9 
F 


2 


9 
2 


2x2 


3S 


8 


9 
I 


a 


1 
I 


0 


1 


9 

2 


8 


18 



See aniwer below. 



Or': the same sot of coorfi axei^ i/ratl; v - x - 

12 - .2 ^ ^ * [ 

y - ^x ", and y = dx , .,ae the table from Item H. 



L:ompare your grHphs with those on page Ivi 



Corisider a point on the graph of y = x"* If we multiply the ordinate 
of this point Ly 2, we obtain the ordinate of a eorreiponding point on 
the graph of y ^ 2x^. This corresponding point has the iame abicisia ai 
the point on y = x^* 



838 



Again consider a point of y * x^. 

If wfe multiply t'Ym ordinate of this point by 

wG Obtain the ordinatta of the corresponding point 

on y ^ jx'^. 



Uui' wol'r; UM tiiw gi'apiig ui' y = x j y = ^x ^ 

y ^ Buggests generalizatlonB which apply to the 

£rraphs of equation of the form y - ax"j where a > 0, 



The graph cf y ^ ax^ passes through the point 

If a > by the ordlnates of the points of the 
j/rap:._ .^.r y ^ ax ' are always 



(posi tive^ negative ^ noH'^negati ve ) 



1 
2 



(0,0) 



What is the graph of y - -x^? 

The ordi nates of the points of the graph of y ^ -x" 

are tlie opposites of tho of the corresponding 

points of the ^raph of y = x". Hence we can obtain 
2 

the ^raph of y = by revolving the graph of 

y s x~ one iiaif' revolution about the 

Xy - a^ B f X - axi si 



low are rraplis of y 



and y ^ 




y« and y^-x 
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23* 



1 



16 



Tfie fjraphs of y ^ x" 
the poirit ( ) , 



-x'" both contain 



Tne ordlnateg of thv puints on the jraph of y ^ 
are always non-neratlve and the crdinales of the 
points of thr* 4:raph of y = -x^ ai^o always 



In the Gaine raannf,*!'^ w-^ 


ecu Id f i nd tho tji'aph 


of 

/ 


y ^ -jx^ by revoiv::i. 


^ the f^i^aph of y ^ 


one- 


half revoiuti cn atoiit 


the X-axis* 




ThQ rr^ph of y ^ ^x^ 


msy bo obtained by i"'' 


vol%i.-j 


the ^rup}. ..f y . 




aL'cur tne 


X-axis * 






Graph y = 3x"j y ^ - 
on the saTC eoordlrate 


j y - t3^~ and y 
axes , 


3"" 


Turn to pa^G ivii to 


check yoLU' (jraphs. 





(0,0) 



nQn^pOiltive 



y ^ 3x 



1 2 



How can we obtain tlio t-i'^ph of y = ^ax from the rraph of y = 
where a is any non-Eero real nLimberl 

P* By revolving the graph of y ^ ax~ one-half revolution 
about the x-axis. 

Qi By La>in^ the opposite of the ordinate of each point on 
the rraph of y ^ ax^ to get the ordinate of the point 
with the same abscissa on the graph of y - -ax , 

[A] only P [B] onli^ Q [C] P or Q 



[C] if correct. If va take thm o^omltm of the ordinate of 

2 

m point of tbe grm^ of y ^ ax w get the ortiiiate of the 

2 - 

correspoiwttng ^int of the graph of y = -ax * This Is the 

2 

lase a§ reTOlvli^ the p^jjh of y - ax oae^hslf revolution 
about the x-a^ds. 



Tiic three cm-ves in Item 20 are all parabolas. Parabolas occur In many 
applications of mathematics. Some telescopee have parabolic lenses* A 
bullet fired from a gun travels in a path which is approximately parabolic* 
Since parabolas have many interesting properties and useful applications^ 
they are worth studj'ing carefully, 
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Let us look once m^re at the graph of y ^ x . 



Among the pcdnts on the graph of y ^ x are: 
( i 1) and 1) 
(2, k) and ( , h) 
(3, 9) and ( , 9) 
(f* and ) 

In fact J if (Pj q) is on the graph of y ^ x^^ then 
(^p> ) is also a point on the graph of y = x^, 

^ile is clear from the equation y ^ x"^. For if 
'q ^ p is a true eentence^ then q = (*p)^ is also 
a sentence. 



The points (p, q) and (-p^ q) are the same dletanae 
from the horizontal bjcib and on the same side of it, 

T^e points ( , q) and (-p^ q) are also the same 

distance from the vertical aaaSj but the two- points 

lie on slde(s) of this axis, 

(opposite^ the same) 

If the number plane were folded precisely along the 
^^^^ ^ ~ J ^he parts of the graph of y ^ x~ 

on either side of the line x - 0 would coincide. 

For exainple, the points ^) and ' ( , ) 

would be together after the number plane was folded. 

We observe that the graph is syiraietric about the line 



The line x ^ 0 is also called the 

We say that the graph of y = x Ie 
the y-^aris. 



about 



(1, I) 

(-2, 
(-3, 9)' 
(-Iff) 





The line (in this case the y-axis) about which a parabola Is symnetric 
li called the ^ds of the parabola, ^e point where the parabpla intersects 
its aads. is called the vertex of the parabola. 



35 



Fo2" the parabola whose equation is y x^, the axis 
is the lino x ^ The vertex has cocrdinates 



K m 0 
(0, 0) 



Rei'er, Ii" nc ^-..^sary , to the rraphs you have draw in this nretion to 
complete Vn<' fcllz-wiwr ["--rns. 



i6 



kO 

hi 



k2 



Tile graphs wf y = x", y ^ ^x"^^ y ^ ^x'j y ^ -j.x~ 
all pass through the pclrt ( ^ 



The avis cf each cl these parabolas is the line 



I 



.1. 



Indeed^ lor cvuiy n^^-^^ro real ruunbcr a^ the rraph 
P ■ 

of y = ax is a vliose axis is the y-axis 

and whose vortex is j ^ ) , 

Morrovc:-^ ir a - C the vertex is thf 



( h 1 h e 3 1^ 1 & w e s t ) 
point oii thf. :urv*j, Ir\ this ^riJc^ ve 3c:.. tinges say the 

If a < C the vertex is the point 

(hishest 

point on th-= cui-ve. We rraj^ht say 'that in this ease 
the ^^urve opens , 



(0, 0) 

X = 0 
(0, 0) 

(0, 0) 

Idweit 



highest 



New that vo I-: now about the ^traphs of quadratic polynomials which can be 

_ - . _ ' 2 

expressed in the form ax , let us investip:ate the graphs of polynomial^ of 
the form ax^ + k. As usual ^ we will start ^dth a particular exaii^le. 





How does 


the 


-^raDh 


of 


2 


+ j 


compare vith the 




■-:raph of 


y ^ 




















Complete 


the 


fol lowin^-^ 


table. 














K 






-1 


1 


0 




1 




3-' 




o- - 

X 











































See answer below. 



^3 



hi 



^.'oci'dinav axes* Tui^n tu pajo Ivii tc check jc^u' 



Use the yrapi.o I:. Irom -.'^ ? :?cmpli^te thQ rollcvinj 

Trie ri^api; ui' y ^ x^" -r ; Is zyzwi^zriv £ilL=Jt the 
-a^'ULs . Tivj y-axia Is rhe aMls of tho 

Tlie jraph ci' y ^ v= + j l.itorsocts th^ y-axls at 
t.hc print ( , ) . Tl;^;: puint (0,i) la the 
iti'^ pai'QtJoia. 

Tlie ic::.^: (O - ) Lb uv, point cn 

(hlyhest^ lowest) 

the jraph ui' y ^ + ^ * 



Tlio .jraph ci' y = + j -tay be cbtalned fro:r; the 

2 



by inovLny^tho ;^raph yf 



(0,3) 
vertex 

lovest 



Itc::is t- - l:Gcrib^d j^raphs ycu had dravm. When you drew' these 
CraphG y-u locut^^d a r^v; iclnls and drew a smocth curve throunh them* You 
assiuned that a 1. ^ '.uu puLnls eui'i^espcnalny to ordei'ed pairs satisiVing 
y ^ lie \L0 ycu dr-v irr y ^ (cr on tlie continuation of it 

beyond yr ■.ir ciravrlny*) Yai alsc assumed tha*. every point on this curve has 
cqp2\iL nates v^hl-h sat.Lsry the equation, V/y iiavo :riade sinUlar assumptions 
about the f;.thy2i^ ^I'uphs vo have drav/n. 

A ccmpiete .yistirication of these aac .:ons is boyond the scope of 
this cQui'Ce, Hov/evor_^ we can show that cei'tain properties of the curves 
drawn for y ^ x"^ and y s x" + ^ foliov frorfi airebraic pi^opei^tieS of the 
equations. The j^eiatlgn between yooinGtrlc prci. :rtles of curves and algebraic 
properties of equations iiiaKes ait^ebra useful for studying curves such as 
parabolas* 



81^3 



4i7 
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50 



51 



52 



We can prove that the lowest point on the graph of 
2 

y - x" + 3 is the point >rtth or^nate 3j that ISj 
the point ( < , ). 

All ve nee4 to reme^er is that if x ii any real 

a 

n\miber then x is non-negative* 

From thii it followe that if x is any real number 
x"^ + 3 is at least , 

All the points on the graph of y * x^ + 3 except 
C _ _ J ) have ordinates greater than 3 . 




We can aleo show eaiily that the graph of y ^ + 3 is eynsnetrlc 
about the y»ajria, Bymmetry around the y^axis meansi For each point on 
one side of the y^^a^ds, there Is a polAt on the other side, ^th the same 
ordinate J such that the two points are the srae distance from the y-axis. 





. 1 






























































































































































t 
























A 















































































































































Thus in proving that the graph of y ^ + 3 is syrametrlc about the 
y-axla, we need only show that --given any point on the curve » -the point with 
the same ordinate and opposite abscissa alio lies on the curve. 



53 



5^ 



We suppose then, that (p^q) is a point on the graph 

2 

of y ^ X + 3, We must show that ( , q) is also 
a point of the graph. 

If a point is on the graph of y ^ x + 3, then its 
coordinates satisfy the equation, 

Hencej If (p,q) is on the graph of y ^ + 3, we 
_see that - art g are real numbers such that 

m 
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Ifi crder to shcv 
must show that 



(-pj^) lies on the ^;raphj we 
" (-p)"" ^ ^ is true. 



Wci can dc th;3 Vy ^sl!;:;^!^?:-: and tho foct that 



the rrajL 



56 



Fcr any vaLuo 



X, tii- va:\^t) jt K^" + 



57 



58 



59 



Thus-ror points :n ^he vi'sphs of y ^ and 

y - >^ + 1 vhcs-? ars ^Lssas are equals the ordiTiete 

of the point cn the ;raph cf y ^ x"^ + 3 is 



60 



CroRtQV thar: tiie .:rJ::.an> . -he ccrrespondir.^' point 
on the ^jrarh r y , 

Tliat IB, ir is ' I. 

( p, ) Is i; M:/ r-iih f t 

This riioano t?:-t Ln ir-^rl:.J ti.v ,;2=lv.ii >f + j we 

can thinr: '/i' ::r:\'In,; th^j ji'aph of x" upwai'd 
imits* 



For oxaniple, tha p-'LiLt (O^:) on 'ho rraph of 

y ^ + : ^§ ^ -iniU □hove its eorreapondin(; pcint 

( j ) on the .^i"aph of y ~ x"^. 

The shapes cf ^he two ^^raphs are alike. 



greater 



(p^ q + 3) 



(0,0) 



Let us 



^'jon Li^ uu:ln'-2' ^^x^l;::].: 



6i 

62 
63 



Graph y a!,d y - x" - -. on the sajne set of 

coordinate ax-s. Turn t'V p-i -- Iviii lo chech yo\ir 
graphs . 



The cortex of iho >^raDh -f 
The c jrvQ opens 



is 



The rraph of y ^ x 
the orBph of y - x 



(lipward jdowiiward) 
- ; iriay be 

( upwai a.^ dowiiwardj 



!y be obtained by movinf; 

3 -inits* 



upwart 
' dovnward 



65 



The graph of y * x" » 3 intersects the x-aaai at 
two points I arid * 

Notice that in the last item we found the ordlnates 

of the points by finding the solutions of an equation 
2 

ir, one vmrlable^ x -^3^0, 






Graph the following 


equati 


ons 


Compere your graphs with 


those on 




page Iviils 












66 


y - 
















y ^ 


1 a 


1 Do 


these 


on 


the same set of coordinate 


axes • 


68 


y ^ 














69 


y = 


2 

3x- + 2 


» Do 


these 


on 


the same set of coordinate 


pees* 


70 


y ^ 


2 

3x - 2 












71 


y - 


2 

^x 












72 


y ^ 




Do 


these 


on 


the same set of coordinate 


axei« 


73 


y ^ 















Look back at your graphs in Items 66 to 73. In each case we have an 
equation of the form y ^ ax^ + where a ^ 0. 



7^ 
75 

76 
77 
78 

79 



Our exaii^les illustrate the fact thati 

The vertex of the parabola y ^ ax" + k is the 
point ( ) . 

g 

The parabola y m ax" + k opens upward if a > 0 
If a < then the parabola opens . 



2 ' - P 
The equation' y ^ -x +3 is of the form y ^ ax + 



^th a 



, k ^ 



The parabola y m +3 has vertex ( ^ ) 
It openi . 



The vertex of the parabola y ^ ^ 2 is ( 




ERIC 
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23-2* Graphs of Equa^^ /ns of the Form y -_aCx - h)~_+ k 

Now that we know something about the graphs of quadratic polynomials 

2 

which can be expressed in the form ax + let ue proceed to other types 
of quadratic polynomials. We wish to build on what we have already discovered. 



It is reasonable^ therefore^ to treat a pel 
to one with which we are now familiar* 



Lai which has some sinularity 























Let us compare the gr^ph oT 


y = 






wi tn 




that of 


y - 




In order to do 


thi 5 J 


let 


us fl 


rst 


complete the 


tabif 


1 of values 


below. 










X 




-1 


0 


1 


2 




k 


5 


6 






2 

X 


k 
























25 
















































0 


1 


2 


3 


k 


5 


6 








k 


1 


0 


i 

1 


. k 


9 


16 


m 


36 










¥ 


9 


k 


1 


a 


1 




9 




On the aame set of coordinate axe. 


3^ graph 


y = X 


2 




and y ^ 






Compare your graphs with those 


on page 


Ix , 



















If you cort^are the second and third rows in your table 
of values (item l), you will notice that the third 
row and the second both exhibit the sequence of 
ni^bers 1, 0^ 1^ ^. ^ 



However, this sequence appears 



in the third row than in the second. 



spaces later 



Bee ^sver below, 
S 



three 



Now examine the graphs which you have just draw. The t'^ graphs seem 
to have the aaae shape. One aOTears to be obtained from the other by a 
ihift sideways* Let us make these ideas more precise. 

It appears that to eve^ point on the graph of y - x there corrispo^s 

2 

a point three units to the right on the graph of y ^ (x ^ 3)~ i ^niese two 
pointB have the san* ordinate . 
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5. 



10 



For example, {2,k) is on the gra^ of y ^ 
and (2 + , U) is on the graph of y ^ (x ^ j 

I^' (Piq) is any poiYit^ the point which is thre^ 
units to the rij±t of it and has thsNsa-i^ -rd-.atp 

It appears from the graphs of y _ un^i. y (:: ^ ^ )1 
if (p,q) is any point c; thv yraph cf y ^ thori 
(p + 3, q) is a point en tho c^'aph of y -= - 



■It is easy to provo that ihis is inde^i the oase. 



Suppose (p,q) ^s on the graph of y - x^". " 
Then the coordinates satisfy the equation y ^ x^. 
That is^ q ^ Is a ti^ue sentence. 

In order to show that (p + q) is on the ^raph 
of y - (x - 3)^, ws niust shcv that ^((v + -) -i)^ 
is also a true sentence. 

We can do this easily, u^iiig item 8 and the faet that 
if p is any real number (p + j ) - 3 ^ 



(P ^ 3, q) _ 



q - P 



/ 



Let us appl^' our findings to the graphs oX those two quadratic polynonifala 
A point in the nujnber plane belonGS to the ./raph cf an cpen ser;tenee in two 
variables if and only if its coordinates are^an . rdei'ed pair belon^ine; to the 
truth set of the open sentence. 

We have shown ^hi^ If (p^q) is a pdnt cn ^ho raratclu y x" ' -h-. 
(p + 3, q) is a point on the parabola y ^ (x . _^)^, We ca:: think of the 



) as beinc obtained by inovln,; the ucLnt (p,q) tc the 



point (p + i, q 

^igh^ 3 units. Thus the rraphs of y - (c< ^ ^)'^ 
shape* 



. I y ^ have the 



11 

12 

13 



Tlie vertex of the parabola 
The vertex of the parabola 



is i 



Note that the points of the jraph of y ^ (x 
have non-nejative oi^dinates^ sincu^ (x » ^ 
y^on- for all real values x. 



3)^ 



(0,0) 
(3,0) 

non-ntgatlve 
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J sl."LlIa2^ to that used above we could 






2 

I'tipli cr y s 2(x - 5) J we could move 






. ^- cix^ unite to the 


5 




1' y s 5x" and the graph of 




.. ■ - .r. 


'.isin^ the saifie pair of coordinate 






^y. \^T :7'i"a.pns with those on page Ix # 
zraph y ^ -2(x - 3)"j we could 




■ 


7:' y ^ -£x^ to the 


right 
C3jO) 




point on the graph 




i 

- \ . = 


■)-. 






- : )~ :.e!;fitivo for all real 








3 



irav/ tii-j /rraph of y = (x + S)^* nien complete 



r ^/ - (x -f- d)"" is a parabola which 

r' X, ( ^ j Is the lowest point* 

. i-apii of y ^ (x + 2) if we move the 
\' ;/ ^ x^ to the 2 units* 

; : ''w Y^nv'ihnlB y - (x + 2)" is the line 




3C ^ 
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\ 



25 
26 

27 
28 



As a generalization of these results we may states 

■The graph .of the equation y ^ a(x = h)" is a 
whose vertex Is the point ( ^ 

The eraph of y - a(K ^ h)^ niay be obtained by , 
mo vine the graph of horirontaliy a 



distance of 



uniti 



30 

31 
32 

33 



To illustrate thoGe statQmfe.'nts^ let us consider 
y - 2(x + 2f. 

I 

Since X + 2 ^ X ^ ^ 2^ we see that. In ' 

y " 2(x + 2 )^, / wo hove a ^ 2 and h ^ 



The graph of y . 2(x + is a parabola with Its 

vertex at I ) , 

Its axis Is X = 



the 



We r:u;ve the 0raph of y ^ 9k^ 
units to obtain the craph of y 2(x + 2^ 



parabola 
(h,0) 



y - ax 
Ihl 



«2 

h ^ -2 
(-2,0) 

X ^ -a 

left 



We have Seen how the ^i^aphs of ax^ -r 
of 

that of ox"". Ihw wo bv^-' r^^fady ^r-^ ^'^-rM-- 
to decide how tlfo graph of a(v ^ h)" -r ,; ralatcd 
con^are your coAcLuslons with those Ir 



and a(M. - h)" ai'c related to 

./rajn rf a(:^ - h)^ -i- 

•. that iA'' ax^. Tlien 
10 .^folLowln,: items* 



3U 



35 



38 



Consider tAe graph of y ^ i-(x ^ 2, 
Our experl^ce suggests that this rraoh Is 0 



Mo2'eover^ would expoc*. that we cbtaln the parabola 
by :riDving th^ ^roph of y ^ : y ^^^^ 

position . \ 

The graph of 
( upv/ai'd , dowii wuj'd^J 



Is a parabo/lo which opons 



The vortex of tho\paraboLa 



which is the lowcs\t tsoint nn thr . rnir'^'o - 

On the graph of y ^ ^(x ^ j)^ + 2, the oi'dinato of 
every point is at lonst , ^ 



\ 



parabola 



1 2 



upward 
(0,0) 
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39 
ho 



hi 



If X Is 3, (x -3) is 



of the parabola 



Hence, the loweBt point on the curve Is the point 
with ordinate 2; that is, the point ( , ) . 

This point is the 

y = |(x - 3)- +-2. 

The parabola y m — (x = j) ^2 is obtained by 

moving , the parabola y - ix^ to the right units 

a^^d. S units* 

( up ^ down) 



(3,2) 



3 

\X9 



The concluelone in Items 3^ to ^3 are suggested by our experience with 
several examplee. You will probably find It convenient to use this reasoning 
in drawing graphs. If you wish to see a more precise statement of the 
roasoning we hav^ used complGte Items ^^^-^ to ^U8. If not go to Item k""^. 



Consider the sentences y ^ ax 

Bud y ^ a(x - h)^ + k. 

Let (PjQ) be coordinates of a point on the graph 
of y = ax^. Then q ^ is true. 

Then we can show that point (p + q + k) lies on 
the ,^raph of y = a(x = h) + k. 

We need only note that 

q + = a((p + h) - h)^ + k 

is true* 

To every point (PiQ) on y ^ ax~ there corresponds 



the point (p 4- ) on y = a(x - h) + k. 

In particular, we see that the vertex, ( ^ _ 



i of 



the parabola y ^ ax corresponds in this way to the 

o 

vertex, ( j J , of the parabola y ^ a(x ^ h)^+ 

TO© graphs below should help you understand the 
situation. 



q + k 
l$mm Itaai 
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50 



51 



Puppoee we wish to draw the graph of y = -(x - 3)' 
We might begin by thinking about a aii^lor graph, 
that of y ^ -.x". Th±B graphs we know^ opene ' 



Kow returning to y ^ .(x ^ j)^ ^ wa note that' ^1 
the points on this curve except ( ^^k) have ordl- 
nates legs than ^k, 

t^BM the grapha of y = -x^ and y ^ -(x - 3)® - 1* 
on the same axes. Compete your graph with the one 
on page 1x1 . 




We have new discueeed thoroughly the graphs of quadratic polytiomlali of 
the form a(x = h)" + k* Every such polynomial has a graph irtilah Is a 
parabola and is simply related to the graph of the polyno^al ax". Given a 
polynonrial a<x - h)^ + you should be able to dr.aw its graph with a a 
minlnial aiaount of work. You should be able to '*read off" the coordinates of ^ 
the vertex of the parabola which y . a(x - h)^ + k represents. In drawing 
iraphs you should remember that every point on the graph has coordinates whlGh 
satlify the equation, 
of value g. 



If you are uncertain, it Is wise to m^e a brief table 



Answers to the following problems are on pages 1x1 - 1x111* 
5S* ^Ich of the follOTd^ng have graphs which cm be obtained by itovlng the 
graph of "y ^ g(x + 3)^ . g" to another poeltlonf 

(e) y = 2(x^l0)2 
it) y-(x + 3)^-6 

852 



(a) y ^ 2x- (c) y ^ 2(x + 3)® + 6 

(b) y - 3(x + 3)^- b (d) y ^ 2(x^l2)^ + 157 



23-2 



2 

53» Which of the numbers k in the polynomial a(x - h) + k 

determlnei the "shape" of the graph of the polyiiomial? Ihat is^ .which 

number determines how rapidly it spreads out? 

2 2 
5^. Describe how the graph of y s x - 2 ajid the graph of y - x + 2 ' 

g 

can be obtained from the graph of y ^ x" . ^aw all three graphs with 
reference to the same set of axes. 

55* How can the graph of y-2(x-2)"~ + 3^6 obtained from the graph of 

y ^ 2(x »^ 2) 1 iJr&y both graphe with reference to the same set of ^es* 

. ^ - / ls2 

56, How is the graph of y^ '=2(x + ^) +3 obtained from the graph of 

2 

Y ~ -2x ? Draw both graphs with reference to the same set of axes* 



57 f Without drawing the graphs ^ deecribe the graph of each of the following 
by telling he 
the form slx^ 



53. 



59. 



by telling how it can ha obtained from the graph of lome polynomial of 
2 



(a) y - 3(x - 7)^ ■ i (f) y « + lU 



(b) y = 


3(x = if + 7 


(e) 


y 




(c) y = 




(h) 


y 


= 5(x - sr + 1 


(d) y = 


2(x + |) 


(1) 


y 


= .8(x - 8)2 - 3 


(e) y . 


-(x * 'if - h 


•Cj) 




=.'M3 - x)2 . 6 


Di^aw the 


rrupn 01 X lor 


X such that 




■2 < X < 2. llitn di'aw the 


graph of 


5x" on the same 


set of axes. 






Give the 


coordinates of the 


vertex and the 


equation of the axis of each 


of the following parabolas. 








(ft) y = 


2 

x 


(e) 


y 


= 5(x - 2)- + 3 


(b) y = 


5x2 


(f) 


y 


= 5(x - 2)2 = 3 


(=) y = 


-5x2 


(s) 


y 


= 5(x + 2)2 


(d) y = 


5(x - 2)2 


(h) 


y 


5(x + 2)2 + i 



(1) y = 5(x + 2)2 . i 



/ 



23-3 



23-3 • Quadratic Folynondals of the Fom y ax^ + bx + c 

■ ^ We- have seen that the graph of eveiy polynoniial of the form 
a(x»h) +k iia parabola. 



Now let MB coniider the polynomial - 2x ^ 3. 

_ a polynoirial of the form a(x «h)^+ k 

(iBjiB not) 



HQweverj thle fact need not alarm ui. 



2k - 3 ^ (x^ ^ ax 



li hot 



= 3 



t 

In Iteme 2 and 3 we have used the method of completing 



the 



to rewrite the polynomial x^ 2x- 3 



ae (x - 1)- ^ 

We call (x » 1)^ - U a quadratic polynomial in 
form. 



(x -2x+l)-l.3 
Cx - 1)2 . k 



eompl^ting the 
square 



atandard fom 



If we wish to draw the graph of y ^ x^ = 2x = 3, we can begin by 
writing the equivalent equation y ^ (x - l)^ - This equation is of the 
form y ^ (x « h)^ + k. Since an equation in this form is so convlenient 
for studying the parabola^ we. call it the standard fonn of the equation 
of the parabola* 

In Chapter 17 we saw that eveiy quadratic polynomial that im^ 
mvery polynomial of fom ax^ + bx + c, where a ;^ 0, can be written In 
standard form. < 



6! 



Since eveiy quadratic polynomial can be written in 

standard form^ eveiy equation of the form 

y ^ ax bx .+ c^ where m f 0, can be written 
in the form y ^ a(x - h)" + k. 

We conclude* the graph of eveiy equation of the 
2 

form y ft ax + bx + c^ where a 0^ is a 



parsibola 



45d 



854 



In order to graph y x + 2x + 3 ^ 
vrlte the equivalent equation y - ^ 



we can first 
2 . ^ 



J! 



The vertex of the parabola y = + 1} +2 

18 ( . ) . 

The equation In standard form of the parabola 

2 2 
y =^ X - lOx + 3 is y ^ ( ) 



If you had difficulty with these items you should 
review Section l6-5 Section l/-3j where 
eomplating the square is diicuiied in detail* 



(x + if + a > 
(-1.2) 

y - (x - 5)— 22 



Write the equation of each parabola in etandard form* 
If you have difficulty, refer to the iteme noted in 
Chapter 17/ Section 3. 



y - 2k- + 8x + 3 



y - 



(items 55 to 5;.*^ Section 17=3 •) 



y ^ -X - 2x + 3 



y ' 



(items 71 to 73^ Section 17-3.) 



y ^ 3x ^ i+x + 5 



y ^ 



(items 75 to 76^ Section 17-3 ^ ) 



y ^ S(x+gf - 5 



y = -(x+l)- + U 



2^2 ^ 11 



We have already solved quadratic equations in one variable i Tiicse 

2 

equationa have the form ax + bx + c ^ 0* 



In order to solve x + 8x - 2 ^ Oj we might write 
the following chain of equivalent equations: 



x + dx + 



(x + kY 
(x + 4 + /r5)£_ 



-2^0 
o 0 



) - 0 



X = - t/TB or K - 



The truth set of the equation ie 



+ 16 ^ 16 . 

18. . 



id 
1^ 



^1 



£2 



Let us consider now the /^raph of the equation in two variable 



25 
26 



— ^ ^ ■ 

In oMer to graph y ^ x" + 3x - 2, we can first -wite 
the equation of this parabola in standard form. 

Thus we writer y ^ (x + i8 
(Ccmpare with Item 1^ above,) 

The parabola y ^ (:< + kf ^ l8 has vei-tex ( , ) 

and opens , 

( upward , downward } 

IJctlce that the vertex is below the x-axis, and 
that the parabola opens upward. 

We would expect, therefore, that the parabola inter- 

sti-ts the x=axis in ^ points,. (Draw a 

Chow imnyj 

skefch if you aren't sure,) 

For every point on the x-axls, the ' 

(^scisea^ ordinate) 
ia. 0* Ccneeq- vntly, the points whei^e the parabola 
crosses the x-axis are the points on the parabola 
villi urdiriate 0. 

If the ordinate of a point on the parabola 

J ^ (x + ^.)^ - 13 has ordinate (y value) 0, then 

its abscissa (x value) is an elemer^ of the truth 



st of (x '+ ky 



18 



This is the quadratic equation we solved above. Its 
truth set is >■ (See Item 17.) ' 

Hmice the grapli of y ^ (x + U)^ = l8 Intersects the 
X-axis in the points )_^ ( ) , 



.We. may sumarize Iterns l8 to 2h as follows! 

2 

y ^ X + 8x - 2 is an equation in two variables, 

and , 



Its «'aph is a 



•856 



two 



ordinate 



X, y 



27 

26 

29 
30 

31 



32 
33 



35 



36 

37 
38 

39 



ko 



Thim parabola inttrsacts the x-axli in 

{how mauy ) 

pointa* '^e ordinate of. each of these polnti in 



Tha abiclsgaa of these polnti are foi^d by ielT^ng 
the equation 

X® + Sx 



regarding it Ab an equation In the single varialli 
^# truth let of thli equation hai elements. 



Consider the graph of y m k~ ^ kx + Draw the 
graph on aerateh paper*. Then complete the follo^ng 
items i 

When we write this equation of a parabola in standard 
fom we have , 

The vertex of the parabola is ( j The 

vertex is the x-axis* 

( on ^ above , be low ) 

Notice that the quadratic equation in one variable 



X ~ kK ^ h m Q has truth set { 



1. 



Draw the graph of y = + 6x - 10 on scratch 
paper. Then complete the follo^rtng items. 

The standard form of this equation is _ • 



and 



This vertex of this parabola is 
the parabola opens . 



The curve ^ _ cross the x-a3dSi 

Cdoesjdoee notj 

Hence the truth set of the quadratic equation in one 
2 

variable -x + fix - 10 ^ 0 is . 

'-x~ + fix - 10 ^ -(x - 3)® - 1, 

-(x -3)^-1 is negative for all real values of x, 
Ells is coniistent with our conclusion^ in Item ^Og ' 
that -x + 6x - 10 ^ O has the truth set 0. 



0 



y - Cx - zT 

(2,0) 



on 



C2) 



dots not 



23-3 



Hi 



*k2 



*k3 



Conildar the aquation y = ax + bx + c* We will 
wita an equivalent equation which if in standard 



+ u 



[Note that adding (^)^ inside the' parentheses 



requirei ui to subtract ®(^)"»] 



Hence we havei y ^ a(x + ) 



2 ^ hi 



The graph of this equation is a parabola with vertex 



/ b b ^kmQ\ 



* Items to ^k^ should remind you of the derivation of the quadratic 
fomula in Section 1?-^* This derivation is summarized below. If you have 
trouble follo^d.ne it^ refer to Section 17-4, 

* We found (item U3) that the equation y ^ ax" ^ bx + e is equivalent to 

V - afx + ii- - ^" " ^ac 

In order to find the polnti where jthe curve crosses the x=axiSj we must solve 

the quadratic equation In one variable * ^ 

2 

^/^ . b ^2 b - kaa 



An equivalent equatlOT Is 



■ aa- 



b b - Uac 



^ . 0 



We notei Ua > 0 for all real values of a different from 0, If 
2 

b - kmo > Oj then the left side is the difference of two squares. lifenee 
an eqiiivalent open sentence is I 



_ 2 

Thus if b - ^ac > Oj then the tanith set of this equation^ and hence of the 

g 

aqulvalent equation ax + bx + c ^ 0^ is 



{ 



- /b^ - l*ac -b + 



2m. 



2a 



5 p vj 

If b - kmo ^ 0^ then the truth set is {- 

' ca 

If , - Hq < 0^ then the truth set is 0, 



'1 ^ 



ERIC 



23-3 



*U6 



^1 



Solve^ using the quadratic formula i 
- iOx + 21 ^ 0 
Hint I e ^ 



b - 



X ^ 2x 4- 1 



Hint^ first writ© an equivalent equation 
in the form ax^ + bx ^ e ^ 0* 

X + 6x" = 1 



x2 + 1 



Considei^ the ^^rsDh 



o 1 y ^= 



We have seen (item ^'h) that its ^^ert^^^ ii 



If 



ac < 0 and a < 0 then the vertex is 
the K-axis, Also the cui'vo opens 



^ a b o e , b e- 1 c w J 

{ upward ^ dovr^wardT) 

In this case the parabola 
X-axis, 



(doeejdoes not) 



:'2"0SS the 



. You can verify for the other possibilities^ In a ' 
ainular wayj that if b" - Uau < 0 the parabola does 
not cross the x-axisj that iT b^ - Uac > 0 the 
parabola erDsscs the x^axis in two points; and that 
if b ^*ac ^ 0 the vertex of the parabola is on 
the X-axis. 



I, -10, 21 



[ L . i) 



downward [a < 0] 



does not 



839 



23-^. B\mmry Rpvlew ' 

We have learned that the graph of eveiy equation of the form 
y m a(x - h)® + k 16 a parabola. 

vertex of tha parabola li the point (h^k), 
^e axis is the line x m h. 

The parabola openi upward If a > 0 and downward If a < 0, 
Evmry polynomial of f ora ax + bx + e can be es^regied; as a polynQirial 
in itrndard form a(x » h)" + k. It followi that eveiy equatl'bn of the fom 
y ^ ax + bx + 0 can be wltten in the fora y ^ a(x - h)^ + which is 
called the gtandard form of the equation of the parabola . 



1 
2 
3 

k 

5 
6 
7 
8 

9 

10 
11 
12 
13 



iwelve open ientencei are listed below* Each of the 
twtlve has a graph which be labeled either 
"parabola/' "line/' "pair of lines/' or "point/' 

Identify each c^aph with the one label that ii 
correct. 

y ^ X 



y = 3c 

2 2 
y ^ X 



y ^ X IB a pair of lines because 
is equivalent to (y + k)( ) = 0 

y m O^x^ 

K ^ k _ 

K ^ J - h 
X - y = 4 

y - (x ^ 3)^ _ 

0 ^ (x ^ 3)^ _ 
"x - 3 ^ y and 2x - y = 3" 

"x - 3^ y or 2x - y ^ 3" 

|x| - 3 



2 2 

y ^ X 




Completing the table below ^11 be good review 
of your knowledge about q-uadratlc polynomials. 



If the i±wBm 



Ih 


+ 5x + k 


15 ' 


+ kx + 3 


16 


9x- - l8x + k 


17 


-2 


18 


-x" » kx - 12 



a perfect square 

factorable over the 
Integera 

a perfect square 
a perfect square 
-(x + I2)(x + 1) 



then k isi 



Solve. Answere are on pa^jes Ixlv - Ixv, ^ 

19, The perimeter of a rectangle is ])k feetj ^ and iti 
area le Uj6 square feet. Find its l€n£;tlj,_ 

20, An open box is constructed from a rectangular sheet* 
of metal 8 inches longer than it la widej as 
follows: Out of each corner j a square qf side 2 
Inches is cut, and the 'sides are folded up* The 
vpliiTTO of the resfiltin,^ box is 256 cubic inches. 
Vfliat were the dimensions of the original sheet of 
metal? 

21, ^e sum of a .number and Its reciprocal is h. What li 
the number? 






Write in /standard formj give the vertex^ and give 


the 


eoordinatas of 




the points J if anyj where the parabola intersects 
Answers - v.. pane \. 


the 


x«axi s , 


22, 


y ^ 3x(x « 3) 






23. 








21+ , 


2 

y = X + 6 








* * 







455 

861 



Chapter 2^ 



2t-l. |ha Fimetlon Concept 



In draiirtng tht graph of an optn s^ntence^in tw varlablei we wert con- 
etmed vlth a cwtaln set of orderad paifs*<.the niiiabers of the truth set of 
the open sentende • 



Gonsider the se^iCnet 

The truth sat of this sentence eonsiits of 
ordered of real numbiTSs 

Thus I ^If 1 is a rtal number I we may fili.d the pair 
of rial nmnbtrs (a^ \ + 7) for which this 
sentence is true. 



For any real wmhBT 
r#al nvgnber ^ 
(a, 3a + 7) 



there is one and only one 
^ , _ -^^ associated- ^th a lo that 

belongs-^o the truth set of y m 

For exaniple, the ordered pair (l^ ) belongs to 
the truth set of y - 3x + 7, 



©lerefore, the real numb 
the number 1* 



li associated with 




3 
k 

5 
6 



We id.ght that we hfve a set of niaibers, that Is^ the set of valueg 
of a I and a rule which associates ^dth each member of this set exactly one 

^^^l number ; the eorrespoftding value of 3a + 7* This idea of associating 

— - ^ w e 

with each member of m glyen set .of numbers with exactly one member of a 
second set of numbers 4s of fundamental in^ortance in mathemfttics and has 
wide applicability. 

Let us consider a quite different situation which illustrates this Idea 
Here are some facts about the cost of first class postage. 



Wol^n t 1l Qi jicea 
1. Di' less. 

4^ or less but mvo thai. .1 . 
J 01' less but more than 
or less I -.^ [imr than : , 

IIc^ parcels over ^0 pciinds (^^^0 
accepted for first class ;nHili 



Tc ' Ql C. st 
III Ceirts" 



10 



If you want to find cut how much it uosts to mail h 
certain first clas.: ^Qc'ma^^ you need to iU..w Ils 
weight in gunees* ' 

For example ; a parcel whicli weit:hs 1^ ounces will 
cost £ to mail. 

And If the parcel welt^hs ounces it will uost 

/ j since the table indicates that the same 
pattern continues for purcels heavlei" than ounces. 



S\.ppose a parcel weighs 20 pounds and 

You mail it. 

(can^ca^^ ' t^ 



ounces . 



'dO pounuSj of course^ is 



ounces . 



We can determine that the cost of ma.-tling a first 
class package weichin^: x otinccs^ provided x is a 
real nuinber and 0 < x 



With every real nujnber x F.\..ch that 0 < x < 320^ 

we may associate exactly '_ muriter^ which is 

the cost of a first class pav;;a^e v^eipiint; x ounces, 

Notice that eveiy entiy in tho "Total Cost'* column of 
our table is a multiple of » 

The greatest possille cost of mailing a first criiss 
package is 320 x 5 centSj cr ^ . 



can't 
320 

m 

; 

0 < X < 320 
one tmniheT 



$16,00 



4S7 

B6k 



Tnus our Inf crmstlon about first class rates furnishes a i^ule fcr 
asaociatlng with any member of the set of real numbers C < x < JSOj 

exactly one member of the set of multiples of 5, (5, 10, 15, iGOO: 



15 
16 
17 



In the association which we have I oen consldei^in 



The nujnbei' 
Tlie niiJTibor 
The nimibei' 



Is DGGociated with 
G LA B 3 :. c I Bti^X with 6* 
.G QSGGciatud with .Oj, 



The inf'ormeitiGn th^^ we have been jivcn cuuLd bu ropri 
Let us draw a portion of such a graph* 



20 

5 



Ly u ri'upii , 



u 



20 - 



23]; 

Weight of Fii\ = i Ciu:;. 
Package in Ouiirr.: 



Notice that this graph is diffui-cfit Vr^A.i th^' 
Can you interpret this graph? 



Which of the following pointo are on tlw i^rnrAil 
(is, is not J 



18 


(2,10) 


L9 


(2,15) 


SO 


(.13,5) 



865 4S8 



■iB 

1b not 
is 



(0,3) 



i Q no I 



a .-l^ss r^e.iar 


CCS'-D 
















■ - i 








':■ ! . 




r 


U 


















c; 








































The. c-orr^ct ci.oiw'. 


Is 


fD], 


If 




the wron^T 




study the graph carefully. 
























If 


















' ; liiu ' ' n-ji-' : >3 . 


5 : ; 




: 




















'■•.Z\ 










-t 




;'3^ -'-w3.3 


























Tne L;;ip' l^turLL-^: . i' " 1 ^ ■ 






! ' ' , t 
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ci' "hi 3 se^ ;i ;. ■rLl-'ii^ ( 






Si 






















Tie 


3 . 


















Lr- ri at the tab lu Lolow. 
































nth odd Interer 


I 























In the rirst row th^- tablu wo st^i the i'lrst nine 
. pos: 1 1 vc 

the riLh Inte^oi"^ us siiCWii In -^iio S'ji;ond rc^u 

'Tlius 



'+th odd intc^jois 



l3 the 



The nuiibors that should appeai' In the c.npty boxes in 
Lno anovo LUblL;^ III oi'dor^ urfdi _ ^ ^ ^ 



With eaL!ii posilLvo iLtefjor \, there has boon 
associated the nth _ integer* 



integere 

odd 
k 

11,13,15^7 
odd 



is I) 



866 



■ 



2^ 



30 



and v-i ear; associate with it the Ijth odd inte^er^ 
naine 1 j , 

With lOCO wc. can asscr-Lato the 1000th odd integer, 
name I 

[Have you noticed nhat the nth odd interer is 
2n - 1?J 

Thus^ w^' nave a sot^ ^hc set cf positive integers, 
and n ruic ascrc^LaVirj vith each r:iembor cf this set 
exactly one pOi3lU-.^*i odd cntGcer. Ii. this case we 
have an association between the set of positive 
intercrs and tho set of positive odd intec^Gra, 



1999 



Here is a sketch of an iraa^inary computing machine. It accepts any 
positive real nuinuer* 



;;H;||- n"[ 



MULTIPLY 

av 1 



off 



SUiTRAaT 





4 


% 




Ci_£)- 


r 

i 










( 





3 Q 
Q S 



If the machine is "fed*- the positive number 
machine yields the number . 

Complete the followln;;/: 



the 



In 

1 
1 
2 
10 

35 

.01 
0 



Out 



The machine Jame. 
[0 li not a positive number. 



867 



470 




It is important to notice that this machine provides ui with a "rule" 
for aiiociatini y±th every member of the set of poaitive real numbers exactly 
one real number* 



37 
38 
39 
ho 
hi 



Examine the following two number lines ^ which are 
drawn using different units of measure* 



-4- 



-1 



.5 -3 -2-1 

i i I r I 



To each point on the upper linej there corresponds 
exact.Xy one point on the lower line. 



pQ^it on TJpper Line 



Point on Lowei" Line 



1 
2 

10 
0 

-2 



Notice that in each caae^ if n Is the coordinate of 
the point on ths upper 11 ne^ then 2n - 1 is the 
corresponding coordinate on the lower line* Our pair 
of lines operatei somewhat as our "machine'". In this 
case the asiociation is from the set of all real numbers 
to the set of all real numbers* 



1 
0 

19 
-1 

-5 



Consider a line whose slopa is 2 and whose y=lntercept is (0^=l), 
For any point of this line the ordinate is found by first multiplying the 
abeciesa by 2 and then subtracting 1* Do you see that this line provides 
a rule for associating with every real number (the abscissa) exactly one 
number (the ordinate)? 

Suppose we are i:lven the following verbal Instructions I given ai^ 
negative real number nruitiply it by 2 and then subtract 1* Do you see that 
this verbal instruction providei a mle for assQciating exactly one real 
niuriber with every negative number? 
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h2 



two 

[J and 



cl' Q =: vvi. J-= V . 



I'esultln:; assr^latlcn niufiLers is called a I'ui.c-lcn 



same rura'M. :. ; :' a^a '^iy ; ihcy L:.v :ve i.:.^. sa::iu :^ i^:': 

"Glv:-. 0 pcaitivc rf^al munbor^ mulclid.y li ly ti.-' 
subtract .u Associ-ito the nuiiiber obtained with the 
civcn nuJTibery' 

"Given the abseisss or a point on the yruph of 

^ £x - 1 and x > 0^ associate the ordinate of tiie 
eiven point ^th the absclesa of the given point/' 
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"F^iod a p^jsitlvo I'o:- . uiu:ibcr t: tiic irMcliii:^ of lien 
,:i - j.t^. Assoc! ato the rivijiiboi' "urn-vd \ut vrilh tiie 



A rui;etluL :^vo^vos a d^^'^^- set lV w^^LerB and b 

rule for assrciatlnj vdti; each rnencer ;f this set vlth 

(hew na:;y) 



ik::.: 



1' do: 



I:, crder to have a f\i.czicn^ we naist liave a rule for 
Li3Scciati:w exactly one real nLciber with eacii* e lenient 

*0:en we have a function^ exactly one nujnber Is 
assigned to each olement of the of 



iTiO set of assigned nijjnbers is called the i^ange of 
the i'Mnctionp 



The 



of a function is the set of asslrned 



I. ,;:;tCl"5 ^ 

The 'ranje of a function is thus a 



of numbers. 



T w-^ ' d r- 5 c 2' I p t i o n s 1 ad to the s Bjne Tunc 1 1 o n pr 0 d ed 
that ve have the same _____ of definition, and both 
doccrlptluns assign the same numbei" to each member of 



one 



domain of 
dtflnition 



domain 



dommin 



Fci' :jur p::rpose^ we shall be Interested in describing a function by an 
■.I'lpr^-solor. in one variable, since it allows us to use algebraic methods to 

iy the- f:.a;cticni On the other hand, it should be realized that a function 
^■^od not bo doseribed by an expression in one %^ariable* (Recall the example 
of the fii^st class postage,) The graphical method of describing a function 
is also impcr'-int since It enables us to ^^isuallze certain properties of a 
function. 
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24-1 



55 
56 

57 



5.' 



Cznslder the tcllowint' descriptioni 

ulvon any I'eal mmb^v^ square it^ add 
it, then subtract i * 

Hub a runctlon been described? 

The domain is the set of 



times 



Wliat number is assigned to 11 
Wiiat nmnber is assit^ned to -31 



May tno Ga:r^ U'_unboi' bo assijjned to two difi'erent 
members ci'^ the dcmain? 

May one member of the domnin have two different 

The last response is "no" , li' the answer were ''yes 
we would not be dealing with a func=clon* 

ir we use the desci'iption above^ we can write an 
expression in one variable which tells which 
nuiiiber to assign to x. 



Till 



yes 

0 
0 

no 



K + 2x - 3 



Renieniberj if a rule assigns more than one number to an^^ member of a 
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in then 


' he rule does not desci'ibe 


a function 


Further 


J to ev« 


5ry member 


domain 


there must be SDme number 


assigned by 


the rule* 






Whi ch 


of the following deficribes 


a function 


having as 


domain 


the set 


of ail 












[A] / 


^ 2 1 


[C] 








[B] i 
















and |~x" 


r 





[B] dgei not represent a nuntoar if x ig D* [C] does not 
repraetnt a atrter if x < 0, .[i] asitgng tw values to evaiy 
K except 0* [A] is the correct choice. 
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>Uth each positive integer associate its rernalnder 
after division by 5 * 

The domain of this function is the set of 



poiitive 
integars 



Qco: C'lat^ the n^unb^r 



iliriv the ::U;m^e:s 



■"^^n Include 
^doos^dces Vict) 



With ^juv:. I'.cLtlve :.:;to,^cr asS'-ciate tiie nth 

IT' : ^ . 



v 

.-J 



'ri.t; i^an-^o Is th^/ s-t ti' 



With -J asscc:=ato the prtnie 2. 

WLtii £^ asscclatG \h-j prl:rie i. 

With v^e associate the pri:ne _ 



AssccL-te v/:t:; oac:, aa^ of the year the ntunVor of 
hi;/3 2'o.-h.:hn.: 'hu^ (ricn- 1 eap ) yeapi 

Dct^bir; [-oi'luLtLcui cf all ____ 

less xhBi. ^rc, 

what i/xu^^TB ;/cu vould ir.aert in the boxes to 
cf.:npiet€ "the followln.; table. 



7^ 







lOO 




days rer:ialninr on nth day 









Al£-ebrelc oxpresslons V/lth each poiitlve Integer 
leas than 366, associate . 
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positive real 



5 



kx + 8) 



does not 



positive 
integers 



positive 
integers 



3^ - n 
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77 



78 



79 



80 



81 
82 
83 
8i+ 

m 



ABBoclate with each poiltive real r.„ .ar the j,e,ifth 
of the clrcujnf erenec of the ;irele having the niimber 
as the dlamster. 



Domain of definition: Set of 



nu.T.bers , 



Tell what numbera complete the table below by 
supplying the mliaini; cirt-ujnl'ei'ericos (ir terms 'Of 



diameter^ d 


1 






c i r c uriLf e I ' © n c e 


IT 







Algebraic expi-'eislon^ With each positive reol nuTiber 
d asaoclate 



Asaign to each real number x the nuiiiber if 
ie rational, and the numtei^ 1 If x is 
irrational . 



Thm domain of definitioiii 
i lumbers* 

Range of the function; 



cet ot 



What nLynbers are agai^ned to each of the follovfXnj 



To 

3 
2 

0 



Assign 

1 



all rami 



{-1,1} 



-1 

1 

-1 

-1 

1 



We have seen many examples of fmictions* In each of them the domain of 

definition was stated* If the domain of definition is not stated we shall 

aeaume that it is the largest set of real numbers to which the rule deflninij 

the function can be applied* 

For example^ eonsidar the function defined by ^ ^ , In this case, we 

X + 2 J 

ihould imderitand that the doimin of definition Is the set of ill real numbers 
tKcept -2 . 
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/-5 



56 



For the oxprcssloiu 



re 



pie doiTi&in Is the set ol' 
'eal uuinbors^ , ^^g^^" that i 



7L ^ 0 

IkI > 1 



We often d^al-vdth functions that arise :'rcr:i physical proM-nis\ For 
any r^al nu^nbyr s(5 - s) is ti royl niuribor, Gupposc, howovGr^ we are 

LOnc€/rn?/a with the area of a i^ectan.ao of tjerimetnr 10 inches* 

Ij 



If we let s be che ien^th cf onu side^ in InuheSj 
xnen the ether side of the rectan^;!© wlli bW^ 
5 ^ inches. 

— \ 

F.r each value ci s^ - s) aefiiies u i.iu:.b6r^ 

ti- area cf the rc;=:an^le^ which rnay I- ayjcciateJ 
^th si 

In this case we would rGstrict the dcnialn of Sj su 
that > O j since the length of a side must be 

positive * 

Likevlse^ since the tc'ii' t-rimeter is 10, s :nust 
be less than 

TliuSj the domain of s^ for this problem is the sot 
of values such that < s < 



95 



Suppose we are thinking about triangles which have 
areas of 12 square inches, 

(Remember that the area of a triangle is 

when ti is the base and li the L.^titudeO 

This formula (A ^ ibh) shows the relation between 
the J the altltudg and the area of a tri angle 



5 - s 



m > 0 



0 < s < 5 



base 



477 



altitude 



2i+ 



b > 0 



A- 

i i. 

dor; T.L*.l 



1 



: -J ■ i'\'ir:^/.cUf and x !. g □ r; ,j:iLci' ih i^s denial n of 




'UMS ; ^ ho qui 
It is the 



which the luncticn f assi/jns to 



the niunber 
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The 




f(2) 


5 


iD) 


o 





10 



11 



13 
Ik 

15 



LS the of f at 2, 

Ls the value of at 



dg;^::utlcn i"^ thou is a' nunibor in the 



Ccnsidor 



Hiis is a number in the 



of providi 



uiiau -j, ill the doinain of definition ui' 

CDnCidor n(o) , .. - 

If 0 is in the domain of definitiLon of h^ then 
h(0) is a ____ in the ran/je of ,h* 



Suppose ■ desire to deal with the followin*^ function 
i* 'lu '.uch real number x ass2 en the rual nujnbor 

V 

Tlie doniain of f is the eet of all 



Let X hL 

to 



We see that f aesi^^ns the nuiiiber 



We would writer ^ 5i 

Similarly: f(|) . 1 . 

f(0) . . 



''r(x) ^ - 1 for any real numtjcr x" ia a 
complete statement of the desired funetion* 



i at 3 

vmlu€ of h at 



number 



real number i 



1 

2 



-1 
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5 
3 

2t ^ 1, 



2^t ^ l)^ or 



22 



























: ) 


















T. 




) ■ 'i 








-i- ) - 










• a; I 

! B : / 










[C: ; 








[B] 


is the 


correct 


choice. If you wer# wrongs ^or no% lure-^'^ 



collate Itemi 53 to SS, Otherwiie^ skip to Item 29, 



23 

f 

- 2% 



26 



;(-b) ) . 



(yes , ) ■ 

f(b - 1) = 2(h - f) /l 



-Sb - 1 



-ab + 1 



no 



ab - 3 
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2b . a 



-1- ■ 
it) - 

F( ) 
1(0 



H(^l) ^ ■ 

I3 H(^) a real nuinberi 



(yes, no) 



It is not surprising that we refer to H(z) 
&i auRtiratLc i'unction. 



F 

3 

-1 
9 

1 

2 

2 

5 

-1 

^ t ^ - 1 

2- jor _ 
2 - t 



-3 



^ [5 Is act ^ 
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Let cu) - ;y - c. 

nCy) ^0 is an OpcT. se.i^.snce* Hie tr^ath set is the 
s^ t rf niLmbers for which the value of 
is 0. 

The truLh set^f £(y)==0 is ■ 

(llctice that we scl%^ed the equati en Jy - t = 0.) 

The truth set cf ^(y) ^ Is ■ 

(Notice that we sol%=ed the equation jy - o = 

"'V'^p-^be2''S than 2 ^ 

(llctice yhat we solvnd the inequality 3y - 6 > 0,) 

The truth set of fi(y) ^ is the set of all rea_^ 
numbGrs thaji ^ , 



(^greater ^ Igsa } 



Gi%^en F(x) ^ 2 = ^ for all real numbere x, find 
the truth set ,of : 

r(x) = .1 

F(x) < 0 _ 



F(x) = . i 

F(x) « X 

F(x) > 2 

F(x) < 1 



/ ■ . 



{6} 

Bet of mU 
{51 

of til mm^- 
tan less tbm 
w efiyiLl to 0* 

tet of mil mm-- 
ban ^^at^r than 
or aqual to 2, 



It is pleasant when a simple algebraic expression can be used to define 
a function. But remember^ we have defined a function whenever we assign- -by 
any sort of rule--exactly one number to every element of the domain of 
definition-. 
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2'^ -2 




4; 




NQtlce that h ageigas a nuzabtr to any real niimber x- 
Howaver, for aay real niimber x we see that h(x) > 0. Ttm 
[B] is the correct choice* 




Note that if x is any real nuntoer h(x) la nQn-.ftegative * Heaca^ 
it Tg not true that h(x) - -x for all niimbars x in the domals 
of the fimetlon. [B] is the correct choice* Beylew the daft,i^tioM 
If ym weren't sure, " 



4 H •> 

^ ^ O 



5-' 
60 

6l 
62 

6;-' 

65 
66 



/ 67 

68 
69 
70 



Her-? is an/tU'i^r exaiiple rf a functicn having tne 
cf ali roaJ nujTibers as domain rf definition, 

.g(x) s -I for each real n-onber x 

^ such that X < 0^ 

S0(x) ^ c fcr X = C, 

- 1 for each real 



niijTibor X 



su.^h that A > 0. 



V < 0 



T}:0 dvr.U^. 



;(o) 



Comparo tJie fur.i'tiono 



. X - 0 and h(t) = ; 0, t 

( 1, X > 0 ( 1> ^ 



-1* t < 0 

^ 0 
> 0 



Do .:(x) and h(t) have the same dcmain? 



(yes J no j 

Do ;:!(x) and h(t) define tho same rule of 
asGoeiation? _ 

^or any real niombor a_s is r(a) ~ h(a)? 



lyes, no) 



i 



Is J the same fiinction as h? 



(yes, no) 



\ 



X ^ 0 

1, X > 0 

all. real numbers 

{-1.0,13 

-1 

0 

1 

1 



yen 



yes 
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■-C- ) 



-1 



[Hid dc^:naLiic are 



(:0 =. 



r 



U ,1- v) 



.(=) 



■(:0 ^ 
(0 -^'i 1() 



0(0 



do not 



different 



do 



doas not 
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(-0 jco 



real nittHbers 



a2 .1 



Tile 



ERIC 













'" r I' 
















f f _ 




r 


ti 




















lid V > 


0". 







truth set 



y = X - 1 



(-:.;) is . 



I'ld. j 0 '-^ ^ pell 

i''-n ■■f thr; i'lou'Mcn dries 



iSn 



663 













r(.-:; = 




: , 0 < X < 








= ^ < X < 2 , 








twc fur.cticns, f a:id the aame? 












though 


both 


functions have a rule given by the po^yBondal 



2x ^ their domains are differant; therefore^ thtir ffrapha_. 
cannot be the same, [B] is the correct cholQe. 





Draw the 






: defined by: 














.■(;■:) ^ 














X 0 






Coniparo ;/ 




:sult "tth :h^= .^no 








Draw tho 


;raph 


or T(s) + 1^ 


-I < S < 1. 













The function U Is defined by 

< V < 0 
U(x) . ' - 

c 0 < X < i 

Which cf t.h-:' J'-)I.IovlnF is the ^raph of 






» ' i i 1 




1 




























U 


Li 










J 
















1 1 1 




1 n 





4S? 
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We^cM rule out [A] noting that the domain of U is the set 
of real nuaJDeri between -3 Md 3* Ve obger^/e, %oo^ that U(x) 
la non*negatlva for all valuei in the domin* [C] is the correct 
choice. 



I-' 



v(0 



( j; > c 



(is, Is nc^)' 



Ccnsldor th# ^raph cf G(x) ^ 

T:.^/ :^2'aph c.;f this function is the same rraph that you 
di'evr In I=Q:n . (&canine pare 

Honco this function is tho same as t};at :^ivon in 



-2 < t < 1 



-1 < y < 3 



,/ 

1© not / 

[0 ii e£ciijded«] 



ir 



11 



l6. Draw Lhc n 










(-1, -3 ^ X < -1 












( x2, i X % 2 




pare l^i . ) 





We have observed that one way to dcllne a i'linction is to ,^ive its rraph* 
Wo liavo nl.sc observed in man^f examples that the same funotion can often be 
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/ 



4 







:■ rai; find unc-;h-;r vay 










Is d'-i'i f thw line 3^ 






rr:::; ( 




(-,5)/ 

/ 










: Includes Lcth vndp:i.r;tc 










) axd (-.,1 ), 




Ci.- ..: y 






1 :a 1 * 








- - " zs. » - — Vr*L ^ _s_ i *^ ^z=z\^== '^.i. 


he fun otic n 






^ • 'J ! ;/ - 






5 w ^ Ji 

C X < 4 










^ '1 £ y S 5 


By - 




11-. ^raph yC'U nav-^ drs;^!:^ 




■ha'- 












^ 






f(x) ^ -1 


X ^ 0 








X 1 










Z 










X - - 


r(x) . 






f (x) . 5 . 






i'(x) : a Q^wyys X + 


I J '-jicn the 




func ^iO!i 










r(x) - 






X -^ . 


f (x) ^ X + 1 














^ ^ — ^— 





2'^ 



26 



Find a in.;le for the definition of the runction whcse 
Crapii is the line segment connect int! (0,1 ) and 

(^,^). 

Draw the line secment conneptiiif (O^l) and {6,h). 
(Check vith the result^ paro Ixvi,) 

Wo note that the y-lntercopt niLmber of the line 

frontal ninr this segment is ^ , and its slope 

is . 

The fiineticn whose graph is the line segment eonnec^ing 
(O^l) #nd (6,^4=) can be described as follows^ 









: sa-isi'y -he : 








C" 


:'-r 0 












if. 








r;.2 jrap;: 






tair\s the pcint 






). 




Vtvci'j iivS 


' j.tain this 










i 












satisfy the j 






Li ) - 










£(1) = 0. 








thv ,;raph :f s 












is a fu-c-ion 


and a is s 


d 



1 .-a;:; 







^^xajtly 




er asscciated ^yl ch u 








icwlTTj "ITT 


r:atic:n 










y 


P 


1 

! ^ 


greph 




- * 














I:.--: v-i-t I vai ling tftrcurh 




intersectj the 








Doints 










{now ::iany) 




















abs&lssa 


















i- are 




)• 








tug . 


i- Q are 


(a, 


). 






oiriL-e- r and Q 


artj diff^rgnt points^ 


b ^ c. 






shc^^i ill tho dia;'rajn 


the .;=rarh of a 
















BO 










ri:^ 3in>je th 


e dia;;i^am shr'Ws 


tv^j diiTerenc 


nunihori 




uay.elutcd with t:io r.ujnhr^r 










A vortH^al lirife iritersects 


the jraph cf a 


r'.mction ill 




at :?rst 




point (s ) 








one 


(how 


many) 
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I The 



acco^anying figure Is the graph of the function f 




Thy domMln of definition of the fimction f j repre^ 
sented by this graph Is the eet of all real niimbere x 
such that i 

'vhe range:! of the function is the set of real numbers 
such that * 

From the graph approxlinfltei 

f(^3) s ^^^^ means approximately equal to*) 



Draw th^^ p^raph of y9 = x, for 0 < x < ii^, (Hint* 
make a table of valuea,) Check your result with the 
f^raph on page Ixvl , 

The graph of y- ^ x, 0 < x < l+ ^ the ^ ' 

(is7li^^ notj 

the graph of a function* "--.^ 



< X < 3 

-3 < y < a 

1.7 

0 

-2 
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2k'h, Linear . and Quadratic Functions 

We hav© become f and liar with the tjraphs of lines and parabolae. We 
can restate some of oui' conclusions about tiiem using function terminology. 



1 

2 



k 
5 



Consider f(x) ^ x ^ 2. 



ne graph of this function is a ].ine with slope 
and y-lntercept (Q^ ) , ^ 



Since its ^^raph is a 



_f we refer to such a 



function as a linear fiuicticni. 



g(x) = Ix ^¥ k is 



function* 



F(x) 



- —X 



1 



liaear function 



Any function f which can be expressed in the form Ax + Bj where A 
>and B are real numbei's, ie a linear functions If the domain of such a 
let ion is tne set of all real numbers^ then the graph is a line* 

V 



If the crraph of f^ where ' f(x) ^ Ax + B^. is a 
\ine^ then the slope of the line is _ ^ ^ and the 
y^ntercept is ( ) p 



A 

(0,B) 



4. 



For \^e function f(x) ^ 3^ 
[A^ the domain is (33 
tl 

V 

i 29is ian^n is thm m% §JJl rma^ alters* 



[B]\ the rani^e is 



Is the vertical \lne 


X ^ 2 the graph of a function? 




[A] Yes \ 






[B] No \ 







RimpirtieT^ have a ^motlm lAen vt hwtre a rult usMi«^ttsi|^i^tk^)i^\ 
e^h wm^%T in ^# dc 



sisgle pinker (la tUs Qsme^ 



10 
11 



We sometime© say -'The perimeter of a square is a 
function of the length of a side," 

This le conalBtent %rtth our idea of function^ since 
to eveiy value of the length there correBponds exactly 
one value of the , 

This function can be oxpressed^ f(x) - * 

It ie a function* 

In this case wo may say "the perimeter varies dire ctly 
as the side," This meana! the perimeter is a linear 
function of the side* 




1:. 
Ik 



The cost in cents of some pencils^ each costing 3j^j 
is said to be a _ of the number of 

pencils * 

The cost can bei expressed^ byi fCx) ^ # 

The cost varLes ^he number of pencils. 




3x 



An interesting type of function Is Illustrated by the following example, 
Ouppose o man travels 1 mile. Let x be his rate in niles per hour^ and 
lot y be his time in hours. We are led to the open sentenee 



y = where ?x > 0, 

(Wc needod to recall that rate X time ^ distance,) 



15 



16 



17 



In this case^ wc ma^ say that the time in hours is a 
function of the . in miles per hour. 

Since the function in question may be represented as 
f (xj^ s * ^ wo sometimes say that the time varies 
inverse ly as the rate. 

More gonoi-ally^ wo say that one quantity varies 
as anothoi^. when the relevant function has the form 



rata 



f (X) . I 



varies invariti^r 
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18 


Complt7?te 


the 


iBtle 0 




lues 


foi* the 


ypen se 


titer 


ice 






X 
















I 


^1 














y 










































1 

1 


1 . 


a 


3 


k 


1 

'J 


1 
'I 


-1 


-a 










y 


3 


2 


1 


1 


1 

3 


1 

w 


-3 


i 


-1 


1 
a 


1 
^3 


1 


















































is 














LAj 






all 


real niuribera . 














[B] 


the 


set 




all 


vval nii: 




J Q'p t 












[B] 


is correct* 
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the 




■ the 


func tlon f (x) 


V 


( See ansve 


r b 


e lo^ * ) 











Li 
































































































































































































































































































































































































































































































































































































n 











































































































































































The xfi'aph "f the fi.inctlon i is called a hyperbola 

493 
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ERIC 



We have seen that If f ^is a linear function it can be described by 

f(x) ^ Ax + B| ^ere A and B are real numberi. 

It le natural to define a quadratl c fimctlon as one which is e3cpreiiible 
in ternia of a quadratic polynomial, 

2 

f(x) s ax + bx + where a, b, and c are real 



numbere and a ^ 0. 



21 

22 
23 



2^+ 
25 



26 
27 

28 
29 



If f(K) ^ axf + bx + c, where a ^ 0, and If the 
domain of x/ is the set of all real nuBi>erSj then 
the graph of' the function is a « 

We recall that the parabola open upward if and only 



If the parabola opens upward^ then the 
lowest^oint on the curve* 

If the parabola opens dOTOwardj the vertex la the 
highest 



is the 



point of the curve* 




Cona^aer the runctlon f(x) = 9x = x^, 

T>ii^. Is^'a _ function^ and Its graph Is a parabola 

that opensS _ , 
Cv^pward, do^ward ) 

To find the vlrt^^we ma^ proceed as followsi 



9x - x^ ^ -(x - 9x) 



81 

81 



9x + ) + 



(X - if 



is non^negative for all Values of x, and 



is '0 only when x has the value 



9 8l 

The vertex of the parabola is (y^ * 

(y, ^) Is the point on the curve. 

Chlghest^ loweit; ^ 




I 
a 





43? 

B9k 



ft 



30 



31 



Let us continue to consider the function 
f(x) = 9x = X » Since no ipeclfication as to 
domain is made, we take the domain to be the set 
of all real numbers. 

range of thie function is the set of all real 
numbers which are not greater than ~ 
8l 

We might call the trm^imm value of the function. 




4) 



32 
33 



3^. 



35 



36 



37 



38 



39 
ho 



Suppose we want to find two numbers whose sum is 9 
and whose product is as large as possible. 

If one number is then the other number is 

9 ^ J and their product is 



For each value of x there is exactly one value of 
the product. 



Hence the product is a 



of x. 



This function can be eKpressed as f (x) - 9x - x 
since x(9' - x) ^ 9x 

We are asked to find the value ^of x for which the 
product is largest. 

From Items 23 to 29 j we know that the maximum value 
of the product is , 



The value of the function is 



X IS 



.81 



when the value of 



The two numbers whose sum is 9 and whose product 
is as large as possible are ^ ^ . ' , 



Buppose you wish to find two numbers whose- sum is 12 
and whose product is as large as possible. You mght 
guess, fr©m your result in the preceding items, that 
the numbers are , ^ and that the product is 



As an exercise you can check for yourself, verl^lng 
this guess. 
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9 - ae ■ 
x(9-x}# or 9x-x 



function 



9x 



81 
T 



s 



I I 

2' 2 



&, 6 

,36 



^5 

he 



Consider two nuinbers whose d_lfference_ Is 12, 

If X is one number, the product of the two n'jjnberE 

is a ; of X which can be oxpi'-i-'Bsed as 

f(x) = xj ) . 

This is a quadratic function i'ci' which the ^^a'uph is 
a parabola that opens . 

Is there a rMKimujii value for thio I'uncUcn? 

Howevei*, there is a nuniniiun value* 

It is p since the vertex cf the rai'o.l'Ola Is 

( )T 



x(x + 12) 



^36 



A boat manuf actui'ei" finds that his cost per boat in 
do liars is r e 1 a t ed to the nujnb e 2' o ±' t c & t ^ : m. 1 1 ul' act lU' e d 
each day by the forrriula: 

c ^ - lOn '^ 175* 

If he Tiakes 1 boat his cost pei' boat is 

The number of boats he should nianufecturc each day 
so that his cost per boat is snialiost Is * 

The cost per boat for this ndTiber of l*oats Is, 



$166 

5 

$150 



896 



Seatlon Ig-^ . = 

^eorem Ig.'-^c . For positive Integers a, and if a is 

a factor of and a is a I'actor of (b + a) ^ then 

a la a factor-= of c* 



^oofi 



TOiere existi an integor p 
such that b + c = ap. 

There exiets an integer q 
such that b ^ aq, 

a.p - aq + c 

ap + (^aq) - c 

a(p + (-q)) ^ c 

P + (^q) IB an integer, 

Hence^ p. Ig a factor of c. 



a is a factor of b ■¥ 



a is a factor of b , 



Since ap ^ b + c 
and. b ^ aq » 

Addition property of 
equality , 

EtLstributive property. 



^e set of integers ie 
closed under addition* 

Definition of factor* 



Section 13-1 



To show that — 
-b 



a 
b 



definition of division 



theorem that i ^ - i 

-b . b 



x(-y) ^ -(xy) 



b^ 



definition of division 



I. 3. i X ;^ 2 

II. £ V i n 



j(x ^ l) y ^ 



(n + 3)(n + 2) 



i^5. 1, n / -3 

50. 12a, a / 0 

51. t - 2 

52. 6, X ^ 3 



3)(x ^ 3) 



2^-7 - 6 _ ' (2x - 7)2 ' 3 

IK ^ 2 21 ^ 6x ^ (Tx^ 2}(^3)(2k - 7) 



37, 



gx ^ 7 



»2(£x - 7) 



.8 ^5x(& 3) , ihzU + 9) _ k3'lkxzU ^ 9)(&^ 3) 
3^3yz I5(a + 3) 3^3'l5yz(a + 3) 



3-15'2-7xz(a H- 3) 
15'^9'7yz(a +3) 



6x(a + ^) 



Section 13-3 



ft^oof that - + £ 

e c 



a + b 



L(i) + definition of division 



(a * b)(f) 



a + b 
c 



ii 



distributive property 
definition of division 



^* 3|w| + 8 = ||vi + ^ (miltlply by 2) 

6|w| + 16 = |w| + hi . 
5|w| 
|w| 

V = 5 or w = -5 Eruth seti (5,-5) 



78 



25 




5 






-5 


31 


22 




3l- 


< 82 




< 28 


3l 


< a 



> 76. ^- |x - 3 | < 11 (multiply by ik) 



which may be inte^reted as "the dlstaiee batween 
X and 3 ii less tl5n 2*" Bius tha twth set Is 
the get of all i^al^spOTbers between 1 ai^ 5 , 



7T* If one of the ni^beri is n, the other li 



n + |n ^ 2^0 

5n + 3n ^ 1200 
8n m 1200 



150 l^th iet: {I5O)' toe numbar is 15O1 

the other is 90. 



If X is the amotint by which the numerator is Inoreasad, then 

^ -H X ^ 27 

7 " " 21 

x) ^ 27 ^ 
^ 12 + 3x ^ 27 

3x ^ 15 

3€ - 5 Truth set: {5) Thm numerator was Inereased^S, 

79* If the father is x years old^ Jot is | years old, 
X 1 

I -t^ 12 ^ j(x + 12) ' (Multiply aach side by 6.) 

+ 72 ^ 3x + 36 

36 ^ X TrvL-m sati {36), Joa is 12 ye^s old, ^ 
^ his father is 36 years old. 

80. ^ ^ the larger intager, than (7 - x) is the smaller. 

X - C7 - k) ^ 3 
' X - 7 + X ^ 3 

ac ^ 10 

X ^ 5 O^th set- {5), tte intagars are 5 aM 2, 

The reeiprOGal of th^ TOaller Integer deeraMad by 

t the reciprocal of the liMer is i-i = J-^S. = _i 

- 2 5 10 Iff la 

iii ' 

509 



01, X ii the number of defective radios, ' / 

then X - i • 8^ ' * 

X - ^0 ^ruth set I {io) Ttim ratio of dtfectlve to 

nori-defectlve radios is 

BOT - ^0 ^ TO 19 

Perhaps you noticed that the number 800 is uimeceisaa^^lnforaatlon* If 
we suppQie there were r radloi In the ihlpment , then ^r wre defeetive 
and Here not defeative, 

W 1 

20 ^ 

Therefore the required ratio is ^ 

66. f 

8d + 7d ■ 56 
15d = 56 

d = 2| Truth soti {2|) 
15 1^ 

d representi the number of days it re quires Joe and Bob to paint _ 
the house. 

^ 87* Together, Joe and Bob will paint (j + g) or 4^ of the house In 1 day* 
Note that we could also reaion as follows: If it takes |y di^s. to 
paint the house ^ the fraGtion they paint in one day is 

15 

SectlQn l3-k 

(a) (f) — S^.|^ = iU 



(f) 



503 



iv 



/ • V ■ ■ 

(1) -7-3(gx^ 5) ^5)'g(x^ ^105 ^ IQx ^ 20 



6(x - 2}(Sx 5) 

X ;^ 2, X / ^ I 



If Kevin fides d nlilas iftto the hills, then he will ride d miles 
back, ^ The nmbm of houi't riding into the hills is A= and number 
or flours riding baa?/is j« 

TI ^ H ^ 5 
The distance %4 2k ml lea . 



/ 



Section j ^ 



ft-oof: If n . lo a negative Integer and a 4 0. .then a^^ = ~ 

a" 

In words ^ the statement you want to prove is: " ' 
a"^' Is the 'reciprocal of a^. 

Since n \is negative/ 

^ ~„ by definition (=n is positive) 

a'" " 

^ " 1 J by deflnlti^.. of reciprocal 



'Hence, a"^^ is the reciprocal of a*^ and therefore a"" ^ ^ 
Likewise j p a^* 



a 



Section Ik'i 
1* (a) § 



(b) The least oonsnon denOTilnator Is or 150 

3w . _ w , ^ , _10_ ^ l8w - gw + aow 
52 2-3" a-3'5 5 3-S 2-5 ',2-3-5^ 



150 

llw 
50 



504 



(c) Thm least coiranon denomirmtor le 2- • 3a-* 

S , 5 , _L + i . 2ai ^ 8 = 5a + 3a^ 

3a- 2" 2"' 3a a 2 Ja" 12a 

(d) Tl-ie least conmon denominator la 2 • 3x y^, 
(a) g'3'17 , II 



2 2 
2-5 '7 -a^ ^ la . 

2 ^ ' 9 



130 is divisible, by 2, 

131 is not divisible by 2^ 3j 5j 7j nor 11 , Since the next prime 

number after 11 is 13 j and 13^ = 169^ we see that „ 
131 is prlfiie * ^ 

If X is the in-^egerj .then x + 1 is its succeseori 

f 

An appropriate open sentence Is 

1+x ^ 2(x 1) + 10 

IrX Sx + 2 + 10 

2x ^ 12 ■ 

' . X ^ 6 Eie integer is 6. 

. ^ 

(a) 2x = 99 - 8y ' * ^ ^ 

^2x ^^a86 
X - 93 

jDlution or the equation is but 93 is not in 

the domain since -3 ii a factor of ^93, ^e truth set is 
empty, ^ , 

(b) 12(| H- ^ 12(12 ^ ^) 

i^-x + 5 ^ lii-ij. + 3x ' 

X - 139 ^ ^ 

Since 139 is prlme'j ^the truth set Is [139)* 



5up 

vi 



(c) If thmwm is a prime nianber x for vhioh 



then 



2 



^ 3x' < 123 

.2 



J 



X < 7 



where x is a prime number. 



'(d) 



Thm primee I&eb than 7 are 3$ and 5* 
Tkm left member la 3(2)2 ^ ig ^jj^y^ ^ 
The left member Is 3(3) ■ 2? whan x la 
ae left member Is^ 3(5)^ = 75 when x la 
toius the truth set la [2, 3, 3). 

If there la a prime number x such that 
|x - 10| <3 
then 7 < X < 13 

Ihus the truth set Is (11)', 



2. 
3. 
5. 



12 < 123 
87 < 123 
75 < 123 



6. (a) 
(t) 
^ (c) 

'7. (a) 
(b) 
(0) 
Cd) 
(e) 
(f) 

Cs) 



(d)* 3 
,(e) 27a3 
(f) 10^ 



6a^ 

1 

a3 . a^ 

- I s 5 
x y + x5r 

6x3 + 3^2 

2 2 
mn - ra n 

a^(a + b) + bS(a + b) - 



a- + 



+ ab + b^ 



X + X 

a(a"^ + b"^) + b(a'^ + b' 



1% _0 

; ^ a 



H- ab 



-1 



+ a 



+ b 



8. (a) 

V (b) 

(q) 

. "(d) 

M 



either 
either 
even 
odd 

even * 



=1+1+^+1 

b a 
b a 



Exwnples -3^ ^ 9^ ^ l6 
ExMples 2^ ^8, 3^ ^ 27 



even K even ^ f Try SOTie nmribers. 



vii 



EKLC 



(f) 


odd 


odd X 


odd ^ ? 




(g) 


even 


2 is 


a factor. 




(h) 

ii) 


odd 
odd 


Onm le 
since 


ss than an even number is an odd njjnbf 
2 divides 2^^ tut does not divide 


^r * 


(J) 


even 


since 


2 divides both 2^-^ and 6^^ 




(a)j 




, (f), Ci 


)^ (h)^ and (k) are non-negative* 


\ 


If 


X is the 


length of the . side of the smaller square Liien 


X, + 



is the iength of the side of the larger square* 

^ P . ' 

(x + l)^ - X - 27 

2 2 

+ 2x + 1 - 27 

2x - 26 
X - 13 

■Die lengtj- :>f the side of the snmller square is 13 units, 

» 2 * 

Check: Area of smaller square is 13" = I69* 

2 

Area of larger square is 1^ - 196* 
They differ by 27* 

If X -is the number of niclcelSj then hi - x is the number of dimes* 



5x + 10(U] ■ 


- x) ^ 


335 


5x + hlO - 


lOx = 


335 




-5x - 


-75 




X ^ 


15 



^us^ Bill has 15 ^ nickels* 

Qieek: IJ nickels are worth 1.75. 

? ' ^1 - 15 or 26 dimes are worth $2. 60, 

|2,€0 and $*75 is $3.35* ' 

The Irformation about his saving for 27 days is unnecessary* ^e 
requirement that there .are more dimes than nickels is satisfied since * 
Bill has 26 dimes and I5 = nickels . 

a K im the number of gallons of mixture removed^ then the number of 
gallons of, salt in the original fixture minus the number of ^lloni o^ 
salt removed aqualii the number of gallons of salt in the final ml^rture, 

* 15(100) is the number of gallons of salt in the original mixture 
*l5x is the number of gallons of salt In the mixture removed* 
,10(100) is the^'numbpr of gallons of salt in the final inixture* 



50? 

* viii 



An open sentence ibi 

.15(100) ^ asx - .10(100) 

15(100) - 15x - 10(100) 

500 ^ 15x 
- .1 

The nuinter of gallons of mixture removed is jj^. 

Qiech: Hie ratio of the number of gallons of ealt In tho original 
mixture minus the number of c^allons of salt removed to the 
number of os-Llons of final mixture should equal 10%. 

15 - .1?(33t) 



100 

^ .10 or 10% 

Ij, If r is the nmnber of miles the train goes in 1 hour^ then &r is 
the number of miles the train goes in 6 hours . lOr ie the iiumber 
miles the Jet goes in 1 hour. An open sentence ist 

IC^ ^ 8r + ISO 
2r ^ 120 
r ^ 60 

The rate of the train is 60 mileo per hour, llie rate of the jet 
is 600 miles per hour. 

Qieck: In one hour the Jet travels 6OO miles. 

In eight hours the train travels 8(60) or k&O miles* 
600 is the ISO greater than kSo, 

1^. If r is the rate in m.p.h, of one =':raln; then -rv is the. rate 
in mpp.hp of the second* Wien they meet the number of miles 
traveled by the second train equals ^20. Sinee they traveled 
lor or =^ hours ^ an open sentence is: 

15 ^ 15 '%lr) ^ 15^320 

8^ ^ 4800 
r - 60 

The rate of the faster train is ^60 m*p,h. 

The rate of the slower train is |(6q) or kO m.p.h. 



□leck: ^+0(3i) + 60(3|) - 128 + 192 



320 ^ 



15. If n is the numter of Its. of th©- $1,00 candy ^ thon 
kO ^ n is the number of its. of the $1.U0 candy. 
n(lOO) is tht penny value of the $1,00 candy in the mixture. 
(Ld - n)(.!.'^0) is th- j ennv value of the tl Xo ean-iy in the mivture, 
^O(llO) is the penn^' value of the $1,10 mixture. 

An open sentence is: 

n(lOO) - (kO - n)lkQ ^ l^O(llO) 

1200 -= kOn 
30 ^ n 

The number of pounds of il.OO Gandy to be used is 3Q, 
The number of pounds of ^1.40 candy to he used is 10, 

Clieck: 'fO lbs, of the final mixture at tl,10 per lb. win seJ i for ^kk. 

30 lbs. at il.OO Is S30. 
10 lbs. at pl,i+0 is ^ik, 

^ih and |30 is ^kk. 



Section 12 



*56. To ft^ove: ^/E - 1 is irrational. 

ft'oof: (by contradiction) 

Assume ii/s - 1 is rational. 

Ilien, since 2 is rational^ 

2(^/2 - l)^ or - 2j is also rational, 

because the set or ratiorml numbers is closed under multiplication, 
Then^ also^ (Vl - 2) + (g), or /I^ is rational since the set of 
rational numbers is cloeod under addition. 

But j /l ie not rational (Theorem 1^-2). Hencej our assumption li 
contradictedj and we conclude that h/2 - 1 is irrational. 

2 



To Ptove: t/J Is irrational, 
ft'oof: (by contrauljtion) 

Assume is rational; that is^ that there are poslMve integers 



a J bj having no common factor^ such that 



Kien 



2 
.2 



3 



Since a^ Is a multiple of 3j then a is also a multiple of 3-' 



}l'r:\:::Of whe?^c is an ir.tor'^r c jujh that a ^ , Therefore 



Jln^e : u ^ :i' :j ^hon I in aisc a multii-le of z* 

I'irr a a:. * : _ i;avo a jo::jnon factor ^ is a I'ont radiation 



liO^ /S:^ ^'h€re X is non-nQgative 
,11J * where >: la nonTneHative 

112* 3|n|i/5 

v/here x is non- negative 

ll4, ^y^'^/W^j where y is non-nQG^^tive 

116 * 25 1 X I 

117. iK^lvf 

■119. where x id non-negative 



Sect, 



ion 15-^ 



83. ^ and a;^0 a^./f^ = 



24, 



^ arid R O PR. 



25. Trfr a 0 



6 



80. 



2^ - 



61. 



3 vf 3 5 

15 15 
15 



>- li/f 



flection 15- 



A first approximation to VCe 



Divide: ^ - 7.00 



Average: ^ ^ ' ^ 6.50 {Thm second approximation to v'TTE) 



Up 

Divide: ^ 6,U62 



Average: ^^6.46^ ^ 6.U61 ('rhe third approximation to -/hS,) 

(6.U81)* 003361 

79* A first approximation to is 9» 

7U c 
Divide ^ ^ 6.22 ^ 



Q + 8 : ^^2 

Average: ^ — ^ -"-^ ^ 8*61 llic soDond approximation to -^7^) 

Divide: ^ ^ 8.6C5 

8 6 + 8 7U 
Average: ^ ' * 8.602 [ifote: s 8.60^4=7 so we rounded u£ to 

^ ~ 8,605, However J since the average of 8,6' 

(S,602)" ^ 73,99l+UOi+ and 8*6^^ which &,€0^, Is exactly half 

^ 8 602 hetween 8,602 and 8,603^ we shall 

round down to 9,602, In this casej we do 

io^ slnee we know that 8,60^ li already 

too large because we had rounded 8,66^-7 

to 8,60 , ] 



80. A first approximatiQn to t/^T is 10, 



Dlvldei ^ ^ ?oO 

Average: ^ — ^- ^ y-iCj (n^e ae^ond aLLroxl':.ation to 

Divide; S '.^"^ 

Averages S ^' - -.l-- (ll.e third ariroxin^ati^n tc 



Section l^^^fc 

A good first arpi'oxirriati on to v'^T is 7* 
1 -7 

Divide: ^ ^ 

Avera£e: - '— ^ c,Cl: (The second approxjmation to tCT Is 6. So.) 

Average: ^ ' ""^ ^ 6*656 (The third approx^ 'h^- " . to is 6356» 

Hence the third aLproximation to -/.Otf+TO is ,06856. 

79.. 0*0^70 ^ knil(f"), so /kTf^Jl^ ^ vdTilO^") 

A first approximation to vTTf is 2* 

^-7 

Divide: 2o5 

Averages — - -""^ ^ 2*iw second approximation to vCTTO 

Divide: ^ =^ 2.136 

Average: ^'^ ^ ^ -^^ = 2*168 (^e third approximation to y^,7* ) 
Hence the third approximation to /olWf is 0,2168. 



80, 7^60 ^ 7.026(10^), so ^^60 « /7*0g6*/^ « vTT^dO^) 
A firit approximatien to * 0£6 la 3* 

mvldei ^ 2.3^2 

Averages ^- ^ ^ 2,671 

tte lecond approximation to * 026 is 2*67, 

mvlder ^ 2.6022 

2 7 + 26 02 ~ 
Average I — —--^-^ ^2.^1 (Tha third approximation to /fToiSj 

Henea the thirt approximation to ¥^70260 is 2^*1, 

81. 1681-16,81(10^), eo - -/lOT-v^i? - viorcio) 

A first approximation to VI 6, 81 la .^ ^, 
Wvida: iSjSl m k,20 

Average: ^ '^-^'SQ = ^h.lO (The ieeond approximation to VTSTBQ 
Divide: TTl^ " ^'^ (lin«t that int#restlng?) 
Slnct (^*l)^ ^ 16.81^ vfOT ^ U»l 

Itence /16B1 ^ Ul* (Note that do not use ^ here, since this Is 
not an approximation^ but is exact •) 

r2s f^rr^ rr^-F^ yC^-2 



82, 0,1369 ^ 13*69(10"^), so yo.1369 ^ Vl3^69'Ao' 
A flrit approxlinatlon to 1^13, ff9 is 
Divide? i^T^ ^3,^2 



Average? - 3*71 {Thm second approximation to Vl3,^.) 

Wvlde* ifi^ ^3*7 

since (3.7)^ = 13.69, vTJTSJ - 3.7 
Benee yo.1369 = 0,3?. 
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Seetlen 15-1 Bevley 
1. (a) = 2-J% 



(c) * Sa ^ and a > 



(d) 



vf 3 



(e) ^9 ' ax2« tfiPvl ^ 3|x|i^ ' * 

(f) ^VT^ ^ 6 . 2 ^ 12 

(g) iCT? ^ vfTg ^ gVf - 3vf ^ -vf 

(h) aVe^ 

(i) ViVS + vfVS ^g + vfI^2 + 2V3 



2. (a) kV3 ' + 2^ ^ ^ 

(b) ^TTO ^ 10 

(c) 2|(a + b)| 

(d) Vf - /S'VT^ ^2-2^3 

' 2Vf 2y^ 

(if a sin5)le fom with 
rational denominator ii 



M 4- 



(d) M 



(f) 



(with rational dBnomiimtor, 
S + Z s 

m 'I 



(s) V17 ■ ^ = 3 3/i 



(r) 
(s) 



3 

& 



and X > 0 



9a 



— and a 0 
a ' 



(a) ' - = 2|a|V3 

^ ' a - 2 

(c) (1^ - + (VJ - vf)Va - 3 - + - 2 = 1 

(d) iJaLC + tlnlqVIJ where q>0 

w VFFi - f-'l^ 

(f) t/C5^ ^ 3p^ «id p > 0 



ERIC 



etlon 15-7 Rfvlev (continued) 



(g) 2/a2 + 



(h) - 



where , x ^ 



(1) 



2a 2a 

^1 ^ where b. ^ Q 



(a) (4} 

(c) ./I] 

(d) all m such that < m 



Ihe truth s 
U [-1, 1) 



(a) i 4- ^ ^ 4 for X ^ 5 

(b ) X + 1^ > i/I for X > 0 



-5900 ^ 59.00 K lO"" 

^ 3 6| Divider ^ ^ Average: ^ ^ 6.^ ^ 6,3 

vH - 6.3; mvfde: ^ - 6,190j Averages g>3 +^6.l^ ^ g^^^^ 

1^3900 » 6, £14^5 X 10 s 62,k^ 



3900 


.ocas 


(a) 


J'' 


(b) 


■6-2 


(c) 


32.33 


(a) 


ioO = 


(t) 


102 


10 1 ^ 


(c) 





(d) 


3^(1 


+ 1 + 1) = 3^'3 


(e) 




+ 1 + 1) - 3-3 


(f) 


3^- 




(d) 


102 






10-2 




(e) 


10-5- 




(f) 


'10^" 





3^^ 
,5 



^1 

^ 1 r: 



Section 13-1 HeTlev (continued) 
11. (•) 



k 

5 
2 



a 

q 



6 




h 












Snq 






(e) 
(f) 



x(x + 3) ax 



12. (a) 6(ic ^ 1} > 6(ix) (c) 8y < L5 

2jc - 6 > 3x y < ^ 

^6 > X Hie set of raal numbers less 

set of real numbers? than 
less than ^6- 

M 3(=^) = 3(^) ' (d) 20(|m| ^ ^) = 20(i|m|) 

8 . X = 5x 20|m| - 3 ■ i^linl 

8 = 6x , l6|m| = 3 

8 I I ^ 



13 • n - n + ^1 fails to give a prime for n * i^^l; since the mum of 

the last two terms is zero* Kiis leaves n^j which has n as a factor* 

an alfebi^aic sentence is true for the first kOO values of the 
variable^ it is not certain that it is true for the UOlst, 



195 


- 200 




-5 


m 


- 200 






212 


- 200 




12 


201 


- 200 




1 


198 


- 200 






232 


- 200 




32 


139 


- 200 




=11 


178 


- 200 






196 


- 200 




-k 




- SOO 




1, 


lS2 


- 200 




-l3 



Section 15-7 Review (continued) 
1^* 200 is a good guess for the averafee since the weights cluster abound 200. 

Sian of the differences is -10. 
Avers ge of the differences is - — , 

Adding this tc 200 gives 1^^9^ 

-^1 

for the team average. 



Let the n numbers to be averaged be represented by a^^ a. ^ * , a 

1 ^ 3 ■ ~ n 

where the "subscript" (the small nimber written to the lower right of. a) 

in indicates that is the first number, the subscript in a^ 

shows that is the second number, etc* 

The average of n nuntoers a^, a^, a^, . . a is* 

1 2^ 3 ^ n 

a^ + a^ + a= + a, + . . , + a 

1 g _ _3__Jy_ __ 
n 

If g is the "guessed average^'- then the average of the differences i^* 
(a^ - i) + (^2 ^ g) + (a^ » g) + . , , (a^ ^ g) 



n 



(Since each term contains 
and there are n terms j the 
. sum of the g*s is -ng,) 



a=j^ + + + . , . + - ng 



1 g 3 n ^ ^ 

n " n 



a^ + a^ + a^ + , , , T a 
123 n 



Wien we add this |,verage of the differences to our "guessed average" g^ 
we have ' ^ 



n 



and this is the average* Hence j the method works. 

If the rat weighs x grams at the beginning of the es^eriment^ it will 

weigh grams after the ricfe "diet ar*d- r^Cr^) 

" 15 1 

es^erl^nt. Thus, the difference is ^ x ^ *T5^ graias. 



xviii 



Section 16^6 

1 , ( z~ + 3) " [ Berf ect scjuare , j 

2, (x~ - l)"^ - ''^ --^ (>: ^ 2)(x - ^) ' [Comrlete thf^ square-,] 

3, 3(kx^ - 9y^) ^ 3(£x + 3y)(2x - 3y) [First find common factor (3)* Then 

use difference of two squares.] 

i^. (Sx + 1)" [it.-rfect squar©,] 

5i Not possible t [CDmpletinf the square gives (x + l)~ + h^] 

6, ^(5 - x) [Conmion factor (^) J 

7, (3(a - I) - i)f3(& - 1) + 1) ^ (3a - i*^)(5a - 2) [niffersnce of two 

squares*] 

P ? ^ ^5 - L p 2 

8, (x -1) ^ (x - l)^(x + 1)^ [x = is a perfect square, x -^1 Im 

the difference of two squares , ] 
^ 5(c + d) -^^a(c + d) ^ (5 + a)(c + d) [nrouplng.] 

16. (0^-2) [x(x + 2) ^ 0] 

17. (5,-5) 

18. (3,-5) 

19. fi 

20. (-1,5) [First write: x^ -ky.-^ = 0. Tlien factor: 

x^ - 5 ^ - 2)^ » 9 =^ (x + l)(x - 5) J 



Section 17-3 



50. a + 3a + 1 ^ a + 3a + ^ - f + 1 



2 ^ ^ . 2 ^ _. ^ 1 1 ^ 



'^'^ 518 



52. X- - 5x - 



1 = -fy -i - I > 1 

« (y ^ i)2 . is 



Section 17-5 Review 



f ' 


2 

X 


' 8. 


2 

X 




2 

X 


10. 


2 

a 


11, 


2 

X 






16. 


(x 



2xy + y 



:)(x . 2) 

17» not factorable over the 
integers 

18. (tft + 3)^ 

19. (2z = 5)^ 

20. not factorable over th^ 
integers 

,^21 p not factorable over the 
Integers 

22, not factorable over the 
Integers 



12. 



2 P 
X - - 2x + 1 - a" 



13, 10,000. + 2(100) + 1 ^ 10201 
1^, kx- = l&y + 9y^ 
15. 9af + 2^b + l6b^ 



23. X = + bx - Ub 
^ x(x - k) + b(x - k) 

- (x + b)Cx - If) 

2k, (9am + 6ab) + (l^ + &b) 

- 3a(3m + 2b) + h{3m + 2b) 
^ (3a + U)(3m + 2b)" 

25. Ma - 5^)^ 



26. (s^ + 8)^ 



fff. (n - 6)in - k) 

28. Not factorabla. 

29. -(x ^ 3)(x ^ 4) 
30* .(x + 6)(x ^ a) 



2e + 18 ^ (z - l)- + 17 



Section ll-p Revlev (continued) 



31. 


-(x - 4)(x + 3) 




32. 


(a - 8)2 




33. 


Not fact omb 1 e , 


+ 8a + cii - (a + h)^ + 


31^. 


(a ^ L6){a ^ 4) 




■35. 


(a - 8 + 8yf)(a - 


3 ^ 8vf), or (a ^ 8(1 . ^))(a ^ 8(1 + v^)) 


36. 


(d + ^)(d - il) 










38. 


Not factorable . 


a^ + 1^ + 39 ^ (a + 5)^ ^ Ik 


39. 


- 2 

5a(a" - 3a + 6), 


This is the complete factorization^ elnce 
a' - 3a + 6 . (a . |)' + ^. 


ko. 


7(x + 3)(x - 3) 




61. 


If n repraseiita 


the number, th^n an open sentence is 
TV lOn ' 9 


* 


or n - 


lOn +9^0 



Thm tnith set is [l>9)* Thus the number is either 1 or 9- 

□leck: If tjie number is 1^ its square is Ij and 1 is 
9 less than 10(l), 

If the number is 9j Its square is 81, and 81 
is; 9 less than 10(9)^ 



62, We can use thei formula 
V = £wh for the volume 
of a rectai^ular solid. 
If the f^rimeter of the 
base A feet^ then ^ 

the sum of the length in feet and the width in feet is 12 feet » 
If I represents the length, then 12 - i represents the widths 
and an open sentence is 

' i(i2 ^ i )s - 70 

Jhe domain of fi is the set of pogltlve real numbers less than 12 
= Vfe have: . 2i+i - 2^ ^ 70 

-al^ + 2l*l - 70 ^ 0 

»2(i^ = lai + 35) ^0 

'-2(i ' J)(i ^ 5) ^ 0 



gcGtlen 17^5 Ravlev ' (eontlnued) , ? 

^ T^m truth set li {7j53. 

J£ 1^1$ then 12 - i ^ 5i that is, the length of the reetai^le 
is 7 tmp mm the trtdth li 5 faet. If 5, then 12 - ^ ^ 7i 
that Is^ mm lep^h is 5 feet md the ^dth is 7 feet. = 
]&i flther. saae^ the aides «e 5 feet and 7 «ft^t longi the pertoeter 
^ of thfe base is 2k feet I and the volume is JO Guhle feet. 



63. 



+ 6 ' 



If B represents the length of a ilde of the square^ then, e + 6 
repreienti thm length of the reotangle, The area of the^ square 
is s^, . - 

^ Thm wea of the rectar^le 
ii 3(s + 6). 
An open sentenqe is 
s^ m 3(s + 6). 




^e doffiala of 
We haves 



s is the set of positive real numberi . 



s^ 3i + l8 



a- - 3 - l8 ^ 0 
a-6-0 or a+3=0 



Thus J the side of the aquare ia 6 feet] the rectangle is 12 feet' 
long and 3 feet wide, 

GheaK': Thm area pf the square is 6(6), or 36 square feet* 

Thm area of the rectangle ia ' 12(3), or 36 aquare feet, 




w 4- 7 



6k ^ If v ±B the tiumher of inehea 
In^the widths 

then w + 7 i§ the number of 
inehea in the length* Since 
the diagonal is 13 inehea lon^ ' 
/ and the diagonal and two sides ' 

form a ri^t tritogle, an open sentence imi 

+ (w + 7)^ - isfi 

^e domain of w is the set of poa^tlye real nwnhers. We have^ 

+ + iW + k9 ^ 169 
Sw" + llfw ^^20 = 0 
w p -12 ^\ or w ^ 3 

* The raotangle is '5 inches i^d^. ' - 

Qieeki The length ia 5 + 7 /or 12 inches, wid 5- + 12^ - 13^. 




gagtlon 17-5 RevtW (cQntlniied) 
b li the number of Inchte 
in the len^h of tha hmmnp 
. then b - 3 Is the nmber of inches / 
In the altitude^ 
atid the ^area of the triij^le ii b 
^('3 - 3) square inches, 

Blnee the area is ik square inches, an dp en sentence is 
Thm domin of b is the set of positive real numbers • 

9 

We havai 

b(b - 3) - 28 
b^= 3b - S8 - 0 
b - 7 or h ^ 

Th^ length of the base is 7 inches . 



□lecki Thm altitude is 7 - 3j or i 
The area is i(7)(^), or 



inches , 
Square inches , 



\ 



66- If X is -the number of Inches in 
the length J 

then it - X is the msiber of 
inches in the width, ■ 
and x(lt - x) is the ^^ber 

of sguare inches in the I area* Since the area is 2k square feet, an 
open sentence is ^ . 

• Sie "drfiain of x is the set of positive real numbers, 
- We hwei Ikx - 3^ - 21* - 0 

X.. is 12 or X ^ 2 
The rectangle is 12 feet^long and S feet vide, or it ie 2 feet 
Long and IS feet wide* 

Qiecki 3ji either case, the area is 2k square feet. 



sciii 



522 



ERIC 



Section 17-5 R^lw (qontinued) 

67 i If X is the ttumber of miles 
Hosen^^ valked in 1 hour^ 
then X + 1 Is the number of 
miles LorMine miked in 1 hour. 
Since we have a ri^t triangle^ 
an open sentence imi 




Lorraine x+1 



+ (x + 1)^ - 5 

ihm domain of x Is the set of positive rbal numhers. 
We have I 

X ^ or X - 3t 

^us Hoeemary TOlked at the rate of 3 miles per hour^ and Lorimine 
TOlked at the rate of k miles per hour. 

Checki 3^ + ^ 9 * l6 ^ 2^ 

68. If * n represents one number^ then 15 = n represents the other 

number* Sinee the simi of the squares is 137i an open sentenGe isr 

+ (15 » n)^ - 137 
2n^ - 30n + 88 ^ 0 
2(n - kKn - 11) ^ 0 

ae truth set is (ii-^ll). 

The numbers are h and 15 - i^- or 11* 

^eck: + 11^ - 16 + 121 = 137 , 



69. If n represents one number j then n - B represents the other number. 
Since their product is Bk^ an open sentence ±bi 

- n(n - 8) ^ 81f 
^n® - 8n - 81^ = 0 

The truth set is {=6^li|^). 
-_jrhe numbers are =6 and -6 - 8 - -ll^. or ik and ll*- » 8 ^ 6. 

' mmak: -6(-lk) * and lk{6) m m 



5,23 



xxiv 



L TO. U X Is w odd mi^arj than x + S 1§ the mxb danstaltuve odd 
An gaate^e la 

x(x + 2) ^ 15 + / 

: ^ ' x^ - - 15 ^ 0* 

!Eh© tnitt set ii t5,-.3)* 

^he nuffltows mrt 5 7/ ©1* ^3 ftnd -1. 

^tck^ If thm ma&BTB we 5 Md 7# their praduot li 351 
^5) + 15' 1® ftlio 35* 

K the autthtrs are -3 i^d -1| their product is 3| 
+ 15 is also 3* 



71* Let X represent the niMher 

a 



Ikx + x^ ^ 11 



lUx - 11 ^ 0 
(x + 7)® - 60 ^ 0 

(x + 7)^ - (2V^)^ ^ 0 . (iinee ^ 2V^) 

\ jrtx + 7 + af^)(x +^ - av^) ^ o 

t-7 - ai^, -7 t ai^l 'is the truth set. 
ae mnflber -7 - SVlj satlifies the eonditlon and so does -7 + 

7S. x^ + aiSc ^ 3 ^ (x + i/J)". (Note tlmt 3 is the s^we of hiilf the 
aoefflaient of x.) ^noe m hmvmi 

x^ + 2Vfx - 10 = 0 
x^ + 2i/^3x + 3 - 13 ^ 0 
^ . (x + V3)^^Jv^3^^-0 

(x + 1^ + i€3)(x + i/f - ^0 

^e truth set is - -i^ + * 



73 • U n is an odd integer ^ then there Is to integer n such that 
m ^ & + 1. . 

m^-Cas + l)^ 
= ^n~ + 1 

= k(n^ + n) + 1 
Blnce n is m Integer | ^(n^ n) is & multiple of 2« 

{Hn^ + n) 2*2(a^ + n).) Hence U(n^ + n) + 1 is odd* 



524 



Seetlra 17*5 Beylw : (aortlaued) 

*7U. Raf^^log to the prr^eu^ protlmi ii ii oMj then 

^ knin + l) + 1 

n and a + 1 m# GoasacUtlvt lnteg#ri- Henee oi^ of th^ !§ avin and 
tht other ©dd. Heace n(n + l) ^ ig ev#n* ttat Is, ^mm Is m 
Integer k tor lAleh n(n + l) = a, , 



and t*a la a multiple of 8, 



5^ J 



iS-l. Ittviilon of pQlynomlals , 



68. 3a + 7a - 11 

■ : I \ 13a - 20 



TO. Iky^ + By ^ 16 
2y® + lly - 16 



; .:• 6x 9 



71. -6x + 8 
-6x - 1 



l8-g. Kvislon of Poli^Qmialgj Conglud&d 



18. X ^ S I 

J 



3x^- 


38x 






Sx^. 


38x 


8x2. 






2k 




2k 



- 10 



x- + 8x + 2 



19* X r 3 + 33^-3 I 5x + 13 



gx - IQy 



13x^3 
13x ^ 2g 

23 



2^* ; X - 6 



% 2 

2^- 4- Sx + Ox + 5 

^ 2 

2x^ - Igx " 



2x^ + lUx + Bk 



Bkx + 5 
QkK ' 30^ 



xxvll 



, 18-3. Produeti md g^totlfnts InvolvlBg foJj^oiiilalfl 



3X + 3 



^ (x 3)(x 3) 3(x » 1) 
. """"^ T"" ' x(x - 3) 

- U^l)(^^3r ^ may be vrltttn ae ^ 3^ 



fix 



Note we must hsvre x ^ 1^ ^ ^ 0^ x ^ 3* 



If 6. 



X + x^- 2 



45 X - l»x + if _ (x g)fx ^ i) X ^ 
X 4- g " (X ^ fi}{x - 3) ' X + 



- 2 _ X ^ 1 
2x^2 



X 2 



We miBt have" x ^ g and x ^ -2. 



X + 2x + 1 



X + 1 ' (x + lyix ^ A) X + 1 ' ^ 



We muat have x ^ -I^ '^/F 1* 



/ iS^ii., Rational Eb^reieton^ 

3__ jt(x 3(2) 



2 X - 1 



X ^ 



X + 1 



g(k u 1) 
2 - + IJ 



x^ - x\l 6 

aU - i) 
(x - 3)(x + a) 

(2 + x)(l - sr) 



(x - 3)(x + 2) 1 

2(x - 1) (2 + x)(l - x) 



X • 3 

2(x - i){x - i; 

3 - X 



J(x - 1)* 



5,27 



xxvili 



1q-5« ,&JtEmMy md Review 



1. (ft) 



3*¥ 



3xV 



9b8 



IP? 



(b) 



35i 



2 ' " 2 



(o) 



2 3 It^ 

+ ^ — + — 



• 2 ■ '2~ 

a - ab b - ab ab a(a:^ b). b(a - b) 



ab 



2b .^ '3& + ^a ^ b) 
V. abls - b) 

a ■ gb / 
rt\a - b| 



(d) -^ + _JS=5 



3x ■ X ax-s 



Jx. 



. 9 x^- i*»+3; : ax-3 ; Xx+3)(x.3) J3c-3)(}»i) (x+3)(x-l) 

«(x-l) * (Sx-iUjc+i) ■ 3x(x-3) 
^ ' (x+3)(xi3)(x-l) 

s x^ - X + Sx^ + X . Ig > 3x^ ■)■ 9x 

■ ■ il Cx+3)(x-3)(x^) 

9x1 IS 



(x+3)(x-3)(x-i) 



3 2 

2. (a; X - 3 ' ' ' " ^ * X - 2 



^ ^ llx - 2 3 , ^2 



2 



x-j- 1 2 , 2 

K - 



X + 1 



X + 1 



52ii 



3. 



1 + 



^ 1 t 



1 +, 



-I 



8 

'3' 



If thm irtdth of the itrip around the rt^ Is v ferti than the niua^ar of 
feet ill the length ©f the rug'ii '20 - Sw, «id tte mamber of feet la the 
width of the rt^ li 1^ ^ 2w, Since the »ea of thm .rug li 2^- iquare 
yards, or 2k{9) iquare feet| m open aeutenee lis 



(aO - 2w)(l^ - 2w) m (2k)(9)» 0 < V < 7 

280 - 68w + i*w^ ^ 216 
2 



V- ^ 17v + 16 = 0 
(w - l6)(w^ l) = 0 



if 



w - 1 = 0, then w ^ 1 
V - 16 ^ 0 has no iolution such that v < 7 • 
TOutj the width of the itrip ii 1 foots 



(a) ^ X - 22x - W = (x - 2i^)(x + 2) 

(b) 7? - y~ - h% ^ hy m ^ Y - + y) 

(e) 3aV ^ 6aM + 12aH^ m 3a%3(ah- ^ 2 + ItaS) 



bar 19 - 'IWJtH BWB OF QPOT SI^OTCK 
19^1, Iqiilvalent Eguatlpng . 

Ibr Items 17-28 the truth leti 



17. 


(6) ' 


21, 


{ .3} 


18. 


(6) 


22. 




19. 


{61 


23. 


{0,2) 


20. 


li) 


24. 





{80) 

26. (O) 

{2,3) 

28. Set of all reiO, 
nUDbeTBi 



52L) 



XXX 



^"^S* Blaee ^(x 4- l) araes a rmsl mnm^mro number for all valuai of x, 
. -Hi flnatiply both sides ©f -^5^ — « i 2(32^ + g^^^ obtain the 



2 

eh^ti ef @gulvi^tnt gq^atlons: 

2 2 

L . ^ - 1 - 0 ^ 

^ , . (x + - 1) ^ 0 

3£ + l= 0or x-1^0 

r. Kie solution sat ii (^Ijl). 

■ - . _ 

39 • Bine© - x + 5 names a non-z#rQ .r^al nmhapi ym mltlp^ both sides of 

+ 5 2 
V ^ = 0 by X 5 md obtain the -aquiv^Mt equations s 
+ 5 

3c- -h 5 ^ OCx- + 5) 

2 ^ 
X- + 5 =e 0 

' solution, set is 

_ 2 

kOm Since X + 5 names a non- lero real nmber, we may mltlply both Bides of 

x^ + 52 " 
2 ^3. by X + 5 sad obtidn the equivalent equations i 

x^ + 5 - l(x^ + 5) 

2 2 

. . X- + 5 ^ x^ + 5 

Os^ 0 

me solution set of 0 =^ 0 is the set of ill real niaabers. (Remember 
teat ^though 0 = 0 does not contain a vwlaile, It is certainly a true 
sentence no patter vhat value toe varl^le has. If ym ^sh, you might 
eonsller 0=0 as eqtiivalent tox+O^x + OorxpXp) 

n, iS, -if, |) 

13* {VT, -vf, 2*^, -avS). We have wlttsn as SS, 

76. {-5,0,5) ; 

??• jc^ + X ^ Sk^ li eqtiivalent to x^ - 4- = 0 

x(x- - ae + 1) ^ 0 

x(x - 1)^= 0 !Rnith sets {0,1] 



XSQCI 



5wO 



1 

ddm^l^tlCflfii tht iquar^, we mmm that x + 6x + 1 = 0 li egulvalmt to 



1= . r ' 



8l* given tquatiDn is equivalent to ^ 3 or x - 1 = 0* 

' ;> We^^lutibn let is {i^, -Vi| ll, } 

8i, |iven ^qiiij/tlon la tquivalent to - 9 ^ 0 or -i- a ^ Q, The 

V ^ solmtlott^ stt tSj -3). 

83> ^ ¥e may ppwrlt^ '[^^ equation in the form x(3x - l) 2(3x * i).' 

te# ' twth w^t Is {8^' i), . 
' ■ ' ^ '.^ , - ' * 

*96, Using tKi method indieatfd In Itemi 89-^^ we see that a poly^omi^ which 
has the value 0 for the ^ven valuee of the vM^lahle li: 

(x + |)tx - |). 

In order to ;wrltt a poljFno^al -vrtth lntrf|er aoefficlents^ multiply 
the polynoffii^ ab^e hy 36 • (Dp y^u see wtyr we ehoose 36?) 

^ V 36(x - J)(r + |)(^ - |) - 3(x ^ |)2(x + |)6(x - |) . 



- (3x - 2)(ac + ^(6x ^ 5) 



I4iltiplying «34 eomhinlo^. taaAs ife ohtaln - 36x^ - Tx + 10 ai a 
polynoBtlal with the desired * properties. 

You should notlca that the pol^momlal 36x3- 36x^ - 7x + 10 is 36 tlaes 

2 1^ 
the pol^^omlal (x - ^)(x + j)(x - 

19-2. foaetigni^ Bguatlona 

1 - 2 ' 

21* X + - ^ 2 is equivalent to x + 1 = & Md x 0 

2 

X - & + 1 - 0 ^d K ^ 0 
(x - 1)^ ^ 0 , md X ^ 0 

Ihe only solution Is 1* The solution set Is {1]« 



53 



3KXli. I 



* 2/ + 3 s i^ v- 



.2b + 3 ■ 0 f 

•I 



mnd § 0 
^ § |/ 0 



TOe ioliatlon set is "^{1] 

2 



s. + . 0 

1 + y 1 ^ y 



(1 + y)tl - y)(Hy = + - y) and y 1 

y 1^ =1 

(1 - yf + (I + y)2 = 0 ., an>Ny 1 

Since y ^ 1 and y -1, toth (l . y)^ (l + y)F .rK,^ 

poBltlve . liie solution set is .0, 



t(t - - (^i^)t(t . 1) ana t ,^ 0, t ,^ 1 

* - ,1 ■ t _ ^ and t ^ 0, t ^ 1 

-1 - 0 - " ■ . ^ 
"""^e solution set is ^, 

U. . LtJL .0 

1 + y 1 - y 

(1 + y)(i - y)(rT| - Hl> = * yHi - y) y / i, y-/ 



y 1 - y 
(1 - y)® - (1 + yf = 0 

(1 - + y^) - (1 + ^ + y2) = 0 

-ky = 0 

Thm solution set la {OJ, t,J 



and y ^ 1, y ^ 

and y |/ 1^ y ^ 
and y ^ 1, y ^ 



r 



(y— \ ^ k Is eguivckLent to (x - l)^ ^ k{K +1)^ md . x |/ - 1 

-'gx + 1 ^ + 8x + 

^ 3x^ + ^ 3 ^ 0 

(3x + l)(x + 3) m 0 and x -1 - 

ftfuth set; (-3, -|). 

W©p wi^h to find the aolutlon q1* the ^'equation + i ^ • Notlc© 

that the "mm Qf^ the reciprocals" Is ngj equal to the **reQlproaal of ^ 
the eum"* • ... 

2.kT + (3.fi)(2,l+) ^ 3, fir 

.8f . («.2)(2,i^) 
r ^ 9*6 ^ 

(In this problem the domain of r is the set of positive real numberp*) 



3, Squaring Both Sld^g of m Eg^atign 

"gquaring" - 16 ^ 8 ^ ve have 

x^ -/I6 ^ 61* - l6x + x^ 
I6x ^ 80 
X = 5 

Cheak; Left member ^ - 16 ^ 1^ - 3 

Right msmberr 8 - 5 = J 

Tinith^eti (5] 



"Squaring 



ing" /x^ . 1 



6 ^ X ^ 8j ve have 

x^ - 16 ^ x^ - l6x + 6k 
l6x - 80 

X ^ 



Cheek: Left member: - 16 ^ = 3 

Right member t J - 8 ^ -3 

T^th set I 0 
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1. "Squaring"' Vj? = x, 



we have 



2 2 

^ ^ ^ ^ f which Is true for all Veal numbers 
Hewver^/ ix is non-negative, so x must be non^negativ 
^^th set of ^ x: Set of all non-negative real number 

"SquMl^" ^ 2 - X, we have 

X ^ U - + X" 
0 ^ 4 ^ 5x + x^ 

0 - (1^ ^ x)(l ^ x) which har sqU 
C^eckt ^ If X ia 1^ the left side is vT Ij 

■ the right side is 2-1^1, 

^ If X la the left sid? is -/^ ... 

the right side is 2 ^ h , 
Truth let of 2 ^ xi [i], 

J. "Bquwlng" VS,^ 1 + X, we have 

^ ix ^ 1 + 2x + x^ 
' 0 . 1 ^ 

teith sat I 0 

, "Sciiarlng" 3/x -t- 13 ^ x + 9, we have 

9(x + 13) - x^ + l8x + Si 

9x + 11? ^ x^ + l3x + 3i 

2 * 

0 ^ X " + 9x » 36 

- 

0 - (x ^ 3)(x + 19} 

aheckiag^rave^s that . 3 is a solution of the orlginaJ ^ r-.at 
that ^li is' not, 

% 

TruXti set of %4% + 13 ^ X + 9 is (3), 

(9). Note; 1 is not a solution of the original equation. 

CO). ' 



{0| -1] * ^te sure to oheck that ^oth 0 



an d - 1 ar e l; o 1 u 1 1 c 



ChaeJcl 



5 r^. 

XXXV 



56. / |2x| - X + 1 

2 2 

/' s X + 2x + 1 

- 2x ^ 1 ^ 0 
(3x + l)(x . 1) - 0 

Truth set of |Sx| ^ x + 1 is [^i^ 1], 

/ - 

/ 

37. X ^ |x| ^ 1 

X - 1 = |x| 

x"^ - Sx + 1 ^ x^ 

^Sx + 1 ^ 0 



/ -s 



Truth set of x - |x| ^ 1 le 0, 



58. 2x - |x| + 1 

£x - 1 ^ |x| 
kx^ kx ^ 1 m X 
3x- - 1+x + i = 0 
(3x ^ l)(x ^ 1) ^ 0 

nruth set of 2x - |x| + 1 is {1], 



59. - |x ^ 3| - 

(x . 3)2 . 16 
^ 6k + 9 m i6 
X - 6x - 7 - 0 
(x + l)(x ^ 7) - 0 

ttoith set Qf jx - 3| - If is {-1^7). 

60* An open sentence for this problem Is |x-3|^x + 2 
Solving I we have^ 

(x - 3)^ = (x + 2)2 
X - fix + 9 ^ x" + ifx + i+ 

1^ m 5 



1 



Qieck in original equationi 
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19-^* Inequalities 

1. X + 3 < 9. Subtracting 3 (addi:.^ -3) to both oides, wo have 

X < 3, 

X ^ 

2. Y > lip Walt iplyi rig by the i- •. Ltive iiurr.be 7^ '-.-r/r. 

X > 23. 

3* > 5^* ^f^ltiplylng by the negative nurr.ber ^ we have 

X < -18. (Notice the change in the order,) 

3x ^ 2 > K + k is equivalent to 
3x-x>lf + 2 ^ 
2k > 6 
X >3. 



11- Sentencei 



Directions 



First ^ multiply by L\, order is not -r-har^-e 



8 - X > 2x » 1 Nov subtract 8 and 2x, 
= x - 2x > -1 - 8 

= 3x > -9 Finally^ clivide by -3^ changin_g order. 
X < 3, 

trut!| set is the set of all numbers less than 3, 

^ < 3 Multiply by -3: change order, 

^3^"> -9 _^Write -3x as -x^^ 2x- -9 as ^1- - 3. 

-X - 2x > -1 - 3 Add 2x and 8. 

8 - X > 2x - 1 Divide by 2^ order imchanced. 

■ " 2 ^ ^ 2 



Graph : 



0 ^ 



23, 1 < Ux + 1 < 2 
1 < Ux + 1 and ^x + l < 2 
0 < Ux ^d i^^x < 1 
0 < X ' and ^ ^ ^ 

24. 4t - i^. < 0 and 1 ^ 3t < 0 

~~ ' " Graph! — [ 

kt < k and »3t < =1 1 

^ / 1 Of 

t < 1 and t > i 3 
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£5. -^1 < 2t < 1 

^1 < 2t mid St < 1 
^ i < t and t < i 



Graph: 



Notice that this io the graph of |t| <i 



26. 6y + 3 < 0 or 6y - 3 > 0 Graph: ^— c^— f > 

1^1 



< ^3 or > 3 

1 . 1 

y < ^ ^ or y ^ 



llotice that this is the graph of \y\ >^ 



2 

— — > =1 is equivalent to 



+ 2 



0 < K"^ vliich is true for all real numbers 

^+++++++++++++0-- --------- 0+ +++++> 

'81. I I I I I I I 



I I i I I I 



-10123^ 



4- 



-3 ^2 -1 0 1 2 



.0- ---------- o+++++++> 

I I I ! 



-2 -1 0 1 2 3 U 
notice that > 0 imless x = 0. 
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5* Surmnary and Keviev 



11, {0,1,2] 16, i2,^k] 



1, 



15] 7, {^j 1£. i^h] 17, 



("3} 13. 0 18. 0 

0 i5^^-J 1^, 0 19, Set of all real 

nmnbers except =1, 

(-21 10. {*1,1) 15. (2) 20. Set of all real 

numbers s 

(a) liie ti-uth cet is (-2). 

Tne eraph: [ ^ | | -j [- [ 1 

^3 ,2 -1 0 1 a 3 

'(b) llie truth set is the set of all values of K such that 
X < -2 or X > 2, 

nie graph: f | ^ 1 | I ^ 1 > 

^3 ^2 ^1 0 1 2 3 _ ^ 

'(c) Car.c a:; ^ ( b ) . 
(d) Sanie as *(b). 



(a) I ^ 

-2 ^1 



(b) I i ^ ^ I ^ 



(c) i ^ 



300 

30" 



,1 



10 hours one way* 



3OO 

-gQ s iv> houTG returning. 



Since the ave^rage rate for the whole trip must involve total distance 
(600 miles) ail 
Dilleo per hour 



(600 miles) and total time (^ hours), the average rate is or 2k 
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*Qk, If d Is the dlitanca In miles one way (d > C) and the rate is r 

miles per hour^ tht time one way is S hours. On the return^ if the 

^ d 

rate is q ndles per hour^ the time is - hours. The tot^ distance, 

J q J 

2d miles, divided by the total time, - + - hours, will be 

^ r q ^ 

2d ^ 2d ^ ^ gdrq ^ Sdrg ^ grq ^ d 
i^^d'd^d rq'^dq + dr" d(q + rj " q + r * d 
r q r q 

^ miles per hour, q ?^ 0/ r / 0, 

Notice that the average rate doei not depend on the distance traveled. 

If n is the number of mph for the faster car^ then n ^ 4 Is the 

number of ri^h for the second* Ihen iSS ia the number of hours during 

^gQ n - - ^ 

which the faster travels^ and is the number of hours during which 

the slower travels. Hence, 

^- 1, If n^O, n^U, n>0. 

360(n - k) ^ 360n - n(n - k) 
360n - Ikko m 360n - n^ + Un 

g 

n - ^n - 1^40 = 0 
(n + 36)(n hO) m o ' 

Since n > 0, ko Is the only solution* rate of the faster car is 

ho mpht Since 4o - U ^ 36, the rate of the slower car is 36 ^h. 

26, If X is the number of units in thr h of the shorter leg, then 

2x4-2 is the number of iinlts in ti .jnger leg* Hence, by the 
!^^hagoreaji relationship, 

+ (2x + 2)^ ^ 13^^ 0 < X < 13. 

x^ + kx^ + 8x ^ k ^ 169 
5x^ + 8x 165 ^ 0 
(5x + 33)(x 3)^^ 0 

5x + 33 ^ 0 or X ^ 5 ^ 0 
5x 4^ 33 s 0 has no positive solution, 

Thusj the truth set is (5), The shorter leg is 5 imlta in length, 
and the longer leg is 12 units* 
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*a7. |x-5l®>9 

|x - 5| > 3, iince |x - 5| > 0 for all valuei of x, 

X > 8 or X < 3. 

The truth set is the set of all x such that x > 8 or x < 2. 

*2S, Wiile the hour haiid travel c over a number of minute marking;^ x, the 
minute hwid travels over 12x of these uiiits. £1110© tlie houi* hand is 
at 3 o'clock position^ it ha& a 15-unit '*head-st^t'- over the minute 
hand at the time 3:CX), Thusj 

Igx = X + 15* 
llx ^ 15, 

X . « . 

" 11 ' 

TtixxB, the truth set of the equation is l^) * ^ile the hQur hsnd. is 
traveling ^ imits^ the minute h«id travels 12(i£) or l6^ units. 
Therefore, the hands will he together at 16^ minutes after 3 o'clock* 
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Chapter 20 - TEE GEPS^K Of Ax ^ By ^ Q ^ 0 




109* 

^e'gible points! 
(=9,5) 



(=2,5) 
(0,5) 
(3,5) 
(7,5) 

(4> 5) 
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- -' - 
























i . 


-4 




< 










(a) (2,1) go^s to (-2,l)j (3>0) goes to (-3^0) 
(2,-1) goes to (-2,«^l)j (-6,0) goes to (6,0) 

(-|,2) goes to (|, 2)j {Q,k) goes to (0,4) 
(-1,-1) goes to (l,-l)j (0,-4) goes to (0,^4) 



*110. (continued) 

(b) gees to (2,l)j (^3,0) gots to (3,0) 

(^2,-1) goei to (2,-l)_i (6,0) ^om to (-6,0) ^ 

(|, 2) goes to (.i, 2)j (o,4) goes to (0,k) 

(1,-1) goes to (-l,-l)| goae to lO.^k) 

(e) (e,^d) goes to (^c,^d) 

(d) (»e,d) goes to (c,l) 

(e) (-Q,d) goei to (e,d) 

(f ) Any point on the y»ajcis goes to itself since the first roordinate 
for a point on the y-socia is 0, ^d -0 ^ 0, 



Gr^h 



^e y^Form of the Equation of a Une 
for Item 38 



-4- 



I 

r 1 1 



I ! 



! ! : 



[■t I 



i I M I M M 



4== 
4 f 



i- =^ _ 



-t - 



! ! 



i I I ' i ; • I 1 ; * 

^i^-^l^j .... 

j ! i ■ ■ ' ' ■ : 



- 4- 
I 

: 1 ;;r: 



t I I 



t 
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Ik. 



Mne (a) includes 
points iueh that 
absciiia equal to 
of the ordinate s 

Mne (h) includes 
such that each ha: 
^vice the abscissi 

Line (c) includes 
such that each ha; 
that is the oppos 
the ahscissa. 



all possible 
each has its 
the opposite 

those points 
s ordinate 

the points 

ordinate 
ite of twice 



All of these graphs aje lines ^ 
wid ^1 pass through the origin, 
Kieir equations are» 



■3 




(a) 


y - 






f 


(h) 




2x 






(c) 


y ^ 






(Also^ reference for 
Items 78-82.) 

All of the graphs e^e 
lints through the origins 
The graph of (a) rlsee as 
it goes from left to right, 
while the gi^^h of (d) 
deieands, Ihe same pattern 
^pliea to the graphs of (c) 
Md (b). 







— — ^ _ 
/ ^ 




i 1 
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ERIC 



78, Slope li 1, y-intercept la (0,207)* 

79* Slope li ^1, y-lntarcept Is (0, |), 

SOt Slope" is 1, y-intereept Is (o, 

81. Slope Ig y-lntireapt Is (O^l). 

82. Slope is -i^ y-lnteraept is (O, |), 

83. Slope is 1^ y-int^rcept is (O, i), 

8^. Slope li 0, y-lntercept Is (0^9). 

85. Slope undefined^ no y- Intercept (vertical line 
intersect y-axis), 

86* Slope is m, y-interaept is (O^b), 



X - -5 does not 



^0^^* Applications of the Slope aid Intercept 

36. Slope is i , 

37. Slope is 0 since the ordinates are eqiiali i,e,, this is m horizontal 

38. , Slope is -2* 

39* Slopa undefined. This is a vertioal line since the abeclsims are equri. 
^0* Slope is ij 
hi. Slope la ^i. 



78. 
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y - |x 



111 
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20-5 • S\aimary m§ Review 
1* (a) y ^ 5x 

(b) Binge the line pasies through the points (0^-3) and (-2^0), the 
slope li - ^ "the equation of the line is 

y ^ - 3* (Sy + 3x + 3 ^ 0). 

i. (a) 



2. (c) 









I 


1 < , 1 

; 1 i 1 




"t" — ■ 


p-=t -f— ^ r 1 1 




=^ 




---- - -i- — ^ . i I - 








■ I 

' 


~\ — — ' ' 




-- t 







3y - 11 = 0 









1 • \ 


; ! ! 




i 




^ — — — ^ — - 


^ - i . ^ - L . ^ L 


; 1 1 ■ ; ; ' 1 


— . — 1 . 1 




(a) a la negative. 

(b) t li pQeitlvei 

(c) Coordlnatea of Pi (a, -b) 
Coordlnatee of Qi (-a^ -b) 

■ -Coordinatea of (-a^ b) 

■(d) If . (c^d) is In the third quadrant^ 

(ci^d) ig in the second quatoait, 
(-Cjd) is in th^ fourth quadrant, 
' f-Qj-d) is in the first quai^ant* 

C *^ 
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— 






— 




















































L 


























































f 






















[ 






























































































J 











































y ^ 


ix+ k 






3(-x) + 1^ 


(*) 


- 


-Ox + »*) V 


(t) 


y = 


(3x + 4) - 3 


(e) 


y ^ 


3(x • 2) + h 


(d) 



JAnmm y = 3x + y = (3x + 1*) - 3 and y = 3(x ^ 2) + U m^m 
jparailel lines, 

Mnes y = 3(^3c) + k and -(3^ + k) ire piafallel llaes. 




fix + 3y - 15 ^ 0 



TOe equations 2x + y * 5 - 0 i©d 6x'+ 3y ^ I5 ^ 0 ire g gulvalent # 
If we wnltiply "both sides of the first equation hy 3, im obtain 
the seeond aquationi sCSx + y*5)-3*0 

fix + 3y - 15 ^ 0. 

(b) If k ^ Of Ax + l^+C^O end kAx + kj^ + kC - 0 »a e^ivriant 
equatloni, Ifeneej they have the same truth sets and the fraph is 
the iaaie* 
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gjfi^hi of - ky ^ 12 m 0 md 3x - % - 8 = 0 srm partial 
lines. Th% coefficients of k and the coefflclanti of y are ^ 
the BBsm* ' . ' 

(b) If k |/ 0 asd D ^ kO, the gr^hi of Ax + Ijr+e^O Md 
HAx + k% + D = 0 are p^allel . 

If B ^ 0, the y-fom of theec egufttloni are I 



A C 

y ^^1^ "I 



gad 



A _ D 
^ ^ " B^" kB 

Hote that the lines have the same slope* 



#8. 



(•) 


y = 






(b) 


Slope is 


9 

J, y-intereept Is (O 


(e) 


y ^ X. 






(4) 


y = -X* 




i 


(ft) 


(1,1) 


goes to 


(-2,3) 




(^1,-1) 


goes to 


(-J^A) 






goes to 


(-?»^) 




(0,^3) 


goes to 


(-3,-1) 




(3,0) 


go4m to 


(0,2). 


(t) 


(a, b^g) 


goes to 


(2a - 3, gb). 



*(c) Ifo point goes to itself* In or^r for a point to go to Itself the 
gentenoes a s a « 3 and h = b + g mist be true, tower ^ the/ 
trutt* of #*sh of^ttese. sentences Is the niill set* ^ 
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(a) Sw + 2(tf + 3) or W + 6. 
ThiB is linear in w. 

(b) v(w + 3) or w" + 3Wi 

^li is not linear, in w* 

'10. (a) jfd. m±B is llneai' in d. If the di&i^ter ie doubled^ the 



elrciairference is hiivad, 
c 

'Eie ratio ^ la constant and equal to the irrational number 
TtiB^ circumference 'i^ies directly vith the dlM^ter, 



circ\Maferancf is doubled. If the diameter is halved, the 




i . 





/ 




lix 



\y\ - 5 



X 


-5 


=3 


»3 


»1 


^ 1^ 


0 


0 


1 


1 


3 


3 


3 




5 


3 


3 


1 


1 


0 


0 


1 


1 


3 


3 


5 


|y| 


u 


2 






1+ 


5 


5 


k 


k 


2 


2 


0 


y 


0 


2 




k 


-1+ 


5 




k 






-2 


0 




Thm graph of |x| + |y| = 5 is given 
at the left. 

Note that we could \^ite foiir open 
sentence e from which we could get the 
same graph: 

X + y s 5 sjn^ 0 < x < 5 or 

+ y ^ 5 and ^5 < x < 0 or 

X ^ y = 5 and 0 < x < 5 or 

-X - y = 5 and -5 < x < 0, 



'^21«3# Graphs of Qpsn Sentences Involving Integers Only 



23* y ^ -3x + 1^ X and y. are integers. 

2^f. ^ < X < r. and -S < y < 2^ wid x aiid y ea-e integers, or 
5 < X < 7 and -1 < y < 1^ and x and. y are integers * 

25s y ^ - 3 =8 < X < -m^^ and x and y sure integers. 

26, X ^ -2 and 2 < y < 7^ and x and y are integers, 

27, -2 < X < 2 and =^ < y < 3^ and x and y are integers, 

28, X > -6 and y < 6 and y > x + 6^ and x and y are Integers. 
29# X = -if or =7 < y < -2| and x and y ^e Integers, 

30* y 























1 ■ 1 ! 
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y ^ -2x + 3 and 1 £ x ^ 3^ 
and X Bjad y are integers* 
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31. 



32, 



♦ ♦ ♦ • ^ 



This maj^ aloo be written as -It 
are integers* l^iC set of point £ 
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21«U, Summary' and Review 



(a) 






1 - 1 

1 ^ ! 


(fc) 


i 
1 


^! 


> 5, 


•(c) 


y 




|2x - 


(d) 


y 


5 




•(e) 


y 


> 




(f) 


y 


> 
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(a) 2x - 3 > 0. Graph of £x - 3 > 0 In one variable. 





(a) X < 6 and y > 0 y < x and k and y are lnt#gers, or 
X < 5 and y > 1 wid y < x and x and y are integeri, 

(b) |k| + |y| < 8. 

If the two-digit number is lOt + the mm of its digits is t + u. 
An open aenttnce for the problem is 

lot + u i 3 



t + U t + 11 ■ 

Then lot + u - l^^t + 4u 4- 3 

6t = 3u ^ 3 

2t ^ u - 1 

u = 2t - 1, 0 < u < 9, 



If 


t m 


1, 


then u 


m 1, 


If 


t - 


^ j 


then u 


- 3» 


If 


t = 


3, 


then u 


- 5. 


If 


t m 




then u 


- 7, 


If 


t m 




then u 


- 9. 


If 


t m 


1. 


u » 1, 


then 


t m 




u - 




not 


the 


dlvi sor 


2 and 


thii 


If 


t - 


2| 


and u - 


3, 


If 


t ^ 


3i 


ajid u ^ 


5i 


If 


t ^ 




and u = 


7, 


If 


t = 


5. 


and u ^ 


9, 



15 

^« posslhle iolutions mte 23, 35, 14=7 , 59. 



lot + u . 11 i 3 ^ . ^ . 

« U e e 



23 1 3 

35 - L + 3 

22 = ^*^. 



V 



If the nmber of steers is s and number of cove Is c, then the 
open sentence is 

+ 26c ^ 1000 

^ 1000 ^ 26c 
1000 = 26c 

, . , = ^„.f 

if s and c are positive integers, then 26c rmst be divisible by 

This is true when c ^ 50, 75, a multiple of 25, since 

26 and. ^ have no common factors greater th^ 1, 

If c - ^ * 26 and s ^ i+0 - 26 Ik, 
26a 

If c ^ ^ ^52 s ^ i^O ^ 52 - -12, 

If ^ - 75; ^ - 78 e ^ 1^0 = 78 - ^38, 

It is thus apparent that if c > 50, s is a negative number. Hence, 
c may only be 25 

amd s ^ i+0 - 26 
s = Ik, 

So he may buy g cows and Ik steers, 

if ve were to solve the original equation instead, for 

^ 1000 - 

^ " 26 

s would have to be chosen so as to ma^e 1000 - ^s divisible by 26. 
Though this can be done, it is plainly more difficult than the other 
approach. 



5S8 



21+ . 




21 17 



2^ ^7 
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.22-2* B]f stems of Equations (Continued) 

Note: Answers for Items ^33-*36 may have r and intarch^iged, 

*3k. (r + s)x + (r - s)y ^ 2r <^ iis ^ 0 
*35. (5r + s)x + (^r + s)y - lOr - 8s ^ 0 
*36* (3r + 2b)x + (^2r + 3s)y ^ Ikr + Qb ^ 0 
*37. (^r - 6s)x + (I2r + 15s )y ^ gr + Us ^ 0 

»62, Having discovered that we can use t - 6, s ve note that 2 

the greatest common factor of 6 and That is^ r ^ 2 * 3^ s 

If r ^ 6, e = maJtes the coefficient of x equal to 0, then 
s ^ 2 will aGComplieh the s«ne, ^Is Is justified by noting that 

/ ■ r(lfx + 21y - 2?) + s(=6x + IJy - 37) ^ 0 

we have 

(kr - 6s)x + (air + 13s)y « 27r « 378 m 0, 



is 

^ 2 ' 2* 

1^ - 3, - 
from " 



If i^r - Si ^ 0^ kr m 6s 



6s ^ 3s 



EKLC 



81, /y ^ |x 2 83. ^ k 

1 y ^ ^ |x + 1*0 ( y s . |x 

|x + 2 - |x + 1+0 (fix = 3y ^ 8 

kx + 12 m ^igx + 240 " ^2x 

19x ^ 228 2x - ^Sx 8 

X ^ 12 l;x - -8 

When X ^ 12 x = »2 
y ^ |(12) + 2 when x ^ 

y ^ 10, y . . |(»2) 

^nie solution set Is { (12,10) ^ ' 

Checki 10 ^ 1(12) + 2 ^ f/ 

3 / solution eat is {(-2, -)] 

10 ^ 8 + 2 3 

10 . 10 ^2 . |(^) . k 

Hid 10 ^ - |(12) +1*0= ^2 - S - 1* 

-2 - ==2 

and i . . |(.2) 

i = i 
3^3' 

86, 





10 - 


-30 




10 ^ 


10 




x 


1 


1! 


" 3 ' 






+ y ^ 


7 






6*1 




. 2x ^ 


6 




X - 


6 


'when 


X s 


6 


6 


+ y ^ 


7 




y - 


1 



The solution eet li {(6,1))* 

Chmcki f - I - 1 

3-2^1 
1^1 

. and 6 + 1^7 

7^7. 

88, /6y + (2 - l*x) = 3 The graphs ot the. en sentences are 

; Hx - 2(jy - 1) ^ a p^allel lines. E^.. Dpei are the laae, 

{-i^x + 6y - 14 0 y-lnteraepts are aiffwent. ^ 

"W - 6y s 0 solution set is 0, 




12* 

I The tnith set of the system is 0, 




Gi^aph consists of doubly shaded 

region^ plus both boundaries. i+x - 2y < 3 ii equivalent to 

2x - y < k; the Inter sectlQn of 




Graph .is doubly shaded region* 
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22, 




— X 



Graph consisti of heavy portion 
of the line 3x = 2y ^ 5 ^ 0, 



Graph congisti of haavy portion 
of the line. 



23* 




Graph consists of . heavy portion '-. 
of the line. IWe circle around 
the point (1,-3} ijidicates that 
this point Is net/included in the 
graph of the trtth ^et. 



5/u 



2k, 




Ihe graph consists of the enti^ 
shaded region. 
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The graph is the shaded i"'eglon. The graph is the shaded region 

includinH all three boimciai\lec. including: all of the boimdai'ies . 
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11-1- uxajnpl-^ i:: iil\i^tra- L ve ?on;e prolu-enis In the riold linear 
prOFran:i:lnr. l"u.= fi^:.-; i.- b^^/Ondnr increasingly importaj-.t in the 
aDDlijatl-n? of :nathon:a;i./f . Crin'ei^ronlinr tr: th.. aspects, 
th^j Vounlaz'I-L- ^^ive v:;-^ 1/ rui'errel a^r a --nvex ^wt of pointi. 



If !' : 

pla;/r, ' 
j 



nn::l ..r ri" rlay: 
=.r i^ the n\;::l r ya: 



nn-inev 



:::2ne on r inirniin,; plays sncl 
in- nluvr . fin— th^ 



■ r - — p y 1 

If tnu;.- arw t - j .n , 

^Or se-nnds ai'^ reinirei ;cr r numiny playc, ain^ 1; p Gecondg are 
re-iulned for p pn^fin^ rln;;:s\ th^i^reyore. 

lOr - l^p < y (nO) , 
Ehess two inequalitieE: yive the eqnivalont system 

(20p + ?r > l30 (p and r ai^e non-ni?narivu intigeris.) 

I p ^ 2r < 20 

graph of thin syntem 




l^iere are kS different combinations of r and p which will assure 
succeBsj for ex^ple, k runnins plays and 8 passes. However, so.Tie 
combinations^ such as 6 runs, 7 passes, leave less time remaining, 
thus giving the opponentg less time to tiy to score. These combinations 
correspond to points of the graph nem^est to the line p + 2r s 20, 
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o7b 




■Jt 01" oil 

on ^3 luid 3, 



3. Trie linn rCjv . . h) + ^(ov ^ U) o -ortaino the point of 

intersection Uor any numbei'G r an.j not Voth 0. Let r ^ and 

-2(3x - " + 3(ax + 3y i.) ^ 0 

is the equation oi' the required, horizonta] li::^^, I>et r - 3 and s = 5, 

^en 3(3x - 5y - ^) + 5 (Sx + 3y + '0 ^ 0 

19x + 3 ^ 0 

is the equation of the i^&quired vertical line. 

Ixxx 

o 

ERIC 











: : : ; = \ \- - 


- ■ 7 • - - ■ 


; : : ; : : : : :\: V 






























5 

Ixxxiii 



ERIC 




Ixxxiv 



y 




52. Tne eraphs in parts (a), (2), (5), (e). 
53^ Ilic nU:nL:er a. 

5^, The ei^aph of y ^ ^ 2 caii ce obtained vy nioving tli^ graph of 
. o 

5" = x~ two units ::3ownvard, 

Tlie graph of y = x" ^ 2 can he o stained by r::oving the.nrapn 0^ 
2 

y = X two units upward* 




X 



o 

55. £2'aph of y=2(x-S)^^3 2ant# oDtaintd by n:a%'in£ the graph 

or y = d{% - 2)^ three uniX5 .lipvsri. 









' - - 7 

■ ■ ■ 

' = ^ ^ 


\ - 'I 


a, 


^ - = ^ 

. . . - - 5 

- - a 

- - - / 






5-2 / 0 


t%3 


¥5 



„ - 1 2 

56* Tlie.Eraph of y - --(x -h — ) = ^ ca:^ be obtained cy n:Oving the G^'spn 

2 1 ^ _ 

□ f y = -2x" ^ unit to the left 3 units upward. 




i> 1 

(a) The rraph o* y - 3('< = 7) can he ohtained by moving the graph 

" ^ 0 ' - 1 

of y - 3x i?even vaiit^ to tne right anci ^ unit upvara , 

(h) Ihe graph of y-3(x-")" + 7 caiihe obtained by moving the grsph 

_ " 1 " 

of y ^ ;ix^ 7? unit to the right and 7 units upward. 



(u) Ihe graph of y^fix"^ +^ can he ohtained by moving the graph 



of 



y . 



2 units upward 



(d) Ihe graph of y s 2(x + ^) can be obtained by moving the graph of 



y ^ 2x'' 



units to the left. 
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59. (a) Coordinates of vertex: (0^ O) 

Equation or a>:iL-: K - 0 

(u) Coordinates of vertex : (0, O) 

Ejuation o- tocis: x ^ 0 

(c) Coordinatos of vertev* (O, O) 

Equation of axis: x = 0 

^(d) Coordinates of VGrtex: (n, O) 

Equation of bxibi x - 2 

(e) Ccordinates of vertex r (2j 5) 

Eqiiation of sxiE\ x - 2 



(f) Coordinates of vertex: I2, =3) 

Equation of a^:iE: x =- 2 

(q) Coordinates of vertex: (^C. C) 

Equation of a:-:ir: x - -'2 

Coordinates of vertex: (-2, ^) 

Equation of axis: x - -2 

Coordinates of vertex: {-£j 

Equation of sxic: x - -2 
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jL i: t;-,-s lenrtr., than ~; - £f is ti o vidth, .ta ope- sentence is: 



( £ - ^-:H£ - ?1) - C. 



feet an: 



reet . 



T::e width i:: in^h^s o:'" the original re-ta;:£ular jheet^ then 
is -r.e :e:;^th in inches. Ihe dimensions in incheE cf the box s 



2-6. 



(x ^ 12) (v 



cri,:Lnal hox vas 20 inches lon^ a:;d 12 inches wide. 



;-uer, tnen v ^ ^ 



!;oting that x p 0, 



since X 



1 - hx 



s2 



(x = 2)' - - . 



- ,^ a - o 



i.:, ^ ~ oji:; 3 - • oi'e reciprocals, 

Pointc Df inter-ectior vith x-QXisi (3, c) , (0, O) 



23. Staiiderd form: y - (x - l)" - ^ 

Vertex: (-1, 

2h, r^isniara for-: - ^ - r 

Vertex- (C, 6) 



Chapter 2^^ = HnXTlCIIr' 
^2U-3, Graphs of Functions 
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indicating a set 

the empty set^ the null set 
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union 
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aheolute value 
non=negative sque^e root 
cuhe root 
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